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Preface

The T7th International Computer Science Symposium in Russia (CSR 2012)
was held during July 3-7, 2012, in Nizhny Novgorod, Russia, hosted by the
Lobachevsky State University. It was the seventh event in the series of regular
international meetings, following CSR 2006 in St. Petersburg, CSR 2007 in Eka-
terinburg, CSR 2008 in Moscow, CSR 2009 in Novosibirsk, CSR 2010 in Kazan
and CSR 2011 in St. Petersburg. CSR 2012 was one of the events of the Alan
Turing Year 2012. It took place under the auspices of European Association of
Theoretial Computer Science (EATCS).

The opening lecture was given by Vijay Vazirani and the special Turing lec-
ture by Yuri Matiyasevich. Other invited plenary lecturers were Lev Beklemi-
shev, Mikolaj Bojanczyk, Julien Cassaigne, Piotr Indyk, Jaroslav Nesetiil and
Pavel Pevzner.

This volume contains the accepted papers and abstracts of the invited pa-
pers. The scope of the topics of the symposium was broad and covered sub-
stantial parts of theoretical computer science and its applications. We received
66 submissions. Of these, the international Program Committee selected 28 for
presentation at the conference, using the EasyChair system. A special issue of
Theory of Computing Systems consisting of selected papers will be published.

As usual, Yandex provided the Best Paper Awards; the recipients of these
were selected by the Program Committee:

— Best paper award: C. Kapoutsis and G. Pighizzini, “Two-Way Automata
Characterizations of L/poly Versus NL”

— Best student paper: E. Demenkov, “A Lower Bound on Circuit Complexity
of Vector Function in Us”

The following satellite events were co-located with CSR, 2012:

— The Third Workshop on Program Semantics, Specification and Verification:
Theory and Applications (PSSV 2012)
— Workshop on Current Trends in Cryptology (CTCrypt 2012)

We are grateful to our sponsors:

— Dynasty Foundation

Finnish Academy of Science and Letters, mathematics funding
Microsoft Research

— Russian Foundation for Basic Research

Yandex



VI Preface

Last but not least, we thank Springer for the smooth cooperation, and the lo-
cal organizers, in particular, Roman Strongin (President of State University of
Nizhni Novgorod) for their great help and support.

April 2012 Edward Hirsch
Juhani Karhuméki

Arto Lepisto

Michail Prilutskii
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CSR 2012 intended to reflect the broad scope of international cooperation in
computer science. It was the seventh conference in a series of regular events
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Turing Talk

Alan Turing and Number Theory

Yuri V. Matiyasevich

Steklov Institute of Mathematics (POMI)
St.Petersburg, Russia 191023
bengio@google.com

Beside well-known revolutionary contributions, Alan Turing had a number of
significant results in “traditional” mathematics. In particular he was very much
interested in the famous Riemann Hypothesis. This hypothesis, stated by Berhard
Riemann in 1859 and included by David Hilbert in his 8th problem in 1990, still
remains open, being now one of the Millennium Problems. The Riemann Hy-
pothesis predicts positions of zeros of so called zeta function, and Alan Turing
developed a rigorous method for verifying the Hypothesis for the initial zeros.
He also invented a machine for calculating the values of the zeta function. In
contrast to celebrated imaginable Turing machines, Turing started to implement
this machine but never finished because of the War.



Plenary Invited Talks

Challenges in Comparative Genomics: From Biological
Problems to Combinatorial Algorithms (and back)*

Max A. Alekseyev1’3 and Pavel Pevzner®
! University of South Carolina, Columbia, SC, U.S.A.
2 Department of Computer Science and Engineering
University of California in San Diego, La Jolla, CA, U.S.A.
3 Academic University, St. Petersburg, Russia

Recent large-scale sequencing projects fueled the comparative genomics studies
and heightened the need for algorithms to extract valuable information about
genetic and phylogenomic variations. Since the most dramatic genomic changes
are caused by genome rearrangement events (which shuffle genomic material), it
becomes extremely important to understand their mechanism and reconstruct
the sequence of such events (evolutionary history) between genomes of interest.

In this expository talk I shall describe several controversial and hotly de-
bated topics in evolutionary biology (chromosome breakage models, mammalian
phylogenomics, prediction of future rearrangements) and formulate related com-
binatorial challenges (rearrangement and breakpoint re-use analysis, ancestral
genomes reconstruction problem). I shall further present recent theoretic and al-
gorithmic advances in addressing these challenges and their biological
implications.

* This work was partially supported by the Government of the Russian Federation
(grant 11.G34.31.0018).



DKAL: A Distributed Knowledge Authorization
Language and Its Logic of Information

Lev Beklemishev

Steklov Institute of Mathematics, Moscow, Russia

This talk is a report on the DKAL project developed at Microsoft Research
by Yuri Gurevich and his collaborators (Itay Neeman, Michal Moskal, Andreas
Blass, Guido di Caso, and the others). I will survey some of the main features
of DKAL and discuss the underlying information logics.

With the advent of cloud computing, the role of formal policies grows. The
personnel of brick-and-mortar businesses often exercise their judgments; all that
should be replaced with formal policies when businesses move to the cloud.
The logic-based policy language DKAL (Distributed Knowledge Authorization
Language) [4,5, 3] was developed with such applications in mind. The feature
that distinguishes DKAL from most preceding logic-based policy languages is
that it is explicitly geared toward federated scenarios (with no central authority)
where trust may be in short supply.

The world of DKAL consists of communicating principals computing their
own knowledge in their own states. They communicate infons, pieces of infor-
mation, and reason in terms of infons. In [5], the original developers of DKAL
distilled the basic features of the logic of infons and introduced infon logic ql
that is an extension of the {—, A} fragment I of intuitionistic logic with quo-
tation modalities p said ¢ and p implied¢. In addition they isolated a primal
fragment qP of qI which is very efficient and yet sufficiently expressive for many
purposes. In the case of bounded quotation depth, the derivation problem for
gP is solvable in linear time. In particular, the quotation-free fragment P of qP
is linear time in that sense.

The continuing development of DKAL (whose current implementation is
found at [1]) requires further investigation of the logic of infons. In [2], we ex-
tend the four logics of [5] with one or both of disjunction and negation, and
we determine the complexities of the extended logics. We provide a semantics
for the extension P[V] of P that we call quasi-boolean. This allows us to give
efficient mutual translations between P[V] and classical propositional logic as
well as an embedding of the appropriate classical modal logic into qP[V]. On
the proof-theoretic side we develop cut-free Gentzen-style sequent calculi for
the extensions of primal logic P with some or all of disjunction, negation and
quotations.
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Infinite Sets That Are Finite Up to Permutations

Mikotaj Bojanczyk*

University of Warsaw

Fraenkel-Mostowski sets are a variant of set theory, where sets can contain atoms.
The existence of atoms is postulated as an axiom. The key role in the theory
of Fraenkel-Mostowski sets is played by permutations of atoms. For instance, if
a,b, c,d are atoms, then the sets

{a,{a,b,c},{a,c}}  {b,{b,c,d},{b,d}}

are equal up to permutation of atoms.

Fraenkel-Mostowski sets were rediscovered for the computer science commu-
nity, by Gabbay and Pitts [3]. It turns out that atoms are a good way of de-
scribing variable names in programs or logical formulas, and the permutations of
atoms are a good way of describing renaming of variables. Fraenkel-Mostowski
sets are now widely studied in the semantics community, under the name of
nominal sets (the name is so chosen because atoms describe variables names).

This talk is about a new use application of these sets in computer science.
(We use the name nominal sets.) The new application has its roots in database
theory, but it touches other fields, such as verification or automata theory. The
motivation in database theory is that atoms can be used as an abstraction for
data values, which can appear in a relational database or in an XML document.
Like in nominal sets, there are infinitely many possible atoms (or data values),
but properties of databases (relational or XML) are closed under permutations
of atoms. Atoms can also be used to model sources of infinite data in other
applications, such as software verification, where an atom can represent a pointer
or the contents of an array cell.

Nominal sets are a good abstraction for infinite systems because they have a
different, more relaxed, notion of finiteness. A nominal sets is considered finite
if it is finite up to permutation of atoms. (We call such a set orbit-finite.) For
instance, the set of atoms is orbit-finite, because every atom can be mapped to
every other atom by a permutation. Likewise, the set of pairs of atoms has two
elements up to permutation, namely (a,a) and (a,b) for a # b. Another example
is the set of A-terms which represents the identity, up to a-conversion:

{Aa.a : a is an atom}.

Yet another example concerns automata with registers for storing atoms [4]: up
to permutation, there are finitely many configurations of an automaton which
has four control states and three registers which can store atoms.

* Author supported by ERC Starting Grant “Sosna”.
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The language of nominal sets is so robust that one can meaningfully restate
all of the results in a textbook on automata theory, replacing sets by nominal sets
and finite sets by orbit-finite sets, see [2] for examples. Some of the restated theo-
rems are true, some are not. Results that work in the nominal setting include the
Myhill-Nerode theorem, or the equivalence of pushdown automata with context
free grammars. Results that fail in the nominal setting include all results which
depend on the subset construction, such as determinization of finite automata,
or equivalence of two-way and one-way finite automata.

Perhaps most importantly, the theory of computability still works in the
nominal setting. More specifically, one can design a programming language which
manipulates orbit-finite nominal sets, just like other programming languages
manipulate lists or trees [1]. (This programming language is not a violation of
the Church-Turing thesis — after some translation, the programming language
can be executed on a normal computer.)

References

1. Bojanczyk, M., Braud, L., Klin, B., Lasota, S.: Towards nominal computation. In:
POPL, pp. 401-412 (2012)
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355-364 (2011)
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Dynamics of Rauzy Graphs for Low-Complexity
Words

Julien Cassaigne

Institut de mathématiques de Luminy
case 907, 163, avenue de Luminy, 13288 Marseille Cedex 9
cassaigne@iml.univ-mrs.fr

Let u € AY be an infinite word. The factor complexity of u is the function p: N —
N defined by: p(n) is the number of words of length n occurring in u (factors of
u). Morse and Hedlund [5] proved that p(n) > n + 1 for non-eventually-periodic
words. Words for which p(n) = n+1 are called Sturmian words. Words for which
p(n) = n+c for some constant ¢ can be deduced from them [3]. We are interested

in words “just above” this, roughly n+1 < p(n) < 2n. Let a,, = lim inf @ and
By = limsup 2 and 2 = {(o, Bu): u € AN} C (R* U {+00})2. Then the

general plrobler;lL7 essentially open, is: what is the structure of (27

Heinis proved [4] that 8 — a > W In particular, 1 < a = § < 2
is impossible.! Aberkane [1] contructed a sequence of points of {2 converging to
(1,1); on the other hand, Turki [6] proved that (2, 3) is an isolated point in 2.

The main tool to study these words is the sequence of Rauzy graphs: I, is
the directed graph with vertices L, (u) (the factors of length n of ) and edges
Ly41(u), with an edge from x to y labelled with z if and only if z € xA N Ay.
For Sturmian words, only two shapes of graphs are possible. For recurrent words
with p(n) < %n—i— 1, two new shapes appear. The language of such a word is then
defined by a path in the graph of shapes, that controls how its Rauzy graphs
evolve, and from which («, 8) and other properties may be deduced. The path
also provides an s-adic representation (infinite composition of substitutions),

which can be viewed as a generalized continued fraction expansion.

References
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Faster Algorithms for Sparse Fourier Transform

Piotr Indyk

MIT Computer Science and Artificial Intelligence Lab
32 Vassar Street
Cambridge, Massachusetts 02139

The Fast Fourier Transform (FFT) is one of the most fundamental numerical al-
gorithms. It computes the Discrete Fourier Transform (DFT) of an n-dimensional
signal in O(nlogn) time. The algorithm plays a key role in many areas.

In many applications (e.g., audio, image or video compression), most of the
Fourier coefficients of a signal are "small” or equal to zero, i.e., the output of
the transform is (approximately) sparse. In this case, there are algorithms that
enable computing the non-zero coefficients faster than the FFT. However, in
practice, the exponents in the runtime of these algorithms and their complex
structure have limited their applicability to only very sparse signals.

In this talk, I will describe a new set of algorithms for sparse Fourier Trans-
form. Their key feature is simplicity, which leads to efficient running time with
low overhead, both in theory and in practice. In particular, one of the algorithms
achieves a runtime of O(klogn), where k is the number of non-zero Fourier coeffi-
cients of the signal. This improves over the runtime of the FFT for any k = (n).

Joint work with Haitham Hassanieh, Dina Katabi and Eric Price.



Algorithms, Dichotomy and Statistics
for Geometric and Sparse Graphs

Jaroslav Nesetril

Department of Applied Mathematics
Faculty of Mathematics and Physics

Charles University, Prague

Sparse graphs present a problem: on the one side we often have better algorithms
on the other side their structure and the lack of proper models makes the difficult
to study. In this talk we present a new dichotomy "somewhere dense vs nowhere
dense” classes a show the robustness and algorithmic relevance of this dichotomy.
Particularly, we determine the asymptotic logarithmic density of subgraphs of
large geometric graphs (and, more generally, of certain classes of sparse graphs).
This leads to a unified approach to graph limits for both sparse and dense classes.
Joint work with Patrice Ossona de Mendez, Paris.
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Can the Theory of Algorithms Ratify
the “Invisible Hand of the Market”?

Vijay V. Vazirani

Georgia Institute of Technology
vazirani@cc.gatech.edu

Abstract.

It is not from the benevolence of the butcher, the brewer, or the

baker, that we expect our dinner, but from their regard for their

own interest. Fach participant in a competitive economy is led

by an invisible hand to promote an end which was no part of his

intention.

Adam Smith, 1776.

With his treatise, The Wealth of Nations, 1776, Adam Smith initiated
the field of economics, and his famous quote provided this field with its
central guiding principle. The pioneering work of Walras (1874) gave a
mathematical formulation for this statement, using his notion of market
equilibrium, and opened up the possibility of a formal ratification.

Mathematical ratification came with the celebrated Arrow-Debreu
Theorem (1954), which established existence of equilibrium in a very
general model of the economy; however, an efficient mechanism for find-
ing an equilibrium has remained elusive.

The latter question can clearly benefit from the powerful tools of mod-
ern complexity theory and algorithms. In this talk, we will provide an
in-depth overview of the fascinating theory that has emerged around this
question over the last decade.

1 Introduction

Following was the central question within mathematical economics for almost a
century: Does a complex economy, with numerous goods and a large number of
agents with diverse desires and buying powers, admit equilibrium prices? The
mathematical study of this question was initiated by Walras in 1874 [28] when he
gave a precise definition of such an economy and it culminated in the celebrated
Arrow-Debreu Theorem [I] which provided an affirmative answer under some
assumptions on the utility functions (they must satisfy non-satiation and be
continuous and quasi-concave) and initial endowments of the agents (each agent
must have a positive amount of each commodity); these are called standard
sufficient conditions (though over the years, milder sufficient conditions were also
obtained, see e.g. [20]). Finally, the Fundamental Theorems of Welfare Economics
[2I8] made explicit the far reaching significance of a competitive equilibrium and
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provided a mathematical ratification of Adam Smith’s notion of a free market
economy.

Another fundamental question, that had been the subject of intense study
within mathematical economics, was that of finding a mechanism or an algo-
rithm for arriving at a market equilibrium. The search for a mechanism was
also started by Walras [28], when he proposed his famous tatonnement process,
and it essentially came to a halt with the Sonnenschein, Mantel and Debreu
result showing that arbitrary excess demand functions could come from pref-
erence relations of the classical type, see [9]. We note that the proof of the
Arrow-Debreu Theorem was based on Kakutani’s fixed point theorem and al-
ternative proofs are based on Brouwer’s theorem; they are all therefore highly
non-constructive.

Scarf [24] initiated the development of algorithms for computing market equi-
libria, introducing a family of procedures that compute approximate price equi-
libria by pivoting in a simplicial subdivision of the price simplex. A number
of other methods, including Newton-based, homotopy methods, etc., have been
developed in the following decades. These algorithms perform well in practice
for several markets, but their running time is not polynomially bounded. The
study of efficient computability of equilibria, from the perspective of modern
theory of computation, was initiated by Megiddo and Papadimitriou [22]; see
also Megiddo [21].

Over the last decade, the question of computability of market equilibria was
taken up in full earnestness within theoretical computer science; in part this
activity was also motivated by possible applications to markets on the Internet.
This study concentrated on the two fundamental market models of Fisher [3]
and Arrow-Debreu [I] (the latter is also known as the Walrasian model or the
exchange model, and is more general than the Fisher model) under increasingly
general and realistic utility functions.

Not surprisingly, the first results were for linear utility functions and the
discovery of novel algorithmic ideas for handling this case for both market mod-
els led to much optimism [I2JI7]. Complexity results were also obtained for
some specific non-linear utility functions that are well-studied in economics,
e.g., Cobb-Douglas, CES, and Leontief [7I29T§]. In addition, this theory also
defined new models that may be relevant to new markets and new issues, e.g.,
[25] defined the notion of spending constraint utilities and pointed out appli-
cations to the Adwords market, and [I5] defined a perfect price discrimina-
tion market model which may be used in online display advertising market-
places.

Within economics, concave utilities occupy a special place, since they capture
the natural condition of decreasing marginal utilities. Hence, resolving their com-
plexity has taken center stage over the last few years. Since we are dealing with
a discrete computational model, it is natural to consider piecewise-linear, con-
cave utilities. These can be further divided into two cases, non-separable and
additively separable over goods; clearly, the latter is a subcase of the former.
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The non-separable case contains Leontief utilities for which the following hard-
ness results were obtained: for the Arrow-Debreu model, checking existence of an
equilibrium is NP-hard, and for instances satisfying the standard Arrow-Debreu
sufficient conditions, the computation of approximate equilibria is PPAD-hard
[6IT6/10]. However, if the number of goods is a constant, then a polynomial time
algorithm exists for both market models [IT].

This leaves the case of additively separable, piecewise-linear, concave (SPLC)
utility functions. Recently, [4] made a breakthrough on this question by showing
PPAD-hardness of computing equilibria, even approximate equilibria, for Arrow-
Debreu markets with such utilities. Subsequently, PPAD-hardness for Fisher
markets was proven independently by [5] and [27]. [27] also proved that for for
case of SPLC utilities, the problem is in PPAD for both market models, hence
exactly pinning down the complexity of this case. They also left the following
open problem:

The definition of the class PPAD was designed to capture problems that
allow for path following algorithms, in the style of the algorithms of
Lemke-Howson [19] and Scarf [23]. Our result, showing membership in
PPAD for both market models under separable, piecewise-linear, concave
utility functions, establishes the existence of such path following algo-
rithms for finding equilibria for these market models; however, it does so
indirectly, by appealing to the characterization of PPAD given in [13]. It
will be interesting to obtain natural, direct algorithms for this task (hence
leading to a more direct proof of membership in PPAD), which may be
useful for computing equilibria in practice.

Using the powerful machinery of the linear complementarity problem and
Lemke’s algorithm, [I4] gave such a path following algorithm for SPLC utili-
ties for both Arrow-Debreu and Fisher markets. Even though their algorithm is
exponential time in the worst case, it appears to be extremely fast in practice —
experimental results on randomly generated instances suggest that the number
of iterations needed is linear in the total number of segments (i.e., pieces) in all
the utility functions specified in the input.

In summary, this decade-long endeavor has not only successfully revealed the
broad outlines of the terrain of computability of market equilibria but has also
contributed in a very substantial way to the fundamental theory of algorithms
— not only new algorithmic ideas but also basic notions that transcend the orig-
inally intended applications. A specific example of the latter is the notion of
a rational convexr program [26]. At this point, the main question, of a general
nature, remaining is to study the computability of equilibria of markets with
production. Besides this, more work is needed on specific utility functions, es-
pecially those that find frequent applications and those involving non-separable
utilities.
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Resilient Quicksort and Selection

Maxim Babenko!?* and Ivan Pouzyrevsky!2**
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Abstract. We consider the problem of sorting a sequence of n keys in a
RAM-like environment where memory faults are possible. An algorithm
is said to be d-resilient if it can tolerate up to § memory faults during its
execution. A resilient sorting algorithm must produce a sequence where
every pair of uncorrupted keys is ordered correctly. Finocchi, Grandoni,
and Italiano devised a d-resilient deterministic mergesort algorithm that
runs in O(nlogn + §%) time. We present a d-resilient randomized al-
gorithm (based on quicksort) that runs in O(nlogn + dy/nlogn) ex-
pected time and its deterministic variation that runs in O(nlogn +
d+/n logn) worst-case time. This improves the previous known result
for § > \/n logn.

Our deterministric sorting relies on the notion of an approximate k-
th order statistic. For this auxiliary problem, we devise a deterministic
algorithm that runs in O(n + d4/n) time and produces a key (either
corrupted or not) whose order rank differs from k by at most O(9).

1 Introduction

1.1 Preliminaries

Recent trends in algorithm engineering indicate a rising demand for reliable
computations. Applications that make use of large memory capacities at low cost
face problems of memory faults [I8/15]. Indeed, unpredictable failures known as
soft memory errors tend to happen more often with the increase in memory size
and speed [13/16]. Contemporary memory devices such as SRAM and DRAM
units are unreliable due to a number of factors such as power failures, radiation,
cosmic rays etc. The content of a cell in an unreliable memory can be silently
altered and for standard memory circuits there is no direct way for detecting
these types of corruptions.

Corrupted content in memory cells can affect many standard algorithms. For
instance, during a typical binary search in a sorted array a single corruption
encountered in an early stage of the search can cause the search path to end £2(N)
locations away from its correct position. Data replication can help to combat
corruptions but is not always feasible since time and space overheads incurred
by storing and fetching replicated values can be significant. Memory corruptions

* maxim.babenko@gmail.com
** ivan.pouzyrevsky@gmail . com
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are of particular concern for applications dealing with massive amounts of data
since such applications typically run for very long periods of time and are thus
more likely to encounter memory cells containing corrupted data.

To design an algorithm that is provably resilient to memory corruptions,
Finocchi and Italiano [12] introduced the faulty memory random access machine,
which is based on a traditional RAM model. In this faulty model, memory cor-
ruptions can occur at any time and at any place in memory during the execution
of an algorithm, and corrupted memory cells cannot be distinguished from un-
corrupted cells. It is assumed that there is an adaptive adversary that chooses
how, where, and when corruptions occur. This model has a parameter § that is
an upper bound on the number of corruptions the adversary can perform during
a single run of the algorithm. Motivated by the fact that processor registers are
considered incorruptible, O(1) reliable memory locations are provided.

This model also extends to randomized computations, where, as defined in [I1],
the adversary does not see the random bits used by an algorithm. An algorithm
is said to be resilient if it works correctly despite memory faults. The notion of
correctness is stated explicitly for each possible kind of problem. For instance,
a correct resilient sorting algorithm must output all uncorrupted elements in
sorted order (while corrupted elements can appear at arbitrary positions in the
output).

Throughout the paper we use the notion of a trivially resilient storage, which
keeps its values in unreliable memory but still guarantees safety. This is achieved
by replicating each stored value in 26 4+ 1 consecutive cells. Since at most § of
copies can be corrupted, the majority of these 2§ + 1 elements remain uncor-
rupted. The correct value can be retrieved in O(d) time and O(1) space with the
majority algorithm given [I] (which scans the copies keeping a single majority
candidate and a counter in a reliable memory).

The above notion of trivial resiliency is extended to algorithms. Each algo-
rithm that operates in a usual, non-faulty RAM model can be run in a faulty
environment and produce correct results. To this aim all its memory (containing
the input, the output, and the intermediate data) is kept in a trivially resilient
storage. This trick, however, comes at a cost — it multiplies the complexity by 4.
We shall be interested in alternative approaches that do not incur the J-factor
overhead.

1.2 Previous Work

Several important results were achieved in the faulty RAM model [9]. Concerning
resilient dynamic data structures, search trees that support searches, insertions
and deletions in O(logn+ §2) amortized time were introduced in [10]. A resilient
priority queue was proposed in [I4] supporting both insert and delete-min op-
erations in O(logn + §) amortized time. Furthermore, in [2] a resilient dynamic
dictionary implementing search, insert and delete operations in O(logn + §) ex-
pected amortized time was developed. Recently, Brodal et al. in [4] addressed
the counting problem in faulty memory proposing a number of algorithms with
various tradeoffs and guarantees.
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For the sorting problem, the following definition is crucial (cf.[I2JI1]).

Definition 1. A sequence is faithfully ordered if all its uncorrupted keys are
sorted.

Given a sequence S, a correct d-resilient sorting algorithm must tolerate up to
6 faults, i.e. produce a faithfully ordered sequence obtained by permuting the
elements of S. (In presence of memory corruptions, getting a faithfully ordered
sequence is the best we can hope for.) In [I1I] Finocchi and Italiano devised
a deterministic J-resilient algorithm that sorts n keys in O(nlogn + 62) time.
They also proved in [I2] that under certain additional assumptions a resilient
comparison-based sorting algorithm must perform at least 2(nlogn + §27°)
comparisons to sort a sequence of length n when up to § < n?/(3-2¢) (for € €
[0,1/2]) corruptions may happen.

In [T7J7I8] a number of empirical studies were conducted showing that resilient
algorithms are of practical interest. The problem of combining external memory
and resilient algorithms is considered in [3].

1.3 Owur Contribution

Firstly, we address sorting problem. In contrast to a merge-based approach de-
veloped by Finocchi, Grandoni, and Italiano, we investigate how the divide-and-
conquer strategy fits in the faulty memory model. In Section 2l we propose an
O(nlogn + dy/nlogn)-time randomized d-resilient algorithm that sorts n keys
and its deterministic variation that runs in O(nlogn + d+/n logn) worst-case
time. For 6 > +/n logn, the method we propose is asymptotically faster than
one in [I1].

It may seem suspicious that our running time beats the lower bound from [12]
but one should not worry since our algorithm employs explicit data replication
and the analysis in [12] does not apply to this case. More details are given in
Appendix. Based on this we stress that there is a possible gap between the actual
complexity of the sorting problem in resilient setting and the bound proved in
[12]. This also indicates that a careful usage of data replication may be a key
to improving performance of resilient algorithms. In our case we were able to
improve performance for large §.

To devise deterministic variation of quicksort we had to deal with the selection
problem. Hence in Section [l we consider the problem of approximating the k-th
order statistic in a faulty environment. That is, our selection algorithm runs in
O(n + 6y/n) deterministic time, tolerates up to ¢ faults, and produces a key
whose rank is off the desired k by at most O(4). To the best of our knowledge,
this is the first result of such kind.

2 Randomized Sorting

In this section we develop a randomized resilient sorting algorithm (denoted by
RANDOMIZED-RESILIENT-SORT) that runs in O(nlogn + dv/nlogn) expected
time.
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In contrast to Finocchi et. al. we develop a quicksort-like sorting algorithm.
The main obstacle for an algorithm of such kind is the lack of a resilient stack:
the adversary can mislead the recursive invocation and hence leave a part of
the sequence unsorted or processed more than once. In order to overcome this
problem, one could use a trivially resilient stack (i.e., as earlier, replicate each
pushed value 26 + 1 times and use majority selection during pops). Quicksort
performs ©(n) stack operations during its execution, which immediately leads
to ©(dn) overhead. We propose simple modifications to quicksort that balance
resiliency and running time.

For our purposes the following notion will be of use:

Definition 2. A routine that gets a sequence S of length n and computes some
permuted sequence S’ is said to be a robust sorting algorithm if the following
properties are met: (i) if no memory faults occur during the execution, then the
routine runs in O(nlogn) time and returns a sorted sequence (ii) otherwise the
routine still terminates in O(nlogn) time (without any guarantees about the
output).

Note that robustness does not imply resilience. In fact, the output of a robust
routine may be arbitrarily off from the desired (due to memory faults).

The standard quicksort sorting algorithm is not robust since it employs re-
cursion. Recursive algorithm may behave unpredictably when run in a faulty
memory environment since a single stack corruption may cause the algorithm to
crash or, even worse, to enter an infinite loop. To overcome this issue, we maintain
a watchdog timer (implemented as a tick counter stored in a reliable memory).
If more than cnlogn ticks elapse (where ¢ is a sufficiently large constant chosen
based on the worst-case analysis), the algorithm terminates prematurely. In this
case at least one memory fault had occurred, so case (ii) from the definition
applies. We denote the resulting robust sorting routine by ROBUST-SORT. An
alternative approach to devise such a routine would be to use a non-recursive
mergesort.

RANDOMIZED-RESILIENT-SORT is recursive; it takes a sequence S of length n
and an additional parameter t. We choose t := [y/n/logn] (where n is the
length of the input at the top-most level of recursion). This ¢ is treated as a
fixed parameter for the rest of the algorithm.

If n < t, then apply ROBUST-SORT to S and validate its result by iterating
over S and comparing each element with the previous one (keeping the latter
in a reliable memory). If the sequence looks correctly ordered, then terminate
RANDOMIZED-RESILIENT-SORT. Otherwise restart by applying ROBUST-SORT
again.

Now suppose n > t. Like in a usual randomized quicksort, choose a pivot p
in S (independently and uniformly) and perform PARTITION of S around p.
Let the resulting subsequences be L (containing the values less than p) and R
(containing the values greater than p). If either |L| < n/4 or |R| < n/4, then
restart by picking another pivot and applying PARTITION again.
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Algorithm 1. RANDOMIZED-RESILIENT-SORT(S, t)

1: Let n:= 5]

2: if n <t then

3: repeat

4: S’ := ROBUST-SORT(S)

5:  until S’ is ordered correctly

6: return S’

7: else

8: repeat

9: Choose a random pivot p in S
10: (L, R) := PARTITION(S, p)

11:  until |L| > n/4 and |R| > n/4

12: L' := RANDOMIZED-RESILIENT-SORT(L, t)
13: R’ := RANDOMIZED-RESILIENT-SORT(R, t)
14: return L'o (p)o R

15: end if

Otherwise recurse to L and R to obtain sorted subsequences L’ and R’. Use
trivially resilient storage for storing stack frames during recursive invocations.
Finally output the concatenation of L', p, and R'.

Theorem 1. RANDOMIZED-RESILIENT-SORT produces a faithfully ordered se-
quence and runs in O(nlogn + dv/nlogn) expected time.

Proof. The fact that the resulting sequence is faithfully ordered is obvious, so
we shall focus on estimating the time complexity.

Let n be the length of initial sequence S, n’ be the length of current sequence
in recursive invocation and also let n” denote the length of the sequence in
the parent call to RANDOMIZED-RESILIENT-SORT (if any). Consider case when
n’ < t, which is handled in Steps BHGl Note that n” > ¢ and Step [II] ensures
that n’ > n”"/4 > t/4. Hence during the whole computation Step Ml is applied
to at most 4n/t distinct and non-overlapping ranges. Not counting restarts due
to failed validation, this takes O(tlogt - 4n/t) = O(nlogn) time (since ¢ < n).
There are at most § restarts of Step Hl each taking O(tlogt) = O(yv/nlogn)
additional time.

Next consider the time spent to maintain the resilient stack. Due to the check
in Step [Tl the recursion tree is nearly-balanced. Each leaf deals with a range of
length from t/4 to ¢, so (as indicated above) there are at most 4n /¢ leaf calls. The
total number of nodes in the recursion tree is also O(n/t), which is O(y/nlogn).
Therefore RANDOMIZED-RESILIENT-SORT performs O(y/nlogn) push and pop
operations in total, each taking O(J) time.

It remains to bound the time spent in Steps BHIIl Each single PARTITION
takes O(n’) time but there may be multiple restarts due to unbalanced sizes of
L and R. Without memory faults, the uniform choice of the pivot ensures that
the correct sizes are observed with probability about 1/2 (see, e.g. [5]). Hence
the expected number of repetitions is constant. When faults are possible, the
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analysis becomes more intricate since the adversary may corrupt keys and thus
force the algorithm to produce unbalanced partitions.

Without corruptions, it takes O(1) attempts to find a pivot p with rank in
[3n//8,5n'/8]. Now if the adversary corrupts less than n'/8 keys during this
iteration, p’s rank remains in [n’/4, 3n’/4], so the check in Step [l succeeds (here
we use the fact that our random bits are unknown to the adversary). Assume
the contrary, i.e. at least « = n’/8 keys are corrupted (perhaps leading to an
unbalanced partition). Such a “large corruption” costs O(n’) = O(«a) (sic!) time
(before another good pivot whose rank is in [3n'/8, 5n’/8] is picked). Summing
over all large corruption cases and using the fact that the sum of as is bounded
by d, one concludes that the additional overhead incurred by the adversary is
O(6), which is negligible.

The desired bound of O(n log n+ d/nlogn) follows by summing up the above
estimates. O

3 Resilient Selection

In order to devise a deterministic variation of the quicksort we have to learn to
select a good pivot (like a median). From our perspective, following notions will
be of use:

Definition 3. Let S be a sequence of n distinct items. Let rkg(z) = rk(z) denote
the rank of xz, i.e. the number of items in S that are less than or equal to x.
The k-th order statistic of S is an element x € S such that rkg(x) = k. For
k = [n/2], the k-th order statistic is referred to as the median.

In a usual RAM model finding the k-th order statistic in a sequence S of length n
is a widely studied problem. For instance, in [5] one can find a randomized O(n)
expected time algorithm and also a deterministic O(n) worst-case time “median
of medians” algorithm. Other methods are known that achieve better asymptotic
constants for the number of comparisons, see e.g. [6].

In a faulty environment it is impossible to compute the order statistic exactly.
Indeed, the adversary may corrupt keys just before the algorithm stops running
thus destroying the correct answer. To overcome this issue, we relax the notion
as follows:

Definition 4. Let S be a sequence. Then x is a A-approximate k-th order statis-
tic if |rks(x) — k| < A.

Note that in the above definition x need not be an element of S. This observation
is important since in the faulty memory model no algorithm can guarantee to
output an item belonging to the initial S (as corrupted and uncorrupted values
are indistinguishable). Extending the above argument one can see that for A < §
computing a A-approximate k-th order statistic is impossible since the adversary
can alter an element’s rank for up to § by corrupting elements less than or greater
than the element.
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Algorithm 2. P1voT(S,m)
: Let n := |5
: Split S into k := [n/m] chunks Ci,...,Cy of length m or m + 1 each
: for all chunks C; do

repeat

Compute z; := RoBUST-MEDIAN(C})

until x; passes validation as the median

Put z; into a trivially resilient storage
end for
return TRIVIALLY-RESILIENT-MEDIAN(z1, ..., Zk)

© XD W

There are algorithms for computing a A-approximate k-th order statistic.
Trivially resilient approach would be to replicate each element in 2§ + 1 copies
and run the standard linear time algorithm with resilient operations. This would
result in O(dn) time and O(dn) extra space. In particular case of median selec-
tion, we will refer to this algorithm as TRIVIALLY-RESILIENT-MEDIAN.

Interestingly, if we allow A = O(J), then it is possible to solve the problem
in O(n + §y/n) worst-case deterministic time and O(dy/n) space. Our method is
based on the “median of medians” algorithm [5]. However, extra care is taken
to make the algorithm resilient to memory faults.

As in Section 2] we define an analogous notion of robustness with the same
guarantees. Specifically, robust median selection routine either computes a me-
dian in linear time when there are no memory faults or terminates prematurely
in O(n) time without any guarantees on the output in the presence of memory
faults. To devise robust median selection routine we equip a standard algorithm
with a watchdog timer (as in Section [2]). We denote the resulting robust routine
by ROBUST-MEDIAN.

We use ROBUST-MEDIAN (which runs in O(n) time) and also TRIVIALLY-
RESILIENT-MEDIAN (which runs in O(dn) time) to construct a new procedure
called P1vor.

PvoT gets a sequence S of length n and computes a value p as follows (a
pseudocode shown in Algorithm [2]). The input sequence is divided into k chunks
of length either m or m + 1. This can be achieved by using a Bresenham-like
partitioning of n. We treat m as a parameter and set k := [n/m]. For each
chunk C;, run ROBUST-MEDIAN, denote its output by x;, and store the latter
in a reliable memory. Due to memory faults x; may differ from the true median.
Run a wvalidation of x;, that is, traverse C; and count the number of elements
in C; that are less than z;. If ke, (z;) # | 4|C;|], then restart ROBUST-MEDIAN
computation for this particular chunk C;.

Finally we get a value x; that “looks like” a true median of C;. (Strictly speak-
ing, x; is the median of C}, where C] consists of values of C; that were observed
by the algorithm during the validation pass.) At this point the algorithm stores
x; in a trivially resilient storage (i.e. with replication factor 26 + 1) and proceeds
to the next chunk. When all the chunks are processed, we get a sequence of k
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values z1, ...,z (each stored in a trivially resilient storage). The algorithm runs
TRIVIALLY-RESILIENT-MEDIAN for these values and outputs the result.

Lemma 1. Let « be the number of memory faults occurred during the execution.
Assuming that 2k +m < n/5, PIVOT takes O(n + am + dn/m) time and the
resulting value p obeys

rks(p) >n/5—a and rks(p) <4n/5+ (1)

Proof. P1voT takes O(km+dk) = O(n+dn/m) plus the time incurred by failed
validation passes. There are at most « such passes, each taking O(m) time. The
total time bound follows.

To prove (), consider the chunks C1, ..., C) comprising S. For each chunk C;,
the algorithm computes (and stores in a trivially resilient storage) a value x;,
which is a candidate for the median of C; that had passed validation. This way,
x; may be viewed as the median of some fixed sequence C/ (consisting of values
of C; as they were observed by the algorithm during the validation pass). Such
(7 is in a sense “virtual”: it may happen that at no moment of time the current
C; coincides with CY. Since |C}] is either m or m + 1 there are at least |m/2]
elements in C! that are less than or equal to x;.

The returned value p is the median of 1,...,z; (the exact one since it is
computed in a trivially resilient fashion). Therefore at least |k/2| values among
T1,...,x) are less than or equal to p. Let S’ denote the sequence obtained by
concatenating C7,...,C;. From the above estimates we can conclude that at
least A = |m/2] - |k/2] values in S’ are less than or equal to p. Then A >
(k—1)(m—-1)/4> (n—2k—m+1)/4 > n/5 (since 2k +m < n/5). Finally note
that S and S’ differ in at most « positions. The proof for lower bound follows.
The proof for upper bound with can be obtained by reversing all inequalities
with proper modifications. a

Note that in (0l) ranks are considered w.r.t. the initial sequence S (before any
corruptions took place). However one can easily see that (Il) remains true if S
denotes the values of the input sequence as they were observed at some (possibly
different) moments of time. Indeed, in the above proof S and S’ still differ in at
most « positions (since each mismatch corresponds to a memory fault).

Corollary 1. A pivot p satisfying {dl) can be found in O(n + 6+/n) time.

Proof. Choose m := |y/n]. Observe that k = O(y/n) and o < §. We may assume
that n is large enough so 2k +m < n/5 and Lemma [Tl applies. O

Now we are ready to present RESILIENT-SELECT (see Algorithm [ for a pseu-
docode). It takes a sequence S of length n (which is assumed to be large enough),
a parameter number k, and finds, in O(n+4d/n) time, an O(d)-approximate k-th
order statistic in S.

Three cases are to be considered, depending on the magnitude of n.

1. Tiny case: n < 50. The algorithm outputs an arbitrary key, e.g. S[1].
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Algorithm 3. RESILIENT-SELECT(S, k)
1: Let n:= S|, m:= [/n]
2: if n < 56 then {tiny case}

3:  return S[1]

4: else if 55 < n <206 then {small case}
5:  return P1vor(S,m)

6: else {large case}

7. p:=Pwvor(S,m)

8: (L, R) := PARTITION(S, p)

9: if |[L| <k then

10: return RESILIENT-SELECT(L, k)

11:  else

12: return RESILIENT-SELECT(R, k — |L|)
13:  end if

14: end if

2. Small case: 5§ < n < 204. Apply P1voT to S (using m := [/n]) and
output the resulting value.

3. Large case: n > 200. First, invoke PIvOT (using, as above, m := |y/n]) and
denote the resulting value by p. Second, perform PARTITION of S around p
into subsequences L and R; that is, enumerate the elements of S and put
those not exceeding p into L and the others into R. (For simplicity’s sake, we
assume that all elements are distinct. For coinciding elements, a more careful
choice between L and R is needed to avoid unbalanced partitions. These
details are quite technical and we omit them due to the lack of space.) These
two new sequences L and R are stored in the usual, faulty memory. Their
lengths |L| and | R|, however, are stored in reliable (safe) memory. Third, if
k < |L|, then recurse to L. Otherwise reset k := k — |L| and recurse to R.
(These steps are standard for divide-and-conquer selection algorithms.) The
tail recursion in RESILIENT-SELECT can be easily eliminated, hence there is
no need for a stack.

Theorem 2. RESILIENT-SELECT runs in O(n—+d/n) time and returns an O(9)-
approximate k-th order statistic.

Proof. Let S be the input sequence where an approximate k-th order statistic is
to be found. Due to memory faults the sequence may be altered during execution;
we shall denote its current state by S’

For the tiny case, any returned value would satisfy as approximation. For the
small and large case we use induction to show that the returned value p is indeed
a 200-approximate k-order statistic. Specifically, we claim that two inequalities
hold (where « is the number of faults occurred during the invocation):

min S <p <maxS and [|rkg—k| < 20a.

The small case is an inductive base. It follows from Lemma [ and Corollary [l
that rkg(p) > n/5 —a > 1 and rkg(p) < 4n/5+ o < 200 < n. Hence p is
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between min S and max S. For any x € S, |rkg(p) — rks(x)| < 4n/5 + a < 20a.
In particular |rkg(p) — k| < 20a, as desired.

Now consider a large case. Note that PARTITION reads each element of S
exactly once. Hence one may imagine a sequence S’ consisting of values in S as
they were observed by PARTITION. Also we may assume that L and R form a
partition of S’ (not S) around p. Indeed, all memory faults that occur in L or
R and affect the values written by PARTITION may be effectively “postponed”
until RESILIENT-SELECT calls itself recursively. In other words, these faults are
regarded as occurring in the latter recursive invocation.

Let v (respectively ) be the total number of faults occurred in RESILIENT-
SELECT from start until the recursive invocation is made (respectively during the
recursive invocation). Suppose RESILIENT-SELECT recurses to L. Then by the
inductive assumption the returned value x satisfies |k, (z) — k| < 208. Observe
the equality rky(x) = rkg/(z) (here we use the fact that min L < z < maxL).
Altogether this implies |rkg/ (x) — k| < 208.

Sequences S and S’ differ by at most 7 elements (the latter is the upper
bound for the number of memory faults occurred during RESILIENT-SELECT
not counting the recursion). Therefore |rkg(x) — rks/ ()] < 7, so |rkg(x) — k| <
208 + v < 20(8 + ) = 200.

The case when RESILIENT-SELECT recurses to R is analogous.

Finally let us estimate the complexity of RESILIENT-SELECT. The i-th level
of recursion, which is applied to a sequence of length n;, takes O(n; +46./n;) time
(see Corollary [[). Summing over all levels one gets O (3, n; + 6>, \/n;). Each
recursive call reduces the current length n; to n;41 < 4n;/5+8 < 4n;/54n;/20 =
17n;/20. Since the decrease is exponential, the estimate becomes O(n + d+/n),
as claimed.

Corollary 2. There exists a deterministic O(n)-time O(0)-approzimate median
selection algorithm that tolerates up to 6 = O(y/n) memory faults.

4 Deterministic Sorting

Now we are ready to present a deterministic variation of quicksort (denoted
by DETERMINISTIC-RESILIENT-SORT) with O(nlogn + d/n logn) worst-case
running time. We effectively combine ideas from Section [ and Section

Let n be the length of the input sequence (which is assumed to be sufficiently
large). The outline is the same as in the randomized algorithm in Section [2] ex-
cept for three aspects. First, at the top level we choose ¢ := [1/n] (in contrast to
t := [y/n/logn] in the randomized approach). Second, instead of selecting a ran-
dom pivot we use deterministic PIVOT procedure in conjunction with PARTITION
to ensure that resulting partition is nearly-balanced (i.e. there are at least 1/10
of elements in each part). Third, we perform a fallback to ROBUST-SORT when
the length of the current segment becomes smaller than 15¢ rather than ¢. The
latter is done to satisfy the preconditions of Lemma [ namely, to make sure that
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Algorithm 4. DETERMINISTIC-RESILIENT-SORT (S, t)

1: Let n:= 5]

2: if n < 15t then

3: repeat

4: S’ := ROBUST-SORT(S)

5:  until S’ is ordered correctly
6: return S’

7: else

8: repeat

9: Let p := P1voT(S, t)

10: (L, R) := PARTITION(S, p)

11:  until |L| > n/10 and |R| > n/10

12: L' := DETERMINISTIC-RESILIENT-SORT(L, t)
13: R’ := DETERMINISTIC-RESILIENT-SORT(R, t)
14: return L'o (p)o R

15: end if

2t + [n'/t] < n’/5 for the current length n'. (Indeed, 2t 4+ [n//t] < 3t < n'/5
when n’ > 15¢t.) For a pseudocode, see Algorithm [l

Theorem 3. DETERMINISTIC-RESILIENT-SORT produces a faithfully ordered se-
quence and runs in O(nlogn + §/n logn) deterministic time.

Proof. Once again, the fact that the resulting sequence is faithfully ordered is
obvious, so we focus on estimating the time complexity.

Consider the recursion tree of DETERMINISTIC-RESILIENT-SORT. The latter
is nearly-balanced (by the same argument as in the proof of Theorem/[]) and thus
contains O(n/t) leaves. Hence ROBUST-SORT, which is invoked at the bottom
level, costs O(n/t - tlogt + dtlogt) time.

At each level of the recursion tree some calls to PIvOT and PARTITION are
made. Since PARTITION takes linear time, it contributes O(n logn) plus the time
spent in additional restarts incurred by failed validations. To estimate P1voT’s
total time, let N be the total length of segments for which P1voT is invoked.
Clearly N = O(nlogn) (since the tree is nearly-balanced). Then by Lemma [I]
all PrvoTs take O(N + 0t + dN/t) time (not counting additional restarts).

Consider additional restarts occurring in Steps BHIIl As in in the proof of
Theorem [I] without corruptions PIVOT returns p whose rank is in [n//5,4n’/5]
(where n’ is the current length of the segment). Now if the adversary corrupts
less than n’/10 keys during the iteration, p’s rank remains in [n'/10,9n’/10],
so the check in Step [ succeeds. Assume the contrary, i.e. at least « = n’/10
keys are corrupted (perhaps leading to an unbalanced partition). Such a “large
corruption” increases N by 10a, which adds up to O(9). Hence the overhead is
O(8 + 6%/t), which is negligible.

Summing up these estimates and plugging in ¢t = /n yields the desired time
bound. O
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Abstract. This paper proposes a new theory of quantitative specifica-
tions. It generalizes the notions of step-wise refinement and compositional
design operations from the Boolean to an arbitrary quantitative setting.
It is shown that this general approach permits to recast many existing
problems which arise in system design.

1 Introduction

Specification theories permit reasoning about behaviors of systems at the ab-
stract level, which is needed in various application such as abstraction-based
model checking for programming languages, or compositional reasoning. Such
specification theories generally come with (1) a satisfaction relation that allows
to decide whether an implementation is a model of the specification, (2) a notion
of refinement for determining the relationship between specifications and their
sets of implementations, (3) a structural composition which, at the abstract
level, mimics the behavioral composition of systems, (4) a quotient that allows
to synthesize specifications from refinements, and (5) a logical composition that
allows to compute intersections of sets of implementations.

Prominent among specification theories is the one of modal transition sys-
tems [I3T4UT5I8I2T], which are labeled transition systems equipped with two
types of transitions: must transitions that are mandatory for any implemen-
tation, and may transitions which are optional. In recent work [3J17], modal
transition systems have been extended by adding richer information to the usual
discrete label set of transition systems, permitting to reason about quantitative
aspects of models and specifications. These quantitative labels can be used to
model and analyze e.g. timing [6/16], resource usage [22], or energy consump-
tion [4/9].

In particular, [I7] extends modal transition systems with integer intervals
and introduces corresponding extensions of the above operations which observe
the added quantitative information, and [3] generalizes this theory to general
structured labels. Both theories are, however, fragile in the sense that they rely
on Boolean notions of satisfaction and refinement: as refinement either holds or
does not, they are unable to quantify the impact of small variations. For quanti-
fying differences, distances between systems are useful; this approach has been
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explored e.g. in [BITTI23I25]. A first quantitative specification theory which is
not fragile is introduced in [2], for one specific type of weighted modal transition
systems and one specific distance. While this is useful for some applications, it
is too specific to cover the whole spectrum of quantitative specification theories.

What is needed is a quantitative specification theory that is independent of
both the specific labels and the distance used to measure differences; this is
what we introduce in this paper. Using the concept of distance iterator function
from [I0/I2], we introduce a general notion of refinement distance between struc-
tured modal transition systems and a general quantitative specification theory.
It turns out that there are some natural technical compatibility conditions relat-
ing the label composition operators with the distance which give rise to different
properties of the specification theory; these are worked out in detail.

Our general quantitative theory can be instantiated with a variety of different
distances and operators, all useful for different applications; hence it can serve
as a unifying framework for these applications. Note that all proofs of this paper
had to be omitted due to space constraints.

2 Structured Modal Transition Systems

Labeled transition systems have long been established as the de-facto formal-
ism for specifying formal semantics for discrete behavior and communication
of programming languages and reactive systems. However, in order to capture
meta-data and expectations about these, such as e.g. execution times of hard-
ware platforms, cost of certain operations, or energy consumption, we require a
richer formalism.

We work with a poset Spec of specification labels with a partial order Cgpec
and denote by Spec™ = Spec® U Spec” the set of finite and infinite traces over
Spec. In applications, Spec may be used to model data about the behavior of a
system; for specifications this may be considered as legal parameters of operation,
whereas for implementations it may be thought of as observed information. The
partial order Tspec is meant to model refinement of data; if k Cgpec £, then k is
more refined (leaves fewer choices) than £. The set Imp = {k € Spec | k' Cspec
k = k' = k} is called the set of implementation labels; these are the data which
cannot be refined further. We let [k] = {k’ € Imp | ¥’ C k} and assume that
Spec is well-formed in the sense that [k] # 0 for all k € Spec.

When k Zspec £, we want to be able to quantify the impact of this difference in
data on the systems in question, thus circumventing the fragility of the theory.
To this end, we introduce a general notion of distance on sequences of data
following the approach laid out in [I2]. Let M be an arbitrary set and I =
(R>0 U {00})™ the set of functions from M to the extended non-negative real
line. Then IL is a complete lattice with partial order Cp, given by « Cp, § if
and only if a(z) < B(x) for all x € M, and with an addition @, given by
(a@r, B)(z) = a(z) + B(x). The bottom element of IL is also the zero of @y, and
given by L (x) = 0, and the top element is T, () = co. We also define a metric

on L by di.(a, B) = sup,cy la(z) — B(@)|.
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Let d : Imp x Imp — IL be a hemimetric on implementation labels; recall that
this means that d(m,m) = Ly, for all m € Imp and d(mq, m2) @1, d(m2, ms) Jr,
d(my,mg) (the triangle inequality) for all my, ma, ms € Imp. We extend d to Spec
by d(k,{) = sup,,cpg infrepg d(m,n). Hence also this distance is asymmetric;
the intuition is that any label in [k] has to be matched as good as possible in
[€]. Note the similarity of this to the construction of Hausdorff metric; cf. [2001]
for background material on hemimetrics and the Hausdorff construction.

We will assume given an abstract trace distance dr : Spec™ x Spec™ — IL
which has a recursive expression using a distance iterator function F : ImpxImpx
L — IL. This will allow us to recover many of the system distances found in the
literature, while preserving key results. We will need F' to be continuous in the
first two coordinates and monotone in the third; hence F(-,n,a) and F(m,-, «)
are continuous functions Imp — L for all @« € L,and F(m,n,:) : L — L is
monotone for all m,n € Imp.

We also assume that F'(m,n, Ly) = d(m,n) for all m,n € Imp, and we extend
F to specification labels by defining F'(k, £, o) = sup,, ey infnee £(m,n, o).
Then also the extended F' : Spec x Spec x I. — IL is continuous in the first
two and monotone in the third coordinates. Additionally, we assume that sets
of implementation labels are closed with respect to F' in the sense that for all
k.0 € Spec and a € I with F'(k,{,a) # T, there are m € [k], n € [¢] with
F(m,l,a) = F(k,n,a) = F(k,?, ). Note that this implies that the sets [k] are
closed under the hemimetric d on Spec. We also extend the triangle inequality for
d to F' by imposing that for all k, ¢, m € Spec and «, 8, € I with a®r, 8 dr, 7,

F(k,¢, a) D, F(Z,m,ﬁ) g, F(k;,m,’y). (1)

Let € € Spec™ denote the empty sequence, and for any sequence o € Spec™,
denote by oy its first element and by o' the tail of the sequence with the first
element removed. We assume that dr has a recursive characterization, using F,
as follows:

F(og,m0,dr(ct, 7)) if 0,7 #¢,
dp(o,7) = ¢ TL ifo=e,r1#coro#e,7=¢, (2)
L]L ifo=17=c¢.

In applications (see below), the lattice I comes equipped with a homomorphism
g: L — Rxo U {oo} for which g(dr(o,0)) = 0 for all ¢ € Spec™. The actual
trace distance of interest is then the composition g o dp. The triangle inequality
for F' implies the usual triangle inequality for gody: g(dr (o, 7)) + g(dr (1, %)) <
g(dr(o,x)) for all o, 7, x € Spec™, hence g o dr is a hemimetric on Spec™. We
need to work with distances which factor through IL, instead of plainly taking
values in R>oU{oo}, because some distances which are useful in practice, as the
one in Example [2 below, have no recursive characterization using I. = R>q U
{o0}. Whether the theory works for more general intermediate lattices than
L = (R>o U {o0})M is an open question; we have had no occasion to use more
general lattices in practice.
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Ezample 1. [2] defines an accumulating distance for integer-weighted modal tran-
sition systems. In this paper, Spec = X' x I, where X is a finite set of discrete
labels and I = {[I,7] |l € ZU{—o0},r € ZU{oo},l < r} is the set of extended-
integer intervals, and the partial order is defined by (a,[l,7]) Cspec (a/, [I’,7'])
if and only if a = @/, I’ < I, and ' > r. Hence refinement is given by restrict-
ing intervals, thus Imp = X' x Z. The implementation label distance is given by
d((a,z),(a’,y)) = |z —y| if a = a’ and oo otherwise.

Now let L = R U {oo} and F(m,n,a) = d(m,n) + Aa for some fixed dis-
counting factor A € R with 0 < A < 1, then dr(o,7) = >_; Nd(oj, ;) for
implementation traces of equal length. This distance hence accumulates indi-
vidual distances on labels; it has been studied for weighted transition systems
and games e.g. in [BITISIT2325126]. [2] develops a complete specification theory
around this specific distance; we will continue this example below to show how
it fits in our present context.

Ezxample 2. With the same instantiations of Imp and Spec as above, we can
introduce a distance which, instead of accumulating individual label differences,
measures the long-run difference between accumulated labels. This mazimum-
lead distance is especially useful for real-time systems and has been considered
in [16/23].

Let L = (R>oU{oc})R, define F : Imp x Impx L — L by F((a,x), (a',y),a) =
Ty if a # o and F((a,x),(a,y),a)(0) = max(]6 + z — y|,a(d + © — y)), and
extend F' to specifications by F'(k,?,a) = SUP e k] e F(m,n,a). Define
g: L — RxoU{oo} by g(a) = a(0); the maximum-lead distance assuming the
lead is zero. Using our definition of dr from (@), it can then be shown that for
implementation traces o = ((ag, o), (a1,21),...), 7 = ((a0,%0), (a1,y1),--.),
g(dr(o, 7)) = sup,, | >t g xi — > v yi| is precisely the maximum-lead distance
of [16I12].

A structured modal transition system (SMTS) is a tuple (S, sg, --+5, —>s) con-
sisting of a set S of states, an initial state sy € .S, and must and may transitions

—g,--+s C S xSpecx S for which it holds that for all s i>s s’ there is s —€+S
s" with k Cspec £. This last condition is one of consistency: everything which is
required, is also allowed. S is an implementation if —g = --+5 C S X Imp x S}
hence in an implementation, all optional behavior has been resolved, and all data
has been refined to implementation labels.

We will assume all SMTS to be compactly branching [24], that is, for any

SMTS S and any s € S, the sets {k € Spec | s LN s'} and {k € Spec | s N s'}
are to be compact under the label metric d. This is a common assumption in
quantitative formalisms which generalizes the standard finitely-branching as-
sumption; together with continuity of F' it will allow us to resolve terms of the
form sup , | inft_fét, F(k, ¢, ).

S—--*8

The SMTS (S, s, --+5, —>s) is deterministic if it holds for all s € S, s —k—1+5

S1, S —k—2+5 so for which there is k € Spec with d(k, k1) # Ty and d(k, k2) # T
that k1 = k2 and s1 = so.
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Ezample 1 (contd). For the label distance of [2], and also the one of Example 2]
the above condition that there exist k € Spec with d(k, k1) # T, and d(k, k2) #
Ty, is equivalent, with k1 = (a1, 1) and k2 = (a2, I2), to saying that a; = as,
hence our notion of determinism agrees with the one of [2]. The general intuition
for determinacy is that there cannot be two distinct transitions out of a state
with labels which have a common quantitative refinement.

A modal refinement of SMTS S, T is a relation R C S x T such that for any
(s,t) € R,

k ¢
— whenever s --»g s, then also ¢ --»7 t for some k Cgpec £ and (s',t') € R,

— whenever t L>T t’, then also s i>S s’ for some k Cgpec £ and (s',1') € R.

Thus any behavior which is permitted in S is also permitted in 7', and any
behavior required in T is also required in S. We write S <, T if there is a
modal refinement R C S x T with (so,t9) € R. The implementation semantics
of a SMTS S is the set [S] = {I <,,, S| I is an implementation}, and we write
S < T if [S] C [T], saying that S thoroughly refines T'.

3 Refinement Distances

We define two distances between SMTS, one at the syntactic and one at the
semantic level. The modal refinement distance d,, : S x T — L between the
states of SMTS S, T is defined to be the least fixed point to the equations

sup inf F(k, 4, dn(s,t")),

k 2
s--+g58" t--s»pt

sup inf  F(k,l,dn(s',t)).

¢ k
t—>pt s—rgs’

dpm(s,t) = max

We let d,,(S,T) = dm(s0,t0), and we write S <& T if d,,(S,T) Cr, . This
definition is an extension of the one of simulation distance in [12], and the
proof of existence of the least fixed point is similar to the one in [I2]. Note
also that d,, extends the refinement relation <,, in the sense that s <,, t
implies dp,(s,t) = 0. If we define the linear distance from s to t by dr(s,t) =
max{Sup, ey (s) ifrem(r) dr (0, 7), SUP, ey(r) Infoeme(s) d7 (0, 7) }, where Tr(s) de-
notes the set of (may or must) traces emanating from s, then dp (s, t) Cp, dp,(s,t)
for all s,t € S, ¢f. [12].
The thorough refinement distance from an SMTS S to an SMTS T is

di(S,T) = sup inf d,(I,J),
I€[S] Je[T]

and we write S <¢ T if d4(S,T) Cr, . Again, S <; T implies d;(S,T) = 0. The
next proposition follows directly from the triangle inequality ().

Proposition 1. For all SMTS S, T, U, dpn(S,T) ®L dp(T,U) 3L dpn(S,U)
and dt(S, T) D, dt(T, U) Q]L dt(S, U)
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The next theorem shows that the modal refinement distance overapproxi-
mates the thorough one, and that it is exact for deterministic SMTS. This is
similar to the situation for standard modal transition systems [I8]; note [18§]
that deterministic specifications generally suffice for applications.

Theorem 1. For all SMTS S, T, di(S,T) Cr, din(S,T). If T is deterministic,
then di(S,T) = dp (S, T).

In a quantitative framework, it can be useful to be able to relax and strengthen
specifications during the development process. Which precise relaxations and
strengthenings one wishes to apply will depend on the actual application, but
we can here show three general relaxations which differ from each other in the
level of the theory at which they are applied. For a € . and SMTS S, T',

— T is an a-widening of S if there is a relation R C S x T for which (sg,t9) € R
and such that for all (s,t) € R, s —If+s s"if and only if ¢ —€+T t',and s i)s s’
if and only if ¢ LT t', for k Cspec £, d(¢, k) Cr, o, and (', ") € R;

— T is an a-relazation of S'if § <, T and T' <2, 5}

— the a-extended implementation semantics of S is [S]t® = {I <% S |
I implementation}.

Hence a-widening is an entirely syntactic notion: up to unweighted bisimulation,
T is the same as S, but transition labels in T can be a “wider” than in S (hence
also S <,, T). The second notion, a-relaxation, works at the level of semantics
of specifications, whereas the last notion is at implementation level. A priori,
there is no relation between the syntactic and semantic notions, even though
one can be established in some special cases.

Ezample 1 (contd). In [2] it is shown that for the accumulated distance with
discounting factor ), any a-widening is also a (1 — \) ! a-relaxation. This is due
to the fact that for traces o,7 € Spec™ with d(o;,7;) < « for all j, we have
> Nd(oj, ;) < > Ma < (1 — X)~ta by convergence of the geometric series.

Ezample 2 (contd). For the maximum-lead distance, it is easy to expose cases

of a-widenings which are not S-relaxations for any 5. One example consists of

,[0,2 .
two one-state SMTS S, T with loops sg LN so and tg a[—>] to; then T is a

1-widening of S, but g o d,,, (T, S) = co.
Proposition 2. If T is an a-relaxation of S, then [T] C [S]T*.

It can be shown for special cases that the inclusion in the proposition is
strict [2]; for the proof one only needs the fact that d,,(I,5) C d,(I,T) @
dm (T, S) Cr, « for all I € [T7].

Proposition 3. Let T be an a-relazation of S and T' an o -relazation of S’, and
let dm(sv S/) = 6 Then 6 Cr dm(Sa T/) b 04/; dm(Sa T/) C B; B Cr dm(Tv S/);
and d, (T, S") @1, a C, .
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4 Structural Composition and Quotient

We now introduce the different operations on SMTS which make up a specifi-
cation theory. Firstly, we are interested in composing specifications S, S’ into a
specification S||S” by synchronizing on shared actions and with interleaving for
non-shared actions. Secondly, we need a quotient operator which solves equa-
tions of the form S||X = T, that is, the quotient synthesizes the most general
specification T'© S which describes all SMTS X satisfying the above equation.
We first define a partial label synchronization operator @ : Spec X Spec < Spec
which satisfies the following conditions:

— For all k,¢, k', 0 € Spec, if d(k,?) # T, and d(k',¢) # Tr, then k O k' is
defined if and only if £ @ ¢’ is defined;

— for all ¢,¢' € Spec, (3k € Spec : d(k,l) # Tr,d(k,0') # Ty) < (Im €
Spec : £ © m, ¢ ® m are defined).

This operator permits to synchronize labels at transitions which are executed in
parallel; the first property ensures that refinements of synchronable labels can
synchronize and vice versa, and the second relates synchronizability to distances
in such a way that two labels have a common quantitative refinement if and only
if they have a common synchronization.

Additionally, we must assume that there exists a function P : . x . — IL
which allows us to infer bounds on distances on synchronized labels. We assume
that P is monotone in both coordinates, has P(Llyp,Lly) = L1, Pla, Tp) =
P(Tp,a) =Ty, for all @ € I, and that

Fkok,tol',Pla,d)) Cy P(F(k,l,a), F(K',0',a))

for all k, ¢, k', ¢’ € Spec and «a,a’ € IL for which £k ® k' and £ @ ¢ are defined.
Hence d(k @ k', © ¢') Cr, P(d(k,£),d(k’,¢")) for all such k, ¢, k', ¢’ € Spec, thus
P indeed bounds distances of synchronized labels.

The structural composition of two SMTS S and T is the SMTS S||T = (S x
T, (s0,t0), ~=*s|17, —s|7) With transitions defined as follows:

k ¢
s--3g8 t--spt kL defined s i)s st LT t' k@ defined
ke kDL
(5,t) —=>g7 (8',1) (5,t) —=g7 (8',1)

The next theorem shows that structural composition supports independent im-
plementability: if S is close to T and S’ close to T, then we can bound the
distance between the structural compositions.

Theorem 2. For SMTS S, T, S, T, dn(S|S,T|T) CrL
P(dm(S,T),dm(S,T").

Ezample 1 (contd). In [2], structural composition of labels is defined by

(a, I+, r+7]) fa=d,
undefined otherwise.

(a, [L,7]) © (@, [I',7']) = {
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This composition is bounded above by P(a,a’) = «a + o/, hence Theorem
specializes to [2, Thm. 5]: d,,,(S||S’, T||T") < dm (S, T) + dmn(S', T").

Ezample 2 (contd). For the max-lead distance, and with an application to real-
time systems in mind, structural composition is more naturally defined using
intersection of intervals rather than addition, that is,

(a, [max(l,1"), min(r, r")])
(a,[l,r]) © (a',[l',r']) = if a = @’ and max(l,l’) < min(r,r’),
undefined  otherwise.

(Note that, however, the definition of structural composition is independent of
which distance one uses; one might as well combine addition of intervals, as
in Example [l with the max-lead distance.) This composition is bounded by
P(a, o) = max(w, o), thus dp, (S]|S", T||T") < max(dm (S, T) + dmn (S, T7)).

For quotients of SMTS, we need a partial label operator © : Spec x Spec —
Spec for which it holds that

— for all k, ¢, m € Spec, £ Q k is defined and m Cspec £ Q k if and only if k O m
is defined and k © m Cspec 4;

— for all ¢,¢' € Spec, (3k € Spec : d(k,l) # Tr,d(k,0') # Tp) < (Im €
Spec: m O £, m S ¢ are defined).

The first condition ensures that © is inverse to @, and the second relates it to
distances just as we did for @ above. We extend the first condition to say that © is
quantitatively well-behaved if it holds for all k, £, m € Spec that /QFk is defined and
d(m,fQk) # Ty, if and ounly if k@ m is defined and d(k®m, ¢) # Ty, and in that
case, F'(m, (Qk, o) Ty, F(kOm, ¢, a) for all & € IL. We say that © is quantitatively
exact if the inequality can be sharpened to F(m,{ S k,a) = F(k ©® m, ¥, o).

In the definition of quotient below, we denote by pp(.S) the pruning of a SMTS
S with respect to the states in B C S, which is obtained as follows. Define a
must-predecessor operator pre : 25 — 2% by pre(S’) = {s € S | 3k € Spec, s’ €
S s s’} and let pre* be the reflexive, transitive closure of pre. Then
pB(S) exists if so ¢ pre*(B), and in that case, pg(S) = (S,, S0, -=*p, —,) with
S, = S\pre*(B), --», = --+N(S,xSpecx S,), and —, = —N(S, xSpecx S,).

For SMTS S, T, the quotient of T by S is the SMTS T'\\ S = pp(T' x SU
{u}, (to, 50), ——*1\ s, —>1\s) given as follows (if it exists):

t —€+T t s —’j+5 s’ ¢Sk defined t LT t s i)s s’ ¢Sk defined
(t5) “Srys (¢, 5) (t:5) Sy (¢ )
t i>T t' Vs i)g s’ : £ Q k undefined
(t,s) € B
m € Spec Vs —If+5 s’ 1 k ® m undefined m € Spec

m m
(t, s) TTIT\S U U ==37\s U
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The next theorem shows that under certain standard conditions, quotient is
sound and mazimal with respect to ||. Note that the property that X <,, T\ S
iff S| X <,, T implies uniqueness of quotient [I1]; hence if a certain instantiation
of our framework admits a quotient which is not quantitatively well-behaved,
there is no hope that one can find another one which is.

Theorem 3. Let S, T, X be SMTS such that S is deterministic and T \\ S
exists. Then X <., T\ S if and only if S||X <,, T. Also,

— if © is quantitatively well-behaved, then dn, (X, T\ S) . dm (S| X,T);
— if © is quantitatively exact and dp, (X, T\ S) # T, then dn,(X, T\ S) =
dn (S||X,T).

Ezample 1 (contd). In [2], quotient of labels is defined by

(a,[I' =l,r" =7r]) fa=a andl' =1 <71 —r,

undefined otherwise.

(@, [U,7']) © (a, [1,7]) = {

This operator is quantitatively exact, hence Theorem Blspecializes to [2, Thm. 6]:
if dp (X, T\ S) # o0, then d, (X, T\ S) = dn (S| X, T).

Ezample 2 (contd). For structural composition using interval intersection, it can
be shown that © given by
undefined ifaad,

(a,[l',00]) ifa=ad andl <l <r <7/,
(a,[U',r"]) ifa=d andl <l' <r' <,
(a',[l',7"]) © (a, [I,7]) = ¢ undefined ifa=a andl <r <l <7/,
(a,[—o0,¢]) fa=a andl' <I<r <y,
(a,[—o0,7"]) fa=a andl' <I<r <y,
undefined ifa=d and ' <7 <I<r.

yields a quotient operator which is quantitatively well-behaved, but not exact.
Theorem [B implies that d,,, (X, T\ S) > dn (S| X, T) if if dp, (X, T\ §) # 0.

5 Conjunction

Conjunction of SMTS can be used to merge two specifications into one. Let
® : Spec x Spec — Spec be a partial label operator for which it holds that

— for all k, ¢ € Spec, if k @® { is defined, then k£ @® £ Cspec k, k ® £ Tspec ¢, and
— for all ¢,¢' € Spec, (3k € Spec : d(k,l) # Tp,d(k,0') # TL) < (Im €
Spec : £ ® m, ¢’ ® m are defined).

The first requirement above ensures that conjunction acts as a lower bound,
and the second one relates it to distances such that two labels have a common
refinement if and only if they have a common conjunction. One also usually
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wants conjunction to be a greatest lower bound; we say that @ is conjunctively
compositional if it holds for all k, £, m € Spec for which m Espec k and m Espec £
that also k& @ £ is defined and m Cspec k£ @ L.

As a quantitative generalization, and analogously to what we did for structural
composition, we say that @® is conjunctively bounded by a function C' : I x I —
L if C is monotone in both coordinates, has C(Llr, lr) = Lg, C(a, TL) =
C(Tr,a) = Tg, for all @ € I, and if it holds for all k,£,m € Spec for which
d(m, k) # T, and d(m, ) # T, that k @® ¢ is defined and

Fm,k®t,C(a, ') Cp, C(F(m,k,a), F(m,¢,a))

for all o, @’ € IL. Note that this implies that d(m, k ® ¢) Cr, C(d(m, k), d(m,¥)),
hence conjunctive boundedness implies conjunctive compositionality.

The conjunction of two SMTS S and T is the SMTS S AT = pp(S x
T, (so0,t0), --+saTs —>sar) given as follows:

¢ k
s i)g s t-Zsrt ko defined s--»g58 t —Z>T t' ko ¢ defined
(s,8) K% nr (s, 8) (s,8) B snr (s, 1)

s —I—€->s s’ ot —fer t' k@ ¢ defined

(s,8) “Dsar (s/,1)

s i)g s’ Wt —{->T t' . k ® ¢ undef. t LT t' Vs —I—c-)s s’ 1 k ® ¢ undef.

(Svt) €B (S,t) eB

The next theorem shows the precise conditions under which conjunction is a
greatest lower bound. Note that the greatest-lower-bound condition U <,,, S,
U<,,T— U <,, SAT entails uniqueness.

Theorem 4. Let S, T, U be SMTS. If S AT is defined, then SAT <., S and
SAT <., T. If, additionally, S or T are deterministic, then:

— If ® is conjunctively compositional, U <,, S, and U <,, T, then S AT is
defined and U <,, SAT.

— If ® is conjunctively bounded by C, dn(U,S) # Tw, and dn(U,T) # T,
then S AT is defined and d, (U, S AT) Cr, C(dn (U, S), dmn(U,T)).

Ezample 1 (contd). For the formalism of [2], there is a conjunction operator ®
given by intersection of intervals:

([l 7]) ® (a1, ']) = {(a, [max(Z,1"), min(r,r")]) if a = a’,max(l,1") < min(r,7’),

undefined otherwise.

This operator is conjunctively compositional, but not conjunctively bounded,
whence [2, Thm. 4]: by uniqueness, there does not exist any bounded conjunction
operator within the formalism of [2].

To deal with the problem that, as in Example [Il conjunction may not be con-
junctively bounded, we introduce another, weaker, property which ensures some
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compatibility of conjunction with distances. We say that @® is relaxed conjunc-
tively bounded by a function family C' = {Cs, : L x L — IL | 8,7 € L} if all
(3.~ are monotone in both coordinates, have Cg ,(Lr, L) = L1, Cs (o, T1) =
C3~(Tr,a) = Ty, for all @ € IL, and if it holds for all k, £ € Spec for which there
is m € Spec with d(m, k) # Tr, and d(m,f) # Ty, that there exist k', ¢’ € Spec
with k Cspec k', £ Tspec £/, d(k', k) = 8 # Ty, and d(¢', ) = v # T, such that
k' ©¢ is defined, and then for all m € Spec with d(m, k) # T, and d(m, £) # T,

F(m, k' ®l,Cs(a, ")) Cr, Ca o (F(m, k,a), F(m,¢,a'))

for all o,/ € L. The following theorem shows that relaxed boundedness of @®
entails a similar property for conjunction.

Theorem 5. Let S, T be SMTS with S or T deterministic and ® relaxed con-
Junctively bounded by C. If there is an SMTS U for which d,,,(U, S), dm (U, T) #
T, then there exist 5- and y-widenings S" of S and T' of T for which 8" AT’ is
defined, and such that d,,(U, S’ ANT") Cr, C.~(dim (U, S), dn, (U, T)) for all SMTS
U for which d,(U,S) # Ty, and dm (U, T) # Tr.

Ezample 1 (contd). For the accumulating distance, ® is relaxed conjunctively
bounded by Cp (o, &') = max(a, )@, max(8, v). Hence Theorem[Blentails that
if S or T are deterministic and there is U for which d,, (U, S), d, (U, T) # oo, then
there exist a S-widening S’ of S and a vy-widening T” of T' for which the conjunc-
tion S’ AT is defined, and such that d,,, (U, S’ AT") < max(d, (U, S), dn(U,T))+
max(8, ) for all SMTS U for which d,,(U,S) # Tr, and d,,, (U, T) # Tr..

Ezample 2 (contd). Also for the max-lead distance, ® given by intersection of
intervals is the unique conjunction operator. It is again relaxed conjunctively
bounded by Cp (o, @) = max(«, o )®r,max(8,y), hence the same specialization
of Theorem [Bl as above holds for the max-lead distance.

6 Conclusion

We believe that this paper constitutes the first general and complete quantitative
theory for modal specifications. We have shown not only how to introduce such
a general quantitative framework, but also the general conditions one needs to
impose on the interplay between the system distance and the operators such as
composition and quotient for the quantitative theory to work properly.

Using [2] and our running example of max-lead distances, we have seen two
different instantiations of the general framework, using different distances for
measuring variations of systems and specifications and different operators for
structural composition and quotient. Application of our framework e.g. to real-
time and hybrid systems, in programming languages or quantitative logics, will
require other distances and other operators, but as shown in [I0JI2], they all
stay within the unifying framework introduced in this paper.
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Abstract. The problem of determining whether several finite automata
accept a common word is closely related to the well-studied membership
problem in transformation monoids. We review the complexity of the
intersection problem and raise the issue of limiting the number of final
states in the automata involved. In particular, we consider commutative
automata with at most two final states and we partially elucidate the
complexity of their intersection nonemptiness and related problems.

1 Introduction

Let [m] denote {1,2,...,m} and let PS be the point-spread problem for transfor-
mation monoids, which we define as follows:

Input: m>0,g1,...,95: [m] = [m] and S1,...,Sn C [m].
Question: 3g € {g1,...,gx) such that 9 € S; for every ¢ € [m]?

Here (g1, ..., gi) denotes the monoid obtained by closing the set {id.,, g1, ..., gk}
under function composition and 9 denotes the image of ¢ under g.

The PS problem generalizes many problems found in the literature. For ex-
ample, it generalizes the (transformation monoid) membership problem [Koz77]
Memb, the pointset transporter problem |LMS88] and the set transporter prob-
lem |LMS88]. Moreover, it largely amounts to none other than the finite automata
nonemptiness intersection problem, Autolnt, defined as follows:

Input: finite automata Aq,..., A on a common alphabet X.
Question: Jw € X* accepted by A; for every i € [k]?

As we note in Prop. 2.1l PS and Autolnt are indeed equivalent in terms of their
complexity, even when the monoid in the PS instances and the transition monoids
of the automata in the Autolnt instances are drawn from a fixed monoid variety.
We view PS as mildly more fundamental because it involves a single monoid.
Memb and Autolnt were shown to be PSPACE-complete by Kozen [Koz77].
Shortly afterwards, the connection with the graph isomorphism problem led to
an in-depth investigation of permutation group problems. In particular, Memb
was shown to belong to P for groups |[FHL8(Q], then to NC? for abelian groups
IMC87, Mul87], to NC for nilpotent groups [LMS&S], solvable groups |[LMS8g],

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 31-f2] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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groups with bounded non-abelian composition factors [Luk86], and finally all
groups |[BLS87]. A similar complexity classification of Memb for group-free (or
aperiodic) monoids owes to |[Koz717, Bea88a, BMT92], who show that Memb for
any fixed aperiodic monoid variety is either in ACY, in P, in NP, or in PSPACE
(and complete for that class with very few exceptions).

On the other hand, Autolnt has received less attention. This is (or might be)
due to the fact that it is equivalent to the membership problem when both are
intractable, but appears harder to solve than the membership problem when the
latter is efficiently solvable. For example, Beaudry |Bea88h] shows Autolnt for
abelian groups and Autolnt for idempotent commutative monoids to be NP-
complete. Beaudry points out that those two cases are examples where the
automata intersection problem seems strictly harder than the transformation
monoid membership problem (whose complexity is NC? for abelian groups and
AC? for idempotent commutative monoids). Moreover, early results from |[Gal76]
show that the problem is NP-complete even when X is a singleton.

Nonetheless, interesting results arise from the study of Autolnt. For example,
the case where k is bounded by a function in the input length was studied in
ILR92]. When k < g(n), it is proved that the problem is NSPACE(g(n) logn)-
complete under log-space reductions. This arguably provided the first natural
complete problems for NSPACE(log® n). Moreover, it was proved by Karakostas,
Lipton and Viglas that improving the best algorithms known solving Autolnt for
a constant number of automata would imply NL # P [KLV03].

More recently, the intersection problem was also studied for regular expres-
sions without binary + operators [Bal02], instead of finite automata. It is shown
to be PSPACE-complete for expressions of star height 2 and NP-complete for
star height (at most) 1. Finally, the parameterized complexity of a variant of the
problem, where X' is considered instead of X*, was examined in [War(1]]. Differ-
ent parameterizations of ¢, k and the size of the automata yield FPT, NP, W[1],
W/2] and W[t] complexities. More results on Autolnt are surveyed in [HK11].

1.1 Owur Contribution

We propose PS as the right algebraic formulation of Autolnt. We observe that PS
generalizes known problems and we identify PS variants that are both efficiently
solvable and interesting. We obtain these variants by restricting the transition
monoids of the automata, or the number of generators (alphabet size), or by
bounding the size of the S; s (number of final states) to less than 3.

We then mainly investigate monoids that are abelian groups, but we also
consider groups, commutative monoids and idempotent monoids. In the case
of abelian groups, we revisit the equivalences with AGM (abelian permutation
group membership) and LCON (feasibility of linear congruences with tiny mod-
uli) [MC8T7], which have further been investigated recently in the context of
log-space counting classes |AV10]. Focussing on the cases involving one or two
final states complements Beaudry’s hardness proofs for the intersection prob-
lem [Bea88b], which require at least three final states. We obtain the partial
classification of PS for abelian groups given by Table [ below.
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Table 1. Complexity of the point-spread problem for abelian groups

Maximum size of S; for every i € [m]
1 2 3+
Single generator L-complete L-complete NP-complete
Elementary 2-groups| @L-complete |@®L-complete|NP-complete [Bea88b
Elementary p-groups| Mod,L-complete | ? (€ NP) |NP-complete [Bea88b
General case NC?, FLM° /poly| 7 (€ NP) |NP-complete [Bea88b]

The first line of Table [ gives the complexity of Autolnt for abelian groups
with |X] = 1, but it applies also to all automata over X' = {a} and to a class
of abelian group automata which we will call tight abelian group automata. To
the best of our knowledge, Table [ yields the first efficiently solvable variants
of the automata intersection problem. Moreover, it provides characterizations of
Mod, L and thus allows the study of (some) log-space counting classes in terms of
automata. The case of two final states, although incomplete, is of special interest
since it appears to be efficiently solvable and generalizes group theory and linear
algebra problems.

We also introduce a generalization of Autolnt by adding U-clauses. More for-
mally, the problem is to determine whether N%_, U;?/zl Language(4; ;) # 0. When
k' = 2 and each automaton possesses one final state, this generalizes the original
version of the problem with two final states. In the case of unary languages, we
are able to show this variant to be NL-complete and thus suggest this definition
to be the right generalization, in-between two and three final states, to avoid
complexity blow-ups.

Section 2 presents our notation, defines the relevant problems and relates PS
and Autolnt to some algebraic problems. Section 3 is devoted to the analysis of
the complexity of PS and Autolnt for abelian group automata subject to multiple
restrictions. A short Section 4 contains observations about the complexity of PS
and Autolnt in commutative monoids. Section 5 concludes and mentions open
problems.

2 Preliminaries

2.1 Basic Definitions and Notation

An automaton refers to a deterministic complete finite automaton. Formally, it is
atuple (£2, X6, o, F') where (2 is the set of states, X is an alphabet, ¢ : 2xX — 2
is the transition function, o € 2 is the initial state and F C 2 is the set
of final states (accepting states). The language of an automaton A is denoted
Language(A). The number of occurrences of ¢ in a word w is denoted by |w|,.
Throughout the paper, the automata always share the same alphabet and we
denote its size | Y| by s.

The transition monoid M(A) of an automaton A is the monoid ({7, : o €
2}y where Ty () = 0(v,0). For w = wy - - -wp, Tyy = Ty, 0+ --0T,,. When M(A)
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is a group, and thus a permutation group on 2, every letter o € X has an order
ord(o) that may be defined by the order of T, in M(A). However, we prefer
considering the automaton A’ obtained from removing the states not accessible
from the initial state of A. Therefore, we define ord(o) as the order of T, in the
transitive permutation group M(A’). For an automaton A, we say that A is an
(abelian) group automaton if its transition monoid is an (abelian) group.

An abelian group automaton A will be said to be a tight abelian group automa-
ton if {v € Zord(o,) X -+ X Lord(s,) : 01" ---0¢° € Language(A)} contains only
one element. We note that when X = {a}, the automata are directed cycles of
size ord(a), and thus accept only one word of size less than ord(a). Another fam-
ily fulfilling this criterion is the set of automata obtained by taking the cartesian
product of unary automata working on distinct letters.

Automata are encoded by their transition monoid. We assume any reasonable
encoding of monoids, described in terms of their generators, that allows basic
operations like composing two transformations and determining the image of a
point under a transformation in AC®. We use the notation <log for log-space
many-one reductions and SITIcl for NC' Turing reductions. Equivalences are
defined analogously and denoted by =. See [MC87| for more details.

A function f is in GapL iff f is logspace many-one reducible to comput-
ing the integer determinant of a matrix |[ABO99]. A language S is in ModL
[IBDHMO2] iff there exists f € #L such that x € S & f(z) #Z 0(mod k). A
language S is in ModL |AV10] iff there exists f € GapL,g € FL such that
for all strings x, g(z) = 0P for some prime p and e € N, and z € S &
f(z) = 0(mod |g(x)]). For every prime power p¢, Mod,.L. € ModL C NC?,
and FLModE — pL,CPL [AV](]).

Let p be a prime. A finite group is a p-group iff its order is a power of p. An
abelian group is an abelian elementary p-group iff every non trivial element has
order p. A finite group is nilpotent iff it is the direct product of p-groups.

We use lem for the least common multiple, gcd for the greatest common
divisor, n for the input length, and Z, for the integers mod ¢g. We say that an
integer ¢ is tiny if its value is smaller than the input length (i.e. |g| < n).

2.2 Problems

We define and list the problems mentioned in this paper for ease of reference.
Here X is any family of finite monoids, such as all commutative monoids, or all
abelian groups, or all groups. In this paper, X will always be a pseudovariety,
i.e., a family of finite monoids closed under finite direct products and under
taking homomorphic images of submonoids; see [BMT92] for an argument that
such families are a rich and natural choice.

PSy(X) (Point-spread problem)

Input: m >0, g1,...,9k : [m] = [m] such that (¢1,...,9x) € X,
and S1,...,Sm, C [m], such that |S;| < b or |S;| = m for
every i € [m].

Question: 3g € (g1, ..., gk) such that i € S; for every i € [m]?
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Autolnt,(X) (Automata nonemptiness intersection problem)

Input: finite automata Aq, ..., Ax on a common alphabet X', such
that M(A;) € X and A, has at most b final states for every
i€ [k]

Question: Jw € X* accepted by A; for every i € [k]?

Memb(X) (Membership problem)

Input: m>0,91,...,9% : [m] = [m] such that (g1,...,9%x) € X,
and g : [m] — [m].

Question: g € (g1,...,gx)?

PT(X) (Pointset transporter)

Input: m >0, g1,...,9k : [m] — [m] such that (¢1,...,9x) € X,
and by,...,b,. € [m] for some r < m.
Question: 3g € {g1,...,gx) such that 9 = b; for every i € [r]?

ST(X) (Set transporter)

Input: m >0, g1,...,9xk : [m] = [m] such that (¢1,...,9x) € X,
r <m and B C [m].
Question: 3g € (g1, ...,gk) such that {19,29,... r9} C B?

LCON (Linear congruences)

Input: B € 7ZF*! b € ZF, and an integer ¢ presented as a list of its
tiny factors p{',...,pSr.
Question: 3z € 7! satisfying Bz = b (mod ¢)?

LCONNULL (Linear congruences “nullspace”)
Input: B € ZF*! and an integer ¢ presented as a list of its tiny
factors p{*, ..., pgr.

Problem: compute a generating set for the Z-module {x € Z! : Bx =
0 (mod ¢)}.

PS(X) and Autolnt(X) refer to PS,(X) and Autolnt,(X) with no bound placed
on b. Moreover, we refer to b as the number of final states, even in the context
of PS. When the modulus ¢ is fixed to a constant, we use the notation LCON,
and LCONNULL,.

The point-spread problem relates to other problems as follows.

Proposition 2.1. Autolnt,(X) =1 PSy(X) for any finite monoid variety X.

Proof. Autolnty(X) <V PSs(X): Let £2 = 2, U---U (. For each 0 € X, let
go be the transformation action of the letter ¢ on (2. For each v € {2, let

g _ F; if v is the initial state of A;,
7192 if 4 is any other state of A;.
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Let «; be the initial state of A;, then there is a word w accepted by every
automaton iff a;9v € F; for every ¢ € [k] iff g, maps every initial state to a final
state. To complete the reduction, one must notice that |S,| is either equal to
|2| or bounded by b. Moreover, ({g, : 0 € X'}) € X since it is a submonoid of
M(Al) X e X M(Ak)

PSy(X) <{o: Autolnty(X): For every i € [m], let A; = ([m],{g1,...,9x},9,
i,S;) where 0 : [m] X {g1,...,9x} — [m] maps (j,g¢) to j9 for every j € [m],
¢ € [k]. When S; = [m], we do not build any automaton since it would accept
X*. We note that there exists g € (g1, ..., gr) such that 9 € S; for every i € [m]
iff g is accepted by every automaton. Moreover, every automaton has at most b
final states and M(A4;) € X. O

Proposition 2.2. Memb(X) <@',, PT(X) =l PSi(X) and ST(X) <¥.
PS(X).

Proof. We use the same generators for every reduction. For Memb(X) <[
PT(X), we let b; =49 for every i € [m] where g is the given test transformation.
For PT(X) <o PS1(X), we let S; = {b;} for every i € [r] and S; = [m]
otherwise. For PS;(X) <{{o: PT(X), if [S;| = 1, we let b; be the unique element
of S;. To be consistent with the definition, the points should be reordered such
that the points transported come first. Finally, for ST(X) <{{,1 PS(X), we let
S; = B for every i € [r], and S; = [m] for every i such that r < i < m. O

Proposition 2.3. IfMemb(X) € NP (PSPACE) then PS(X) € NP (PSPACE).

Proof. We guess a transformation g such that i9 € S; for i € [m]. From there,
we execute the NP (PSPACE) machine for Memb(X) to test whether g €
(g1, -, gk). For the PSPACE result, we use PSPACE = NPSPACE [Say70]. O

3 Groups and Abelian Groups

In this section we consider groups. We first record that PS;(Groups) € NC,
owing to a slick parallel reduction |Luk90, p. 27| from PT(X) to the problem of
computing pointwise stabilizers, also known [BLS87] to be in NC. It follows that
PS(Groups) is in NP by Propositions and 23] and complete for NP by the
forthcoming Theorem

Proposition 3.1. PS;(Groups) € NC and PS(Groups) is NP-complete.

We have been unable so far to solve PSy(Groups). It is shown in [LMS8E] that
PT(Nilpotent groups) € NC, so that PS;(Nilpotent groups) € NC by Proposi-
tion This implies that both problems belong to NC for abelian groups.

The rest of our investigation of PS in the group case is devoted to abelian
groups. We first refine the above NC upper bound for PS;(Abelian groups) to
NC?, namely the same complexity as Memb(Abelian groups). To achieve this,
we show that Autolnt; (Abelian groups) < LCONNULL. Such a reduction can be
extracted from |MC87]. However, we sketch a direct reduction, not considered
explicitly in [MC8T], here:
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Proposition 3.2 ([MC87]). Autolnt; (Abelian groups) <l ., LCONNULL.

Proof. Let 0 € X and ord;(c) be the order of ¢ in A;. Let &; = {v € Z;,
T,o..qvs (i) = a;} where ¢; = lem(ord;(01), . . ., ordi(os)) and «; is the initial
state of A;. Let B; be the matrix such that each line is a vector from a generating
set for ;- = {v € Zy, : Yu € @;, u-v = 0}, which may be obtained by computing
a generating set for @; and then calling an oracle for LCONNULL. A generating
set for @; may be computed in logarithmic space because checking the existence
of a word w € X* accepted by an abelian group automaton such that |w
for every 1 < i < k can be done by testing accessiblity in an undirected graph.
Let B; be the final state of A;, and b; = B;x; where x; = (|w;|s, mod g;,...,
|w;|,. mod ¢;) for any word w; such that T, (a;) = B;. Then, there is a word
accepted by every automaton iff this instance of LCON is feasible:

(oF] :Ci

T
Bigi- 0 : b1
T =] ] modtemGane ).
BkO"'Qk . bk

Yk

a

Since LCONNULL € NC? [MC87] and LCONNULL € FLMed:/poly [AV1Q], we
obtain the following corollaries.

LMOdL

Corollary 3.3. Autolnt; (Abelian groups) is in NC* and F /poly.

By Proposition 2.2 Memb(Abelian groups) <{-, Autolnt;(Abelian groups).
Since Memb(Abelian groups) € NC?* [MCS87], we obtain a rather tight bound.

We now restrict our abelian groups to elementary abelian p-groups. This al-
lows a characterization of the complexity class Mod,L (denoted ®L when p = 2)
by the intersection problem, and thus in terms of automata.

Theorem 3.4. Autolnty (Elementary abelian p-groups) is Mod,L-complete.

Proof (sketch). In an elementary abelian p-group, every (nontrivial) element has
order p. Therefore lem(ord;(o1),...,0rd;(05)) = p (or 1). Thus, the reduction
from Proposition may be converted to a log-space computable reduction to
LCONNULL,, without any significant modification. A log-space reduction from
LCON, is also easily obtained by mapping each equation to an automaton. Since
LCON, and LCONNULL,, are both Mod,L-complete [BDHM92|, and Mod,L =
Mod, LMedrL (FMod, L, = FLM°") [HRV((], we obtain the desired result. O

We now give the first result of this paper concerning the intersection problem
with each automaton having two final states. When the transition monoids are
restricted to elementary abelian 2-groups, we are able to reduce Autolnts to
LCON;. Therefore, in this case, the problem with two final states per automaton
is not harder than with one final state.
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Theorem 3.5. Autolnty(Elementary abelian 2-groups) is GL-complete.

Proof (sketch). We give a reduction to LCONNULL,. By following the proof of
Proposition B2 we can derive a system of linear congruences (B;z = b; (mod 2))
V (Biz = b; (mod 2)) for every i € [k], feasible if and only if there is a word
accepted by every automaton. The V-clauses are removed by introducing addi-
tional variables. More formally, we build B,z = z;b; + 2/b, (mod 2) for every
i € [k] with constraints z; + 2] = 1 (mod 2) forcing the selection of either b; or
b.. |

We may now study the case where X' consists of a single letter a. Instead of
directly considering unary automata, we study the more general case of tight
abelian group automata. Before proceeding, we note that the intersection prob-
lem over unary languages in general is not harder. Indeed, an automaton over a
singleton alphabet consists of a tail and a cycle. Words accepted by the tail of an
automaton may be tested first on the whole collection. If none is accepted, the
associated final states are removed and an equivalent cyclic automaton is built.

We first consider a generalization of Autolnt, denoted Autolnt(U"?')7 that con-
sists of determining whether N¥_; U;?;l Language(A; ;) # 0. We examine the case
of Autolntl(UZ) that generalizes Autolnts, and show it is NL-complete for unary
and tight abelian group automata.

We will use the following generalization of the Chinese remainder theorem:

Lemma 3.6. [Knu81, see p. 277 ex. 3] Let a1,...,ar € N and q1,...,qx €
N. There exists x € N such that x = a; (mod ¢;) for every i € [k] iff a; =
a; (mod ged(gi,q;)) for every i,j € [k].

Theorem 3.7. Autolnt, (|J* Tight abelian group automata) <log 2-SAT.

Proof. Let Ali, 0] and A[i, 1] be the two automata of the i*! U-clause. Let v[i, z]
be the unique vector of V'[i, z] = {v € Zorq, ,(01) X - X Lioxd; o (o) * 01" == 08* €
Language(A[é, z])} which is computable in log-space. We first note that Ali, x]
accepts exactly words w € X* such that |w|,;, = v[i,z]; (mod ord;.(o;)) for
every j € [s], by definition of Vi, z]. Therefore, distinct letters are independent
and we may find a word accepted by every automaton by verifying restrictions

locally on o1, ...,0s. Thus, we have the following equivalences:
Eo1
Jw such that w € ﬂ U Language(Als, z])
1=1x=0
k

< Jw Iz € {0,1}F such that w € ﬂ Language(A[i, x;])
i=1
k s

& Jw 3z € {0,1}* such that /\ /\ |w|e; = vli,x;]; (mod ord; 4, (0;))

i=1j=1
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s k
& Jw 3z € {0,1}F such that /\ (/\ |w|o; = vli,x;]; (mod ord; 4, (Uj)))

j=1 \i=1
s k k
& 3z € {0,1}F such that /\ (/\ /\ C’ivigj(m)> ,
j=1 \i=1i=1

where C; i (%) = (v[i, 2;]; = v[i’, z]; (mod ged(ord; o, (o), 0rdir o, (05))))-
The last equivalence is a consequence of Lemma Therefore, there is a
word accepted by every automaton iff this last Boolean expression is satisfiable.
For every i,7 € [k],j € [s], the truth table of C; ; may be computed by
evaluating the four congruences. Since C; i/ ; depends only on two variables, it
is always possible to obtain a 2-CNF expression. Moreover, the congruences are
computable in logarithmic space since the numbers implied are tiny. O

Theorem 3.8. 2-SAT <[}, Autolnty ((J? Abelian groups with |X| = 1).

Proof. Let C(x) be the Boolean expression /\f:1 Ci(x) over zy,..., Ty where
Ci(z) = (xr, ®b;) V (x4, ® D)) and b;, b} € {0,1} indicate whether negation must
be taken or not.

It is possible to represent an assignment with an integer, assuming it is con-
gruent to 0 or 1 mod the m first primes p1,...,py,. The remainder of such an
integer mod p; represents the value of the " variable. Let

E; ={w e {a}* : lw| =0 (mod p;) V |w| =1 (mod p,)},
Xi={we{a}* : |w

= —b; (mod py,) V |w| = b, (mod p,)} .

The language E; N --- N E,, represents valid assignments and X; represents
assignments satisfying C; (but may contain invalid assignments, i.e. not congru-
ent to 0 or 1). The language E; (resp. X;) is recognized by the union of two
cyclic automata of size p; (resp. size p,, and p¢,). It remains to point out that
(Ern---NE)N(X1N---NXg) #0iff C is satisfiable. O

Corollary 3.9. Autolnt;((J* Tight abelian group automata) and Autolnty(|J?
Abelian groups with |X| = 1) are NL-complete.

Recall, that 2-@®SAT is defined similarly to 2-SAT but with @& operators in-
stead of V. It is SL-complete [JLL76] and thus L-complete by SL = L [Rei05].

Theorem 3.10. Autolnty(Tight abelian group automata) <l 2-@SAT.

Proof. We first note that an automaton with two final states may be replaced
with the union of two copies of the same automaton, each having one final state.
Thus, we may use the proof of Theorem B.7l However, it remains to show that
it is possible to build an expression in 2-@CNF (instead of 2-CNF).

To achieve this, we first note that each letter o; has the same order in Az, 0]
and A[i, 1] (according to Theorem B notation). We denote this common or-
der by ord;(c;). Therefore, there is a word accepted by every automaton iff

Nj=1 N Nb_, Ciwv () is satisfiable, where

Cii j(x) = (li,x;]; = v[i’,zy]; (mod ged(ord; (o), ordy (;)))) .
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The truth table of C;; ; may be computed as before by evaluating the four
congruences. However, in this case, the modulus is independent of x. Thus, it
can be shown that if three of these congruences are true, then all four are.
Therefore, C; 4 ; can be written solely with the operators @& and A. O

Corollary 3.11. Autolnts(Tight abelian group automata) and Autolnty(Abelian
groups with | Y| = 1) are L-complete.

To complete the classification of the intersection problem over unary languages,
we argue that it is NP-complete for three final states. A reduction from Monotone
1-in-3 3-SAT |GJ79] may be obtained in a similar fashion to Theorem 3.8 For
each clause (z1 V 22 V x3) we build an automaton with pipaps states (and three
final states) accepting words w € {a}* such that

(Jw| mod p1, |w| mod po, |w| mod p3) € {(1,0,0),(0,1,0),(0,0,1)}.

Theorem 3.12. Autolnts(Tight abelian group automata) and Autolnts(Abelian
groups with | Y| = 1) are NP-complete.

4 Some Observations on Commutative Monoids

Here we briefly examine the PS problem for monoids (instead of groups). Re-
call that a monoid is idempotent iff 22 = z holds for every element xz. We
first notice that both PS(Idempotent monoids) and PS(Commutative monoids)
are NP-complete. This follows from Propositions and 23] since their Memb
counterparts are NP-complete [Bea884, [Bea88b, [BMT92].

Proposition 4.1 (|Bea88a, Bea88b, BMT92]). PS(Idempotent monoids) and
PS(Commutative monoids) are NP-complete, even for one final state.

The point-spread problem becomes efficiently solvable when restricted to the
variety J1 of idempotent commutative monoids.

Theorem 4.2. PS;(J;) € ACC.

Proof. We use the technique of [BMT92], for solving Memb(J1), based on the
so-called maximal alphabet of a transformation. However, we have to be careful
since we are dealing with a partially defined transformation. Let G = {g1,..., gk}
and let b; be the unique element of S;. Let A={g€ G : b; =b; Vi€ [r]} and
a = [ e 9- Suppose there exists f € (G) such that if = b; for every i € [r].
We first notice that i = i/ for every i € [r]. Indeed, i* = if* = b3 = b; = i/.
Moreover, we have h; € A for any h; appearing in f = h;---hy, since b?j =
ifhi = if = b; for every i € [r]. Thus, i%/ = ja(hih) = ja for every i € [r].
Therefore i* = i%/ = if = b; for every i € [r]. We conclude that there exists
f € (G) such that if = b; for every i € [r] iff i% = b; for every i € [r]. This last
test can be carried out easily. a

We note that the complexity of PS(Jq) rises at least to L for two final states.
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Proposition 4.3. PSy(Jq) is hard for L.

Proof. We give a reduction from 2-@SAT. For a clause (z1 @ x2), we build
an automaton with four states (and two final states) accepting the language
(X \{z1, z2})* (127 + @223) (X \ {z1,22})*. For a clause (1 ® x2 @ 1), we build
the automaton accepting the complement of the previous language. a

Unfortunately, we were not able to show PSy(J1) € L, even though it appears to
be a reasonable claim. The previous hardness proof yields very specific automata,
more exactly they have four states and at most one transition between any two
distinct states. Only with such an outrageous restriction are we currently able
to show a log-space upper bound.

For the sake of completeness, we note that the problem is NP-complete for
three final states, as proved in [Bea88h].

Proposition 4.4 (|[Bea88b]). PS3(J1) is NP-complete.

5 Conclusion and Further Work

The question marks in Table [[] and the lack of upper bound in Proposition [£.3]
indicate that further work is needed to properly locate the complexity of the
point-spread problem for two final states. Judging from our results for unary
languages and elementary abelian 2-groups, we might suspect PSs and Autolnts
to remain efficiently solvable for abelian permutation groups and for idempotent
commutative monoids. However, our current proof for elementary abelian 2-
groups cannot be extended. We suspect that PSz(Elementary abelian p-groups)
is harder for p > 2 than for p = 2.

It would be interesting to answer such questions since PSg(Abelian groups)
is equivalent to testing feasibility of linear congruences of the type (Biz =
by (mod q1) V Biz = b} (mod 1)) A -+ A (Bgx = b (mod ¢i) V By =
bi, (mod gi)). The variant of Autolnt;, with two automata per U-clause, yields
similar linear congruences, but with B; and ¢; differing in each V-clause. There-
fore, exploring Autolnty and Autolnty(U?) appears to be a fruitful line of research
to obtain interesting variants of PS efficiently solvable.

Finally, PS;(Solvable groups) € NC using [Luk90, p. 27] and [BLS87]. But
what about PSz(Solvable groups) and PS2(Groups)? An NC toolkit is available,
but are the tools sufficient?
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Abstract. We study a min-max relation conjectured by Saks and West:
For any two posets P and @ the size of a maximum semiantichain and
the size of a minimum unichain covering in the product P x @ are equal.
As a positive result we state conditions on P and @ that imply the min-
max relation. However, we also have an example showing that in general
the min-max relation is false. This disproves the Saks-West conjecture.

1 Introduction

Partial order theory plays an important role in many disciplines of computer sci-
ence and engineering. It has applications in distributed computing, concurrency
theory, programming language semantics and data mining. Posets and partic-
ularly products of posets are used for modeling dynamic behavior of complex
systems that can be captured by causal relations. Min-max relations in posets,
such as Dilworth’s Theorem [I], relate to flow problems, perfect matchings and
integer programming. Often the proofs are constructive using methods of com-
binatorial optimization.

This paper is about min-max relations with respect to chains and antichains
in posets. In a poset, chains and antichains are sets of pairwise comparable and
pairwise incomparable elements, respectively. By the height h(P) and the width
w(P) of poset P we mean the size of a largest chain and a largest antichain,
respectively.

Dilworth [I] proved that any poset P can be covered with w(P) chains. Greene
and Kleitman [4] generalized Dilworth’s Theorem. A k-family in P is a subset
of P that contains no chain with k + 1 elements. A greedy argument implies
that equivalently k-families are those subsets that decompose into k disjoint
antichains. We denote the size of a maximal k-family of P by di(P) or simply
dy, if the poset is unambiguous from the context. The theorem of Greene and
Kleitman says that for every k there is a chain-partition C of P such that dj (P) =
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> ceemin(k, |C|). In [9] (also see [12]) Saks proves the theorem of Greene and
Kleitman by showing the following equivalent statement.

Theorem 1. In a product C x @ where C' is a chain, the size of a minimum
chain covering with chains of the form {c} x C' and C x {q} equals the size of a
mazximum subset S C C X Q containing no two elements (c1,q1) < (c2,q2) such
that c; = co or q1 = q2. In particular this number is duin(|c|,n(Q))(Q)-

The Saks-West Conjecture states a generalization of Theorem [l In a product
P x @ we call a chain a unichain if it is of the form {p} x C" or C x {¢}. A
semiantichain is a set S C P x () such that no two distinct elements of S form
a unichain. The conjecture states that the size of a largest semiantichain equals
the size of a smallest unichain covering. Several partial results and special cases
for posets satisfying the conjecture were obtained in [SITO/THUTEITT].

This paper is structured as follows. In Section [2] we provide a sufficient cri-
terion for pairs of posets to satisfy the Saks-West Conjecture. This allows to
reproduce several known results and to contribute new classes satisfying the
conjecture. Moreover, we present a new class of posets, such that all P from
this class satisfy the conjecture with any Q. However, in Section Bl we provide a
counterexample to the Saks-West Conjecture. The example can be modified to
produce an arbitrary large gap between the size of a largest semiantichain and
the size of a smallest unichain covering.

This motivates questions considering complexity issues. How hard are the op-
timization problems of determining the size of a largest semiantichain or smallest
unichain covering for a given P x Q7 What is the complexity of deciding whether
P x @ satisfies the Saks-West Conjecture?

2 Constructions

In this section we obtain positive results for posets admitting certain chain and
antichain partitions. Dually to the concept of k-family we call a subset of P a
k-cofamily if it has width at mos k. Dilworth’s Theorem implies that it is thus
the union of k disjoint chains. Similarly to dy(P) we denote the size of a maximal
k-cofamily of P by ¢ (P) or simply c¢. We will make use of the following theorem
of Greene [3]:

Theorem 2. For any poset P there exists a partition AP = {A\F > ... > AP}
of | P| such that ci;(P) =AY + ...+ A and di,(P) = pf + ...+ ub for each k,
where uf denotes the partition conjugate to \F, i.e., unf’ = max{j | )\f > i} for
i=1,...,h(P).

Following Viennot [I3] we call the Ferrers diagram of AT’ the Greene diagram
of P, denoted by G(P). We say that P is d-decomposable if it has an antichain
partition Ai, As, ..., A, with \Ule A;| = dy, for each k. This is, |Ag| = ,uf for
all k. In the literature, such an antichain partition is called completely saturated
antichain partition.
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H2
p | |
Al A2 Az A4

P G(P)
Fig. 1. A poset P with its Greene diagram G(P). Note that P is not d-decomposable
but c-decomposable.

For posets P and @ with families of disjoint antichains {Aj,..., A;} and
{Bi,..., By}, respectively, the set Ay x By U. ..U Apin(k,e) X Bmin(k,e) s a semi-
antichain of P x ). A semiantichain that can be obtained this way is called
decomposable semiantichain, see [16], where also the following observation was
made.

Observation 3. If P and Q are d-decomposable, then P X Q has a decomposable

semiantichain of size
min(hp,hq)

S>oooufud.

i=1

In order to construct unichain coverings for P x ) one can apply Theorem [I]
repeatedly. The resulting coverings are called quasi-decomposable in [16]. More
precisely

Proposition 4. In a product P x Q where C is a chain covering of P there is
a unichain covering of size

> duin(lc1h(@)) (Q)-

cec

Proof. Use Theorem [Ml on every C x @ for C € C. The union of the resulting
unichain coverings is a unichain covering of P x ) and is of the claimed size.
]

Dually to d-decomposable we call P c-decomposable if it has a chain partition
C1,Cs,...,C, with |[_Jf3:1 C;| = cx, ie., |Cx| = AL for all k. Chain partitions
with the latter property have been referred to as completely saturated chain
partition, see [I6I7]. The following theorem has already been noted implicitly
by Tovey and West in [I6]. For our proof, we need one more definition: Given
posets P and @ with Greene diagrams G(P) and G(Q), respectively, the merge
of G(P) and G(Q) denoted by G(P, Q) is the set of unit-boxes at coordinates
(i,4,k) with j < w(P), 1 < min()\f,h(Q)), and k < [LZQ. Note that the merge
is not symmetric with respect to P and @, as also witnessed by the example in
Figure 2



46 B. Bosek et al.

Theorem 5. If P is c- and d-decomposable and @ is d-decomposable, then the
size of a maximum semiantichain and the size of a minimum unichain covering
in the product P x Q are equal. The size of these is obtained by the two above
constructions, 1i.e.,

min(hp,hq) w(P)
Do mnd = Y duwinirr w@)(Q)-
i—1 7=1

Proof. Since P and ) are d-decomposable, there is a semiantichain of size
Z?:T(hp’h@ ,uf)p? by Observation Bl On the other hand if we take a chain
covering C of P witnessing that P is c-decomposable we obtain a unichain cov-
ering of size Z;”:(f) dmin(,\f,h(Q))(Q) by Proposition @l We have to prove that
these values coincide. Therefore we consider the merge G(P, Q) of the Greene
diagrams of P and ). Counting the boxes in G(P, Q) by j-slices is just the right
hand side of our formula. On the other hand if we count the boxes by i-slices we
obtain the left hand side of the formula. This concludes the proof. O

G(Q) G(P) G(P,Q)

Fig. 2. The merge of two Greene diagrams

Theorem [ includes some interesting cases for the min-max relation that
have been known (e) but also adds a few new cases (x). These instances fol-
low from proofs that certain classes of posets are d-decomposable, respectively
c-decomposable.

A graded poset P whose ranks yield an antichain partition witnessing that P
is d-decomposable is called strongly Sperner, see [6]. For emphasis we repeat
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e Strongly Sperner posets are d-decomposable.
For a chain C in P denote by r(C) the set of ranks used by C. A chain-
partition C of P is called nested if for each C,C" € C we have r(C) C r(C")
it |C] < |C’|. The most famous class of nested chain partitions are the
symmetric chain partitions. In [6] it is proved that nested chain-partitions
are completely saturated and that posets admitting a nested chain partition
are strongly Sperner. Hence we have the following

e Posets that have a nested chain partition are ¢- and d-decomposable.
The fact that products of posets with nested chain partitions satisfy the
Saks-West Conjecture was proved earlier in [I5]. A special class of strongly
Sperner posets are LYM posets. A conjecture of Griggs [5] that remains
open [2IT4] and seems interesting in our context is that LYM posets have
completely saturated chain-partitions, i.e., are c-decomposable.

* Orders of width at most 3 are d-decomposable.

Proof. Since P has width at most 3 there are only three possible values of u; in
the Greene diagram of P. Let a, b, ¢ be the numbers of 3s, 2s, and 1sin uq, ..., gk,
respectively. We have to find an antichain partition of P such that a antichains
will be of size 3, b antichains will be of size 2 and ¢ antichains will have size 1.
Let A C P be a maximum (a + b)-family. We have the following |A| = 3a + 2b,
h(A) = a+b and |P — A| = c. The last gives us ¢ antichains of size 1. To find
the other antichains consider a partition A = Uf:(?) B; such that B; is the set of
minimal points in B;U. ..U By (a). Since |B;| < 3 we may consider a’, 0, ¢’ as the
numbers of 3s, 2s, and 1s in all |B;| (for i = 1,...,h(A)). With these numbers
we have |[A| = 3a’ + 2V + ¢’ and h(A) = a’ + b + ¢. Obviously, a’ < a because
otherwise there would be an (a+ 1)-antichain in A bigger than 3a+ 2. Also, note
that |A| = 2h(A) =a =d — . Thus ¢ =0, ¢’ = a and ¥’ = b. This concludes
the proof. O

* Series-parallel orders are c- and d-decomposable.

Proof. This can be proved by induction on the size of the poset. Therefore let
the antichain-partitions {A1,..., Appy} and {A3,... ,A;L(P,)} be witnesses for
d-decomposability of P and P’, respectively. In a parallel composition P ||
P’ any k-family decomposes into a k-family of P and one of P’ and vice-
versa. Hence di(P || P') = dp(P) + di(P’). Say h(P) < h(P'), then {A; U
Al Ay U A%(P),A%(PHI, e A;L(P,)} is an antichain partition of P | P’
proving it to be d-decomposable. In a series composition P; P’ any k-family
decomposes into a (k — ¢)-family of P and an ¢-family of P’ and vice-versa.
Ordering Ay, ..., Appy, Al ... 7A’h(P,) by decreasing size yields a witness for d-
decomposability of P; P’. The proof for c-decomposability goes along the same
lines. O

Pairs of weak orders satisfy the Saks-West Conjecture, which follows directly
from a theorem in [16]. Since weak orders form a subclass of series-parallel orders
we immediately obtain this result again:
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e Weak orders are ¢- and d-decomposable.

We call a poset P rectangular if P contains a poset L consisting of the
disjoint union of w chains of length A and P is contained in a weak order
U of height h with levels of size w each. Here containment is meant as an
inclusion among binary relations. Clearly, rectangular posets are graded with
nested chain-decomposition. Thus they are c-and d-decomposable, but more
can be said. According to our knowledge the next result is the strongest
generalization of Theorem [Il that has been obtained so far.

Theorem 6. In a product P x Q where P is rectangular of width w and height h
the size of a largest semiantichain equals the size of a smallest unichain covering.
Moreover, this number is w - dwin(h,h(Q))(Q)-

Proof. P contains a poset L consisting of the disjoint union of w chains of length
h and P is contained in a weak order U of height h with levels of size w. By
Proposition [ we have a unichain covering of L x Q of size Y ., Amin(h,h(Q)) (Q)-
Moreover this is an upper bound on the size of a minimum unichain covering of
P x@. On the other hand in U x ) we can find a decomposable semiantichain as a
product of the ranks of U with the antichain decomposition By, ..., Byin(h,h(Q))
of a maximal min(h, h(Q))-family in Q. The size of this semiantichain is then

Z;n:irll(h’h@)) w|Bi| = w - diin(h,n(0))(Q) in U x Q. This is a lower bound on the
size of the largest semiantichain in P x @. This concludes the proof. O

3 A Bad Example

To analyze the upcoming example we need the following property of weak orders.

Proposition 7. If P is an arbitrary poset and Q is a weak order, then the
maximum size of a semiantichain in P x @ can be expressed as Zle |A;| - puF-
where Ay, Aa, ..., A is a family of disjoint antichains in P.

Proof. Let S be a semiantichain in P x @. For any X C @ denote by S(X) :=
{p € P| 3Jq € X,(p,q) € S}. Recall that for any ¢ € Q the set S({q}) (or
shortly S(g)) is an antichain in P. Now take a level B; = {qi1,...,qx} of Q
and let A; be a maximum antichain among S(q1),...,5(pq). Replacing {q1} x
S(q1),---,{qr} x S(gx) in S by A; x B; we obtain S” with |S’| > |S|. Moreover,
since @ is a weak order the S(B;) are mutually disjoint. This remains true in S’.
Thus S’ is a semiantichain. Applying this operation level by level we construct
a decomposable semiantichain of the desired size. a

Let P and @ be the posets shown on in Figure[Bl Since @ is a weak-order we can
use Proposition [7 to determine the size of a maximum semiantichain in P x @ as
15=5-2+5-1=6-243-1. We focus on two of the maximum semiantichains:

Sy ={1,2,3,4,9,10} x {b,c} U {6,7,8} x {a}
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b c
; \/
a

Fig. 3. A pair (P, Q) of posets disproving the conjecture

and
So={1,2,7,8,9,10} x {b,c} U{3,4,5} x {a}

If there is an optimal unichain covering of size 15 then every unichain has to
contain one element of each of the two semiantichains S; and S;. We say that
the element of a maximum semiantichain is paying for the unichain that contains
it. Call a unichain with constant (J-component a P-chain and vice versa. Now
look at the three points (11, a), (12,a) and (13, a), they have to be covered with
P-chains, because a (Q-chain containing any of these points cannot be extended
to intersect S; and S3. To pay for these three P-chains we need the elements
(6,a),(7,a) and (8,a) from S; and the elements (3,a),(4,a) and (5,a) from
Sz. This implies that (6,a),(7,a) and (8,a) and (3,a),(4,a) and (5,a) have
to be covered with the same three chains of the unichain covering. Since the
poset induced by these 6 points has width 4 we have reached a contradiction.
Consequently there is no unichain covering of P x @) with 15 unichains.

The above construction can be improved to get the gap between a maximum
semiantichain and a minimum unichain covering as big as we want. To see that
just replace Q by a height 2 weak order ' with a set A; of k minima and
a set Ay of k + 1 maxima. Now consider P’ arising from P by blowing up
the antichains {1,2} and {9,10} to antichains of size k + 1. As in the above
proof the size of the maximum semiantichains of P’ x @)’ can be determined
to be (k+4)(k+ 1)+ (k+4)k = (2k+4)(k + 1) + 3k. As above, the chains
containing the 3k elements {11, 12,13} x A; have to cover the subposet induced
by {3,4,5,6,7,8} x A;. The latter is of width 4k. Hence the size of a minimum
unichain covering is of size (2k + 4)(k + 1) 4+ 4k. We have:

Remark 1. The gap between the size of a maximum semiantichain and a mini-
mum unichain covering in P’ x Q' is k.

Recall that there is no gap if one factor of the product is rectangular (see The-
orem [6). Here Q' is almost rectangular but the gap is large.

In [8] some partial results concerning the conjecture were obtained for the class
of two-dimensional posets. Note that the two factors in our counterexample are
two-dimensional.
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Remark 2. In [II] L. E. Trotter and D. B. West define a uniantichain to be
an antichain in P X @ in which one of the coordinates is fixed, and define a
semichain to be a collection of elements of P x ) in which pairs of elements are
comparable if they agree in either coordinate. In [I1] it is shown that the size
of a minimum semichain covering equals the size of a largest uniantichain. They
state the open problem whether the size of a minimum uniantichain covering
always equals the size of a largest semichain. We remark that taking the two-
dimensional conjugates of P and @ from the previous section yields a negative
answer to that question. Furthermore our positive results may be “dualized”
to provide classes of posets where the size of a minimum uniantichain covering
always equals the size of a largest semichain.

Acknowledgments. We are grateful to Tom Trotter for introducing us to the
Saks-West Conjecture and for many fruitful discussions.
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Abstract. A Boolean function is called read-once over a basis B if it
can be expressed by a formula over B where no variable appears more
than once. A checking test for a read-once function f over B depending
on all its variables is a set of input vectors distinguishing f from all other
read-once functions of the same variables. We show that every read-once
function f over B has a checking test containing O(n') vectors, where n is
the number of relevant variables of f and [ is the largest arity of functions
in B. For some functions, this bound cannot be improved by more than a
constant factor. The employed technique involves reconstructing f from
its [-variable projections and provides a stronger form of Kuznetsov’s
classic theorem on read-once representations.

1 Introduction

Let B be an arbitrary set of Boolean functions. A function f is called read-once
over B iff it can be expressed by a formula over B where no variable appears
more than once.

Let f(x1,...,7,) be a read-once function over B that depends on all its
variables. Then a set M of n-bit vectors is called a checking test for f iff for any
other read-once function g(x1,...,z,) over B there exists a vector & € M such
that f(a) # g(«). In other words, M is a checking test for f iff the values of
f on vectors from M distinguish f from all other read-once functions g of the
same variables. Note that all these alternatives g, unlike the target function f,
may have irrelevant variables.

Denote by B; the basis of all [-variable Boolean functions. The goal of this
paper is to prove that all n-variable read-once functions over B; have checking
tests containing O(n') vectors. More generally, for an arbitrary basis B and a
read-once function f over B, denote by T(f) the smallest possible number of
vectors in a checking test for f. This value can be regarded as the checking test
complexity of f. We show that

Tp, (f(z1,...,2,)) < 2" (7)

and, therefore, for any finite basis B and any sequence of read-once functions f,
of n variables over B, it holds that Tp(f,) = O(n!) as n — oo, where [ is the
largest arity of functions from B.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 52-B3] 2012.
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This result is based on the previously known relevance hypercube method by
Voronenko [I5]. Our main contribution is the proof that the method is correct
for all bases B; for an arbitrary [, i.e., it provides a way to construct checking
tests of specified length (cardinality) for all read-once functions over these bases.
Previous results give proofs only for I < 5 [T4/T5/1§].

It should be pointed out that the bound Tz, (f) = O(n!*1) can be extracted
from the related paper on the exact identification problem by Bshouty, Hancock
and Hellerstein [4]. Our result has the following advantages. Firstly, for some
functions the bound O(n!) cannot be improved by more than a constant factor
(it matches the known lower bound Q(n') for n-ary disjunction up to a constant
factor). Secondly, checking tests constructed by the relevance hypercube method
have regular structure. In short, we show that every read-once function can be
unambiguously reconstructed from a set of its [-variable projections with certain
properties. This fact may look natural at first sight, but turns out a tricky thing
to prove after all.

2 Background and Related Work

Our result has some interesting consequences related to computational learn-
ing theory. For instance, it is known that checking tests can be used to imple-
ment equivalence queries from Angluin’s learning model [2]. For the problem of
identifying an unknown read-once function over an arbitrary finite basis B with
queries, it turns out that non-standard subcube identity queries can be efficiently
used [7]. A subcube identity query basically asks whether a specified projection
of the unknown function f is constant, i.e., whether a given partial assignment
of constants to input variables unambiguously determines the value of f.

It follows from our results that for any finite basis B, the problem of learning
an unknown read-once function over B can be solved by an algorithm making
O(n'*?) membership and subcube identity queries, which is polynomial in n
(here [ is the largest arity of functions in B and a standard membership query is
simply a request for the value of f on a given input vector). This result builds
upon an algorithm by Bshouty, Hancock and Hellerstein [4], which is a strong
generalization of a classic exact identification algorithm by Angluin, Hellerstein
and Karpinski [3].

Closely related to the notion of checking test complexity is the definition of
teaching dimension introduced by Goldman and Kearns [12]. A teaching sequence
for a Boolean concept (a Boolean function f) in a known class C is a sequence of
labeled instances (pairs of the form (a, f(«))) consistent with only one function
f from C. The teaching dimension of a class is the smallest number ¢ such that
all concepts in the class have teaching sequences of length at most ¢.

In test theory, which dates back to 1950s [6], the corresponding definition is
that of the Shannon function for test complexity, which is the largest test com-
plexity of an n-variable function. In these terms, our Corollary can be restated
as follows: T, (n) = O(n'), where T, (n) is the Shannon function for checking
test complexity of read-once Boolean functions (i.e., the maximum of T, (f)
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over all n-variable read-once functions over B;). It must be stressed that in the
definition of a checking test used in this paper, the target function is required to
depend on all its variables. (One needs to test all 2" input vectors to distinguish
the Boolean constant 0 from all read-once conjunctions of n literals.)

Another appealing problem is that of obtaining bounds on the value of Tz (f)
for individual read-once functions f. The bound T, (1 V ...V 2,) = O(n!)
is obtained in [I5] and generalized in [I6]. In [§], it is shown that for a wide
class of bases including Bj, [ > 2, there exist pairs of read-once functions f, f’
such that f’ is obtained from f by substituting a constant for a variable and
Tp(f") > T(f). This result shows that lower bounds on T(f) cannot generally
be obtained by simply finding projections of f that are already known to require
a large number of vectors in their checking tests.

For the basis Bs, individual bounds on the checking test complexity are ob-
tained in [I7]. In [I9], it is shown that almost all read-once functions over the
basis {V,®} have a relatively small checking test complexity of O(nlogn), as
compared to the maximum of ©(n?) (even if alternatives are arbitrary read-once
functions over By and not necessarily read-once over {V, ®}). For the standard
basis {A, V, -}, it is known that n4+1 < Ty, v,~3(n) < 2n+1 [10], and individual
bounds can be deduced from those for the monotone basis {A, V} [5l9].

3 Basic Definitions

A variable z; of a Boolean function f(z1,...,,) is called relevant (or essential)
if there exist two n-bit vectors a and S differing only in the ith component such
that f(«) # f(B). If a; is relevant to f, then f is said to depend on z;.

In this paper, we call a pair of functions f(x1,...,2,) and g(y1,...,yn) sim-
ilar if for some constants o,071,...,0, € {0,1} and for some permutation 7 of
{1,...,n} the following equality holds:

flzy,...,zn) =g° (x;tl), . ,xZ?n))a

where 27 stands for z if 7 = 1 and for Zif 7 = 0. A Boolean function f(x1,...,z,),
n > 3, is called prime if it has no decomposition of the form

f@1, .o m0) = g(h(@r1), - T (l))s Tr(ht1)s -« - > T(n)) 5

where 1 < k < n and 7 is a permutation of {1,...,n}.
The structure of formulae expressing read-once functions can be represented
by rooted trees. A tree of a read-once function f(x1,...,x,) over B; has n leaves

labeled with literals of different variables and one or more internal nodes labeled
with functions from B; and symbols o € {A,V, @} of arbitrary arity (possibly
exceeding [). We assume without loss of generality that such trees also have the
following properties:

1) any internal node is labeled either with a prime function or with a symbol
o€ {A,V, B}
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2) internal nodes labeled with identical symbols o € {A,V,®} are not adjacent.

One can readily see that every read-once function over B; has at least one tree
of this form.

In the sequel, variables are usually identified with corresponding leaves in the
tree. Denote by lca(ys, . . ., Ym ) the least common ancestor of variables y1, . .., Ym,
i.e., the last common node in (simple) paths from the root of the tree to
Yty s Ym-

Suppose that T is a tree of a read-once function and v is its internal node. By
T, we denote the subtree of T rooted at v, i.e., the rooted tree that has root v
and contains all descendants of v. If w1, . .., w, are children (direct descendants)
of v, then subtrees Ty, , ..., Ty, are called subtrees of the node v. If z is a leaf
of T contained in T}, then by T;7 we denote a (unique) subtree T, containing
x. Finally, subtrees of the root node of a tree are called root subtrees.

4 The Relevance Hypercube Method

This section is devoted to the review of the relevance hypercube method proposed
by Voronenko in [I5]. This method has been known to be correct for the bases
By if I <5 (see [IHII]]).

From now on, we will use the term “read-once function” instead of “read-once
function over B;”. We use boldface letters to denote vectors (often treated as
sets) of variables.

Let f be a read-once function depending on variables x = {x1,...,2,}. Sup-
pose that H is a set of 2! input vectors disagreeing at most in 41th, ..., i;th
components such that the restriction of f to H (which is an [-variable Boolean
function) depends on all its [ variables x' = {z;,,...,x; }. Then H is called a
relevance hypercube (or an essentiality hypercube) of dimension [ for these vari-
ables x’. Any relevance hypercube can be identified with a partial assignment p
of constants to input variables such that the induced projection f, depends on
all its { variables. Such assignments are called I-justifying in [4].

Remark. For some functions f and some subsets of their variables relevance
hypercubes do not exist. For instance, one may easily check that the func-
tion d(z,up,u1) = (T A wug) V (z A up) has no relevance hypercubes for the
set u = {ug,u1}. As indicated below, the absence of relevance hypercubes is
a major obstacle to proving the correctness of relevance hypercube method (see
also [I5/18]). At the same time, for some functions there exist subsets of vari-
ables with more than one relevance hypercube. An example is given by the same
function d and the set u’ = {x, ug}.

Any set M of input vectors is called a relevance hypercube set of dimension [ for
f if it contains a relevance hypercube H for every I-sized subset of x, for which
such a hypercube exists. (Recall that x is the set of all variables relevant to f.)
In other words: consider all [-sized subsets w C x such that f has a relevance
hypercube for w. A set M is a relevance hypercube set iff M contains at least
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one relevance hypercube for each subset w of this kind. It was conjectured that
any such set is a checking test for f.

Suppose that f is a read-once function that depends on n variables x. Con-
struct a relevance table with (7) rows and two columns by the following rule.
First, fill the first cells of all rows with different [-sized subsets of x. Then for
each row, if the first cell contains a subset w C x, put in the second cell any
relevance hypercube for w (along with the corresponding values of f) if such a
hypercube exists, or the symbol * otherwise.

In [I5], it is shown that any (correct) relevance table uniquely determines a
read-once function in the following sense. Suppose that one knows that a function
g is read-once and agrees with f on all relevance hypercubes from a relevance
table F for f. If one also knows that for each x-row in F the function g does not
have a relevance hypercube, then one can recursively reconstruct the skeleton of
g (which is a tree T’ such that negating some of its nodes’ labels yields a correct
tree representing g). After that, the values of f on the vectors from F allow one
to prove that g is equal to f.

It follows that a relevance hypercube set M of dimension [ for a read-once
function f is indeed a checking test for f if E contains no *-rows. If for some
l-sized subset of variables w no relevance hypercube exists, then a more sophis-
ticated technique is needed to prove that f can still be reconstructed from its
values on vectors from M. The approach used in this paper is outlined in the
following Section

5 Assumptions and Notation

In this section we make preliminary assumptions and introduce some notation.
All subsequent work, including the proof of our main theorem, is based on the
material presented here.

We start with an arbitrary read-once function f over B, where [ > 3. Let x
be the set of variables relevant to f. Suppose that M is a relevance hypercube
set of dimension [ for f. Our goal is to prove that M is a checking test for f,
i.e., for any other read-once function g(x) there exists a vector & € M such that
fla) # g(a).

Take any read-once function g(x) that agrees with f(x) on all vectors from
M. Firstly and most importantly, we need to prove that root nodes of these two
functions’ trees are labeled with similar functions. If either of the root nodes
is labeled with a symbol o € {A,V,®}, then this can be done with the aid of
techniques similar to those from [15]. Here we focus on the prime case, i.e, we
assume that

fx) = fO(f(xh), .., fo(xP)),
9) ="(n ("), 9 (y")),

where both f° and ¢° are prime, and x' U...Ux® and y' U...Uy" are partitions
of x = y. (Technically, we must first assume that y C x, but it is easily shown
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that no variable from x can be irrelevant to g; see, e.g., Proposition [2] in the
next section.) Note that here s <[ and r <.

Suppose we have already proved that fO and ¢° are similar. As our second
step, we need to show that partitions of input variables into subtrees are identical
in the representations above. In other words, we need to show that each y* is
equal to some x°.

These two steps, especially the first one, constitute the main difficulties in
proving the correctness of the method. The remaining part is technical and can
be done with the aid of induction on the depth of the tree representing f. A short
explanation of how this part is done is given at the end of our main theorem’s
proof in Section [

In the following sections, we will need the colouring of input variables x
defined by the following rule. To each variable x € x we assign a (unique) colour
k € {1,...,7} such that z € y*. This definition provides a convenient way of
relating functions f and g (i.e., their tree structure) to each other.

6 Some Observations

In this section we present three facts needed for the sequel. A key observation is
given by the following proposition.

Proposition 1. Suppose that g' is a projection of g that depends on variables
x and y having the same colour k. Also suppose that lca(x,y) = v in a tree T"
of ¢'. Then, if v is labeled with a prime function h, it follows that all leaves in
the subtree (T"), have the same colour k. Otherwise, if v is labeled with a symbol
o€ {A,V, @}, it follows that all leaves in subtrees (T")Z and (T")Y have the same
colour k.

Proposition [l follows from a simple fact that substitutions of constants for vari-
ables of g can result in removing nodes and subtrees from T”, or in replacing
nodes with trees that represent projections of prime functions. Adjacent nodes
labeled with identical symbols o € {A, V, @} are subsequently glued together, but
least common ancestors of each y* either remain roots of single-coloured sub-
trees, or “support” subsets of single-coloured subtrees of internal nodes labeled
with o € {A,V,®}.

For technical reasons, we will also need the following proposition, which holds
true for all discrete functions (not necessarily read-once or even Boolean) and
follows from Theorem B in [IT].

Proposition 2. Suppose that [ is an arbitrary function depending on n vari-
ables x. Also suppose that there exists a relevance hypercube for some p variables
u C x. Then for every q such that p < q < n there exists a relevance hypercube
for some q-sized set of variables w such that u C w C x.

Last but not least, we will use the following fact (see, e.g., [I5]).
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Proposition 3. Suppose that a read-once function f is represented by a tree and
p variables u are taken from p different subtrees of an internal node v, which is
labeled with a prime function of arity p or with a symbol o € {A,V,D}. Then f
has at least one relevance hypercube for u and, moreover, restrictions of f to all
such hypercubes are:

(a) similar to h(z1,...,2p) if v is labeled with a prime function h;

(b) similar to z10...0zp if v is labeled with a symbol o € {A,V,&}.

7 Auxiliary Lemmas

Suppose that read-once functions f and g satisfy all the assumptions made in
SectionBland T is a tree of f. Recall that by x we denote the set of all variables
relevant to f. We say that a set u C x is stable iff for any set w such that
u € w C x and any relevance hypercube H for w there exists a relevance
hypercube H' for u such that H' C H.

Remark. The definition of a stable set u does not require the existence of rel-
evance hypercubes for all sets w such that u C w C x. What is says is that if
there exists such a relevance hypercube H, then there exists a relevance hyper-
cube for u which is a subcube of H. For w = x, however, the definition requires
that at least one relevance hypercube for u exists.

One can readily observe that all singleton subsets of x are stable. Examples of
sets that are not stable are given by u = {ug, u1} (as witnessed by w = uU{y})
for functions fi1 = (TAd(y, wo,u1))V(xA(yVuoVui)) and fo = (TAA(y, uo, u1))V
(x A (uo V up)), where d(y, uo,u1) = (T Aug) V (y Auq). Our main ingredient in
the proof of the main theorem is given by the following lemma, which allows us
to establish a link between the tree structure of our functions f and g.

Lemma 1. For any stable set u of at most | variables of the function f, the
function g agrees with f on some relevance hypercube for u.

Proof. We start with the definition of a stable set. First choose w = x and
conclude that f has a relevance hypercube for u. By Proposition 2 f also has
a relevance hypercube for some [-sized set of variables w’ such that u C w’. It
follows that M contains some relevance hypercube for w’. Since f and g agree
on all vectors from M, and u is stable, it also follows that f and g agree on some
relevance hypercube for u. This concludes the proof.

More than once we will need subsets of input variables having specific structure.
We call a set u conservative iff for each internal node v of T' labeled with a prime
function h the number of subtrees of v containing at least one variable from u
is equal either to 0, or to 1, or to the arity of h. To understand the intuition
behind this term, consider the restriction of f to any relevance hypercube for
such a set. In the tree of such a restriction, each node of T' labeled with a prime
function is either preserved or discarded, i.e., no constant substitutions and
further transformations occur at these nodes.
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Lemma 2. All conservative sets are stable.

Proof. Let u be a conservative set of variables. We say that an internal node of T’
is a branching node for u iff at least two subtrees of v contain leaves from u. The
proof is by induction over the number b of branching nodes for u in 7. If b = 0,
then |u| < 1 and there is nothing to prove. Suppose that b > 1 and v = lca(u).
Then v is a branching node and all other branching nodes are descendants of v.
Therefore, f can be expressed by a formula

ho(zo, h(hl(zl), oy b (™)) ),

where h is the function corresponding to the label of v, sets z* and z7 are disjoint
for i # j and (by our definition of a conservative set) variables u are contained
in each z', i > 1, but not in z°.

Identify a relevance hypercube H for some variables w (here u C w) with
a partial assignment p of constants to variables x. Split p into pg,p1,--.,Pm
according to the partitioning given by z%,z!,...,z™. Subsets of u contained
in z', i > 1, are conservative for trees representing functions h;(z‘), and the
number of branching nodes in any such tree is at most b — 1. By the inductive
assumption, there exist partial assignments pi,...,p,, which are extensions of
Pi,--.,Ppm and restrict relevance hypercubes for these subsets. Projections h/
induced by p; depend on these subsets of u. If we now choose an extension p{, of
po taking ho(z°,u) to a literal of u, the composition of p), p, ..., p,, will restrict
the needed relevance hypercube H’. This concludes the proof.

In Section Bl we defined the colouring of variables induced by the read-once
representation of g. The following lemmas reveal some properties of this colouring
that are related to the structure of T'. These properties reflect the observation
formulated in Proposition [l

Lemma 3. Suppose that variables x and y both have colour k. Also suppose that
the node v = lca(x,y) in T is labeled with a prime function h. Then all the leaves
in the subtree T, have the same colour k.

Proof. Let m be the arity of h. Take arbitrary variables zi,...,2zmnm—2 such
that z,y, 21, ..., zm—2 are contained in m different subtrees of v. The set u =
{z,y,21,..., zm—2} is conservative and, therefore, stable (by Lemma [2). Since h

is prime and f is read-once over Bj, we see that m < [. It follows from Lemma [Tl
that f agrees with g on some relevance hypercube for u. By Proposition 3] the
restriction of f to any such hypercube is similar to h. Therefore, some projec-
tion ¢’ of g is represented by a tree T’ with exactly one internal node, which is
labeled with a prime function. Variables x and y are relevant to ¢’ and have the
same colour k. It then follows from Proposition [l that all variables 21, ..., zy_2
have colour k too. Since z1, ..., z;m_o were chosen arbitrarily from their subtrees,
we obtain that all leaves in T7?1,...,T,™ > have colour k. Repeating the same
reasoning for initial pairs x, z; and y, 21 in place of x, y reveals that all leaves in
TY and T’ also have the same colour k. This concludes the proof.
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Lemma 4. For each colour k € {1,...,r}, there exists a unique index i €
{1,...,s} such that y* C x', i.e., all variables coloured with k belong to the
set x°.

Proof. Take any two variables z and y having colour k. If they do not belong
to the same x?, then they belong to different root subtrees of T. Therefore, the
node lca(z, y) is labeled with a prime function f°. By Lemma[3] all leaves of T
have the same colour, which is a contradiction.

Another way to state Lemma [ is to say that the partition y' U...Uy" is a
refinement of x' U ... Ux®.

Lemma 5. For any non-root internal node v in T labeled with a prime function
h of arity v or greater, all leaves of T, have the same colour.

Proof. Let v be an internal node of T labeled with a prime function A of arity
at least r. If not all leaves of T, have the same colour, then by Lemma B any
two leaves from different subtrees of v have different colours. It then follows that
leaves of T, are coloured with at least r colours. By Lemma [4 leaves of other
root subtrees of T' cannot be coloured, since all colours are taken from the set
{1,...,r}. This contradiction concludes the proof.

Lemma 6. Suppose that variables x and y both have colour k. Also suppose that
in T the node v = lca(z,y) is labeled with a symbol o € {A,V,®}. Then all the
leaves in T;7 and TY have the same colour k.

Proof. Define the depth of a subtree as the maximum number of edges on (short-
est) paths from its root to its leaves. Let d be the depth of T,,. The proof is by
induction over d. For d = 1, there is nothing to prove. Suppose that d > 2
and TY contains a leaf z having colour k&’ # k. We claim that for some m > 0
there exist variables zo, 21, . . ., z;m such that the set u = {z,y, 20,21,...,2m} is
conservative, has cardinality at most [, and the restriction of f to any relevance
hypercube for u can be obtained by negating the variables and/or the output of
some function x o f(y, 2o, 21, - . ., 2m ), where the colours of y and zg are different
and f’ is either a prime function or a binary function (m = 0) from {A,V, @}
different from o.

First suppose that the root w of T is labeled with a prime function A. Since
not all leaves of TY have the same colour, it follows from Lemma[3 that colours of
leaves taken from different subtrees of T)Y are different. Take arbitrary variables
205 Z15 - - -y Zm, m > 1, from all subtrees except T (one variable from each sub-
tree). Now y and zo have different colours and m + 2 < r — 1 by Lemma Bl One
can easily see that the set u constructed in this way is conservative by definition
and has cardinality at most [, because r < [. Proposition 3 then reveals that the
restriction of f to any relevance hypercube for u indeed has the needed form.

Now consider the case when w is labeled with a symbol x € {A,V, ®}. By def-
inition of a tree representing a read-once function, x is different from o. Observe
that the depth of the subtree T, is less than or equal to d — 1, so we can use
the inductive assumption for T,,. If y and z belong to the same subtree T” of w,
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then it follows that only leaves from 7" can have the same colour as y. In this
case, any leaf from any other subtree can be chosen to be zy. In the other case,
if y and z belong to different subtrees, simply put zg = z. One can now see that
m =0 and u = {z,y, 20} satisfy all the stated conditions.

Now apply Lemma [I] to the set u (recall that all conservative sets are stable
by Lemma (). It follows that g agrees with f on some relevance hypercube for
u. By our choice of u, this means that g has a projection g’ of the form specified
above. In the tree of ¢’, the root is adjacent to the leaf labeled with a literal of
z and to the other internal node, whose children are y, zq, 21, . . . , Zm. Since x
and y have the same colour, it follows from Proposition [l that zo has the same
colour as x, which contradicts our choice of zy. This completes the proof.

8 Main Theorem

Theorem. For any read-once function f over By, | > 3, depending on all its
variables, any relevance hypercube set of dimension | for f constitutes a checking
test for f.

Proof. Let M be a relevance hypercube set of dimension [ for f. By g denote an
alternative read-once function that agrees with f on all vectors from M. Suppose
that f and g satisfy all the assumptions made in SectionBland let T be a tree of
f. Choose a subset u of T"s leaves according to the following (non-deterministic)
rules:

1. Put u = u(vg), where vy is the root of T.
2. If all leaves in T, have the same colour, then u(v) = {z;} for some leaf z;
contained in T,,.
3. Otherwise:
(a) if v is labeled with a prime function h, then u(v) = (Ju(v;) over all
children v; of v;
(b) otherwise, if v is labeled with a symbol o € {A,V,®}, then u(v) =
u'(v) Uu”(v), where u'(v) = (Ju(v;) over all multi-coloured subtrees
T,, of v, and u”(v) = (Ju(v;) over some subset of all single-coloured
subtrees Ty, of v that contains one subtree of each colour.

One can easily see that u is conservative and, by Lemma[2] stable. By Lemmas[3]
and [G] it contains exactly r leaves. It follows from Lemma [ that g agrees with
f on some relevance hypercube H for u. Since all elements of u have different
colours, it follows from Proposition 3] that the restriction of g to H is similar to
¢°. On the other hand, u contains at least one leaf from each root subtree of T
so the restriction of f to H has the form

f,:fo(f{v"'af;)’

where functions f] depend on disjoint sets of variables from u. These two re-
strictions are equal, so f’ is a prime function, which is only possible if » = s and
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g" is similar to f°. By Lemma [ sets of root subtrees’ variables are the same
for f and g. This means that

9(x) = flg1(x"), ..., gL(x%)).

Since a relevance hypercube set for f contains relevance hypercube sets for all
functions f1(x'),..., fs(x*) (or their negations) regarded as projections of f, the
whole argument can be repeated recursively. In the end, one sees that f and ¢
can be expressed by the same formula, and so f = g. This concludes the proof.

Corollary. For any read-once function f over B; depending on n variables it
holds that

Tp,(f) <2 (7;) = O(nl).

9 Discussion

It is interesting to note that our result gives a stronger form of Kuznetsov’s
classic theorem on read-once representations [I3]. The original result can be
reformulated as follows: for any given Boolean function f and any two trees T}
and Ty representing f, there exists a one-to-one correspondence ¢ between the
sets of internal nodes of 77 and 75 such that the functions represented by each
pair of matching nodes are either equal or each other’s negations. This fact was
independently proved by Aaronson [I], who also developed an O(N'°8231og N)
algorithm for transforming the truth table of f into such a tree. Note that a
sequence of O(N)-sized circuits that check the existence of and output read-
once representations over B; for any fixed | was constructed in [I5]. In these
results N = 2™ is the input length.

Now suppose T and T» are trees representing mn-variable Boolean functions
f1 and fs, and it is known a priori that these trees do not contain nodes labeled
with prime functions of arity greater than [. Our technique reveals that in order
to prove the existence of a correspondence ¢ it is sufficient to verify that f; and
f2 agree on an O(n!)-sized set of input vectors. While Kuznetsov’s theorem does
not concern itself with computational issues, our theorem shows that only a small
fraction of input vectors (in fact, a polynomial number of them, as compared to
the total of 2") is needed to certify the “similarity” of the trees.
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Abstract. Given a graph with edge costs, the power of a node is the
maximum cost of an edge incident to it, and the power of a graph is
the sum of the powers of its nodes. Motivated by applications in wire-
less networks, we consider the following fundamental problem in wireless
network design. Given a graph G = (V, E) with edge costs and degree
bounds {r(v) : v € V'}, the Minimum-Power Edge-Multi-Cover (MPEMC)
problem is to find a minimum-power subgraph J of G such that the
degree of every node v in J is at least r(v). Let k = max,ev r(v). For
k = 2(logn), the previous best approximation ratio for MPEMC was
O(log n), even for uniform costs [3]. Our main result improves this ra-
tio to O(log k) for general costs, and to O(1) for uniform costs. This
also implies ratios O(log k) for the Minimum-Power k-Outconnected Sub-
graph and O (logklog #) for the Minimum-Power k-Connected Sub-
graph problems; the latter is the currently best known ratio for the min-
cost version of the problem. In addition, for small values of k, we improve
the previously best ratio k + 1 to k+ 1/2.

1 Introduction

1.1 Motivation and Problems Considered

Wireless networks are studied extensively due to their wide applications. The
power consumption of a station determines its transmission range, and thus
also the stations it can send messages to; the power typically increases at least
quadratically in the transmission range. Assigning power levels to the stations
(nodes) determines the resulting communication network. Conversely, given a
communication network, the power required at v only depends on the farthest
node reached directly by v. This is in contrast with wired networks, in which
every pair of stations that communicate directly incurs a cost. An important net-
work property is fault-tolerance, which is often measured by minimum degree
or node-connectivity of the network. Node-connectivity is much more central
here than edge-connectivity, as it models stations failures. Such power minimiza-
tion problems were vastly studied; see for example [IJ2589] and the references
therein for a small sample of papers in this area. The first problem we consider
is finding a low power network with specified lower degree bounds. The second
problem is the Min-Power k-Connected Subgraph problem. We give approximation
algorithms for these problems, improving the previously best known ratios.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 64-[(5] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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Definition 1. Let (V,J) be a graph with edge-costs {c(e) : e € J}. For a node
v €V let §;(v) denote the set of edges incident to v in J. The power p;(v) of v
s the mazimum cost of an edge in J incident to v, or 0 if v is an isolated node
of J; i.e., pj(v) = max.cs, () cle) if 05(v) # 0, and p;j(v) = 0 otherwise. For
V! CV the power of V' w.r.t. J is the sum p; (V') = > v ps(v) of the powers
of the nodes in V.

Unless stated otherwise, all graphs are assumed to be undirected and simple.
Let n = |V|. Given a graph G = (V, E) with edge-costs {c(e) : e € E}, we seek
to find a low power subgraph (V,J) of G that satisfies some prescribed prop-
erty. One of the most fundamental problems in Combinatorial Optimization is
finding a minimum-cost subgraph that obeys specified degree constraints (some-
times called also “matching problems”) c.f. [I0]. Another fundamental property
is fault-tolerance (connectivity). In fact, these problems are related, and we use
our algorithm for the former as a tool for approximating the latter.

Definition 2. Given degree bounds r = {r(v) : v € V}, we say that an edge-set
J on'V is an r-edge cover if dj(v) > r(v) for every v € V, where dj(v) = |05 (v)]
is the degree of v in the graph (V,J).

Minimum-Power Edge-Multi-Cover (MPEMC):

Instance: A graph G = (V, E) with edge-costs {c(e) : e € E}, degree bounds
r={r(v):veV}

Objective: Find a minimum power r-edge cover J C F.

Given an instance of MPEMC, let &k = max,cy r(v) denote the maximum
requirement.

We now define our connectivity problems. A graph is k-outconnected from
s if it contains k internally-disjoint sv-paths for all v € V' \ {s}. A graph is
k-connected if it is k-outconnected from every node, namely, if it contains k
internally-disjoint uv-paths for all u,v € V.

Minimum-Power k-Outonnected Subgraph (MPkOS):
Instance: A graph G = (V, E)) with edge-costs {c(e) : e € E}, aroot s € V, and
an integer k.

Objective: Find a minimum-power k-outconnected from s spanning subgraph J
of G.

Minimum-Power k-Connected Subgraph (MP£CS):
Instance: A graph G = (V, E) with edge-costs {c(e) : e € E} and an integer k.
Objective: Find a minimum-power k-connected spanning subgraph J of G.

1.2 Owur Results

For large values of k = (2(logn), the previous best approximation ratio for
MPEMC was O(logn), even for uniform costs [3]. Our main result improves this
ratio to O(log k) for general costs, and to O(1) for uniform costs.
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Theorem 1. MPEMC admits an O(log k)-approximation algorithm. For uni-
form costs, MPEMC admits a randomized approzimation algorithm with expected
approzimation ratio p < 2.16851, where p is the real root of the qubic equation

e(p—1)° =2p.

For small values of k, the problem admits also the ratios k + 1 for arbitrary k
[2], while for k& = 1 the best known ratio is k + 1/2 = 3/2 [4]. Our second result
extends the latter ratio to arbitrary k.

Theorem 2. MPEMC admits a (k + 1/2)-approximation algorithm.

For small values of k, say k < 6, the ratio (k + 1/2) is better than O(logk)
because of the constant hidden in the O(-) term. And overall, our paper gives
the currently best known ratios for all values k > 2.

In [5] it is proved that an a-approximation for MPEMC implies an (« + 4)-
approximation for MP£OS. The previous best ratio for MP£OS was O(logn) +
4 = O(logn) [] for large values of k = 2(logn), and k + 1 for small values of k
[9). From Theorem [I] we obtain the following.

Theorem 3. MPEOS admits an O(log k)-approximation algorithm.

In [2] it is proved that an a-approximation for MPEMC and a S-approximation
for Min-Cost k-Connected Subgraph implies a (a+20)-approximation for MPECS.
Thus the previous best ratio for MPkKCS was 28 + O(logn) [3], where S is the
best ratio for MCkCS (for small values of k better ratios for MPLCS are given

in [9]). The currently best known value of § is O (logk‘log ﬁ) [7], which is
O(log k), unless k = n — o(n). From Theorem [Il we obtain the following.

Theorem 4. MPECS admits an O(S +log k)-approximation algorithm, where 3
1s the best ratio for MCECS. In particular, MPECS admits an O (logk; log n’_Lk) -

approzimation algorithm.

1.3 Overview of the Techniques

Let the trivial solution for MPEMC be obtained by picking for every node v € V'
the cheapest r(v) edges incident to v. It is known and easy to see that this
produces an edge set of power at most (k + 1) - opt, see [2].

Our O(log k)-approximation algorithm uses the following idea. Extending and
generalizing an idea from [3], we show how to find an edge set I C E of power
O(opt) such that for the residual instance, the trivial solution value is reduced
by a constant fraction. We repeatedly find and add such an edge set I to the
constructed solution, while updating the degree bounds accordingly to r(v) +
max{r(v) — dr(v),0}. After O(log k) steps, the trivial solution value is reduced
to opt, and the total power of the edges we picked is O(log k) - opt. At this point
we add to the constructed solution the trivial solution of the residual problem,
which at this point has value opt, obtaining an O(log k)-approximate solution.
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Our algorithm for uniform costs has two phases. In the first phase we compute
an optimal solution x to a certain LP-relaxation for the problem and round it
to 1 with probability min{p - z, 1}. In the second phase we add to the obtained
partial solution the trivial solution to the residual problem.

Our (k + 1/2)-approximation algorithm uses a two-stage reduction. The first
reduction reduces MPEMC to a constrained version of MPEMC with & = 1,
where we also have lower bounds ¢, on the power of each node v € V; these
lower bounds are determined by the trivial solution to the problem. We will
show that a p-approximation algorithm to this constrained version implies a (k —
1 + p)-approximation algorithm for MPEMC. The second reduction reduces the
constrained version to the Minimum-Cost Edge Cover problem with a loss of 3/2
in the approximation ratio. As Minimum-Cost Edge Cover admits a polynomial
time algorithm, we get a ratio p = 3/2 for the constrained problem, which in
turn gives the ratio k — 1+ p = k + 1/2 for MPEMC.

2 Proof of Theorem [IJ

2.1 Reduction to Bipartite Graphs

Let Bipartite MPEMC be the restriction of MPEMC to instances for which the
input graph G = (V, E) is a bipartite graph with sides A, B, and with r(a) =0
for every a € A (so, only the nodes in B may have positive degree bound).

As in [3], we can reduce MPEMC to Bipartite MPEMC, by taking two copies
A={ay, :veV}and B={b,: v €V} of V, for every edge e = uv € E
adding the two edges a.b, and a,b, of cost c(e) each, and for every v € V
setting r(b,) = r(v) and r(a,) = 0. It is proved in [3] that this reduction invokes
a factor of 2 in the approximation ratio, namely, that a p-approximation for
bipartite MPEMC implies a 2p-approximation for general MPEMC.

In the case of uniform costs, we can save a factor of 2 using a different
reduction.

Proposition 1. Ratio p for Bipartite MPEMC with unit costs implies ratio p for
MPEMC with uniform costs.

Proof. Clearly, the case of uniform costs is equivalent to the case of unit costs.
Now we show that for unit costs, MPEMC can be reduced to Bipartite MPEMC.
Let G = (V, E),r be an instance of MPEMC with unit costs. If there is an edge
e =uv € E with r(u),r(v) > 1 or with r(u) = r(v) = 0, then we can obtain an
equivalent instance by removing e from G, and in the case r(u),r(v) > 1 also
decreasing each of r(u),r(v) by 1. Hence we may assume that every e € E has
one end in A= {a €V :r(a) =0} and the other end in B={b e V : r(b) > 1}.
The statement follows. O

2.2 An O(logk)-Approximation Algorithm for General Costs

Let opt denote the optimal solution value of a problem instance at hand. For
v € V, let w, be the cost of the r(v)-th least cost edge incident to v in F if
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r(v) > 1, and w, = 0 otherwise. Given a partial solution J to Bipartite MPEMC
let r;(v) = max{r(v) — d;(v),0} be the residual bound of v w.r.t. J. Let

RJ = Z ’waJ(b)

beB

The main step in our algorithm is given in the following lemma, which will be
proved later.

Lemma 1. There exists a polynomial time algorithm that given an edge set
J C FE, an integer T, and a parameter v > 1, either correctly establishes that
T < opt, or returns an edge set I C E\ J such that pr(V) < (1 + )7 and

Rjyur <ORjy, where 6 =1 — (1 — %) (1 _ %)

Lemma 2. Let J C FE and let F C E\ J be an edge set obtained by picking
r7(b) least cost edges in dp\ 5 (b) for every b € B. Then JUF is an r-edge-cover
and: prp(B) < opt, pr(A) < Ry < k- opt.

Proof. Since F' is an rj-edge-cover, J U F' is an r-edge-cover. By the definition
of F, for any r-edge-cover I, pr(b) < wp < py(b) for all b € B. In particular, if
I is an optimal r-edge-cover, then

Zwb<2p1 (B) < opt.

beB beB

Also,

RJ:ZU)[)TJ(I)) Sk'Zwb§k~Opt.
beB beB

Finally, pr(A) < Ry since

D NUED S M) SECED SR

acA acAe€dr(a) ecF beB
This concludes the proof of the lemma. O

Theorem [Mlis deduced from Lemmas [l and 2] as follows We set v to be constant
strictly greater than 1, say vy =2. Then § =1 — 3 (1 - —) Using binary search,
we find the least integer 7 such that the followmg procedure computes an edge
set J satisfying Ry < 7.

Initialization: J + 0.

Loop: Repeat [log, o k] times:
Apply the algorithm from Lemma 2
- If it establishes that 7 < opt then return “ERROR” and STOP.
-Elsedo J + JUI.

After computing J as above, we compute an edge set F' C E\ J as in Lemma[2
The edge-set J U F is a feasible solution, by Lemma 2l We claim that for any
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T > opt the above procedure returns an edge set J satisfying R; < 7; thus
binary search indeed applies. To see this, note that Ry < k - opt and thus

RJSR@-GUOgl/elﬂ <k-opt-1/k=opt<T.

Consequently, the least integer 7 for which the above procedure does not return
“ERROR?” satisfies 7 < opt. Thus p;(V) < [log; /9 k|- (1+7) -7 = O(log k) - opt.
Also, by Lemma 2l pr(V) < opt + R; < 20pt. Consequently,

piur(V) <ps(V)+pr(V) = O(ogk) - opt + 20pt = O(log k) - opt .

In the rest of this section we prove Lemmal[Il It is sufficient to prove the statement
in the lemma for the residual instance ((V, E'\ J),r;) with edge-costs restricted
to E'\ J; namely, we may assume that J = (. Let R = Ry = Y, g wpr(b).

Definition 3. An edge e € E incident to a node b € B is T-cheap if c(e) <

= wpr(b).

Lemma 3. Let F be an r-edge-cover, let 7 > pr(B), and let
I=|J{e€bn®):cle) < % ~wyr(b)}

bEB
be the set of T-cheap edges in E. Then Rinp < R/~v and pr(B) < 4.

Proof. Let D = {b € B : dp\;(b) # 0}. Since for every b € D there is an edge
e € '\ I incident to b with c(e) > T - wypr(b), we have pp\;(b) > F - wypr(b) for
every b € D. Thus

72 pr(B) 2 pru(B) = Y pra(b) 2 7o 5 > wyr(h) .
beD beD
This implies ) 3, ., wpr(b) < R/v. Note that for every b € B\ D, 6r(b) C 6r(b)
and hence rinp(b) = rp(b) = 0. Thus we obtain:
Rinr = Z wyrrnp(b) = Z wpring (b) < Z wpr(d) < R/v .

beB beD beD

To see that p;(B) < 47 note that
Y Y
pi(B) =) pi(b) < ) > wyr(b) = 7 B=7.
beB beB

This concludes the proof of the lemma. O

In [3] it is proved that the following problem, which is a particular case of
submodular function minimization subject to matroid and knapsack constraint
(see [6]) admits a (1 — 1)-approximation algorithm.
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Bipartite Power-Budgeted Maximum Edge-Multi-Coverage (BPBMEM):

Instance: A bipartite graph G = (AU B, E) with edge-costs {c(e) : e € E} and
node-weights {w, : v € B}, degree bounds {r(v) : v € B}, and a
budget 7.

Objective: Find I C FE with p;(A) < 7 that maximizes

val(I) = Zwv -min{d;(v),r(v)} .

vEB

The following algorithm computes an edge set as in Lemma [l

1. Among the 7-cheap edges, compute a (1 — %)-approximate solution I to
BPBMEM.
2. If Ry < 6R then return I, where 6 =1 — (1 — %) (1 — %),

Else declare “7 < opt”.

Clearly, pr(A) < 7. By Lemma[3] p;(B) < 7. Thus p;(V) < pr(4) +p1(B) <
(147)T.

Now we show that if 7 > opt then Ry < OR. Let F be the set of cheap edges in
some optimal solution. Then pp(A) < opt < 7. By LemmaBl Rp < R/, namely,

F reduces R by at least R (1 — %) Hence our (1 — %)—approximate solution [
to BPBMEM reduces R by at least R (1 — %) (1 — %) Consequently, we have
Rir<R-R (1 — %) (1 — %) = 0R, as claimed.

The proof of Theorem [Tl for the case of general costs is complete.

2.3 A Constant Ratio Approximation Algorithm for Unit Costs

Bipartite MPEMC with unit costs is closely related to the Set-Multicover problem,
that can be casted as follows.

Set-Multicover

Instance: A bipartite graph G = (AU B, E) and demands {r(b) : b € B}.

Objective: Find a subgraph H of G with degy(b) > r(b) for every b € B;
minimize |H N A|.

In fact, it is easy to see that Bipartite MPEMC with unit costs is equivalent to
the following modification of Set-Multicover, where instead of minimizing |H N A|
we seek to minimize |H N A|+ |B|; namely, the problem we consider is as follows.

Set-Multicover+

Instance: A bipartite graph G = (AU B, E) and demands {r(b) : b € B}.

Objective: Find a subgraph H of G with degy(b) > r(b) for every b € B;
minimize |H N A| + | B|.

Clearly, ratio p for Set-Multicover implies ratio p for Set-Multicover4. As
Set-Multicover admits ratio H(|B]), so is Set-Multicover+. On the other hand,
Set-Multicover+ is APX-hard even for instances with max,c4 degg(a) = 3, by a
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reduction from 3-Set-Cover. If |[A| = O(|B|) then the problem is clearly approx-
imable within a constant; but we may have |A| >> |B|, if k¥ = maxpecp r(b) is
large. We prove the following theorem that implies the second part of Theorem/[I]
and is also of independent interest.

Theorem 5. Set-Multicover+ admits a randomized approximation algorithm
with expected approximation ratio p, where p < 2.16851 is the real root of the
qubic equation e(p —1)* = 2p.

Let I'(a) denote the set of neighbors of a in G. Consider the following LP-
relaxation for both Set-Multicover and Set-Multicover+

min Zxa: ZwaZr(b)VbeB,ngaglwzeA . (1)
acA a€l'(b)

The value of a solution z to LP (@) is x(A) = >_,c4 Ta in the Set-Multicover
case, and z(A) + | B| in the Set-Multicover+ case. Given a partial cover S C A,
the residual demand of b € B is rg(b) = max{r(b) — [I'(b) N S|,0}. Let p > 1 be
2
a parameter eventually set to be as in Theorem Bl Let v = v(p) = %. Note
that v = 1 if, and only if, p = 2 4+ /3, and that the value of p in Theorem
is less than 2 + /3. Let « be a feasible solution to LP (@), and let S C A be
obtained by choosing every a € A with probability min{p - x4, 1}.

Lemma 4. If x, < 1/p for all a € A then Prrs(b) > 1] < e~ 77" for every
beB.

Proof. Let C(b) = I'(b) N S be a random variable that counts the number of
times b is “covered” by S. Clearly, rg(b) > 1 if, and only if, C(b) < r(b). The
expectation of C'(b) is u, = E[C(b)] = >_ e py) P Ta = p-7(D). Since the nodes in
I'(b) are chosen independently, C(b) is a sum of independent Bernoulli random
variables. The statement now follows by applying the Chernoff bound:

a

Corollary 1. E[rs(B)] < f(p)|B|, where f(p) = £ if 1 < p < 2+ /3. and

= ey

fp)=eif p>2+ /3.

Proof. Let 8" ={a:z, > 1/p}, let v'(b) = rg/(b) = max{r(b) — |I'(b) N 5’|, 0},
and let 2’ be defined by 2/, = 0 if a € S” and 2}, = z, otherwise. Note that 2’ is a
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feasible solution to LP ({]) with the residual requirements /', and that =/, < 1/p
for all @ € A. Thus by Lemma [ we have

E[/(B) =Y EF®)] <Y Pri/®) >1]-r'(0) <> e 704/ ().
beB beB beB
Let z=17'(b) > 1 and f(z) = e 7*- 2. Then f'(z) = e 7*(1 — vz). Hence in the
range z > 1, the function f(z) has maximum value:

. % if v < 1 (namely, if 1 < p <2+ +/3), attained at z = 1/7.
e ¢ 7 if y > 1 (namely, if p > 2 + /3), attained at z = 1.

The statement follows. O

Now we finish the proof of Theorem [l The algorithm is as follows. We compute
an optimal solution x to LP (), and then an edge set S as in Corollary [1
For every b € B let A be a set of rg(b) neighbors in I'(b) \ S, and let ' =
Use Ab- The solution returned is SUS’. Note that E[|S’|] < E[rs(B)]. Thus by
Corollary [1l the expected size of our solution is bounded by

E(|S))+E(rs(B))+[B| < px(A)+ f(p)|B|+[B| < max{p, f(p)+1}(x(A)+|B|) -

Consequently, as z(A) + |B| is a lower bound on the optimal solution value,
the approximation ratio is bounded by max{p, f(p) + 1}. Solving the equation
p=f(p)+1for f(p) = % = e(pz_”l)g gives the result.

The proof of Theorem [l and thus also of Theorem [I] for the case of uniform
cost, is complete.

3 Proof of Theorem

We say that an edge set F' C E covers a node set U C V| or that F is a U-cowver,
if 0p(v) # O for every v € U. Consider the following auxiliary problem:

Restricted Minimum-Power Edge-Cover

Instance: A graph G = (V, E) with edge-costs {c(e) : e € E}, U C V, and degree
bounds {¢, : v € U}.

Objective: Find a power assignment {7 (v) : v € V'} that minimizes ) ., 7(v),
such that w(v) > ¢, for all v € U, and such that the edge set
F={e=weE:n(u),n(v) > c(e)} covers U.

Later, we will prove the following lemma.

Lemma 5. Restricted Minimum-Power Edge-Cover admits a 3/2-approzimation
algorithm.

Theorem [2]is deduced from Lemma [l and the following statement.

Lemma 6. If Restricted Minimum-Power Edge-Cover admits a p-approrimation
algorithm, then Minimum-Power Edge-Multi-Cover admits a (k—1+ p)-approzima-
tion algorithm.



Approximating Minimum Power Edge-Multi-Covers 73

Proof. Consider the following algorithm.

1. Let w(v) be the power assignment computed by the p-approximation algo-
rithm for Restricted Minimum-Power Edge-Cover with U = {v € V : r(v) > 1}
and bounds ¢, = w, forallv € U. Let F' = {e = uv € E : w(u),m(v) > c(e)}.

2. For every v € V let I, be the edge-set obtained by picking the least cost
rr(v) edges in 6\ p(v) and let I = Uyev I,.

Clearly, FUI is a feasible solution to Minimum-Power Edge-Multi-Cover. Let opt
denote the optimal solution value for Minimum-Power Edge-Multi-Cover. In what
follows note that m(V) < p-opt and that ) w, < opt. We claim that

pror(V) <7n(V)+ (k—1)-opt.

As (V) < p - opt, this implies prur(V) < (p+ &k —1) - opt.

For v € V' let I, be the set of neighbors of v in the graph (V, I,,). The contribu-
tion of I, to the total power is at most py, (I,) +pr, (v). Note that 7(v) > py, (v)
and m(v) > pp(v) for every v € V, hence pryur, (v) < m(v). This implies

pror(V) < 3 (w() + p1, (D) = 7(V) + 3 pr, (1) -

veV veV

Now observe that |I,| = |I,| = rr(v) < k — 1 and that py, (u) < w, for every
u € I,. Thus
pr,(Iy) < (k-=1)-w, YveV.

Finally, using the fact that ) . w, < opt, we obtain

pror(V) < 7(V) + 3 pr (D) < (V) + (k= 1) S w, < x(V) + (k- 1) - opt .
veV veV

This finishes the proof of the lemma. a

In the rest of this section we prove Lemma [5l
We reduce Restricted Minimum-Power Edge-Cover to the following problem
that admits an exact polynomial time algorithm, c.f. [10].

Minimum-Cost Edge-Cover
Instance: A multi-graph (possibly with loops) G = (U, E) with edge-costs.
Objective: Find a minimum cost edge-set F' C F that covers U.

Our reduction is not approximation ratio preserving, but incurs a loss of 3/2
in the approximation ratio. That is, given an instance (G,c,U,¥) of Restricted
Minimum-Power Edge-Cover, we construct in polynomial time an instance (G’, ¢’)
of Minimum-Cost Edge-Cover such that the following holds:

(i) For any U-cover I’ in G’ corresponds a feasible solution 7 to (G, ¢, U, £) with
w(V) < (1").

(ii) opt’ < 3opt/2, where opt is an optimal solution value to Restricted Minimum-
Power Edge-Cover and opt’ is the minimum cost of a U-cover in G'.
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Hence if I’ is an optimal (min-cost) solution to (G',¢’), then m(V) < ¢/(I’) <
3opt/2. Clearly, we may set £, =0 for all v € V\U. For I C F let

= Z max{ps(v) — £,,0} .
veV
Here is the construction of the instance (G’,¢’), where G’ = (U, E’) and E’
consists of the following three types of edges, where for every edge ¢/ € E’
corresponds a set I(e') C E of one edge or of two edges.

1. For every v € U, E’' has a loop-edge €' = vv with ¢/(vv) = ¢, + D({vu})
where vu is is an arbitrary chosen minimum cost edge in dg (v )
Here I(e') = {vu}.

2. For every uv € E such that u,v € U, E’ has an edge ¢ = wv with ¢/(uwv) =
by, + Ly + D(({uv}).
Here I(e') = {uv}.

3. For every pair of edges uz,zv € F such that c(ux) > c(xv), E’ has an edge
e/ = uv with ¢ (uv) = £, + £, + D({uzx, zv}).
Here I(e') = {ux, xv}.

Lemma 7. Let I' C E’ be a U-cover in G', let I = Ueer1(e), and let m be a
power assignment defined on V by w(v) = max{ps(v),€,}. Then m(V) < /(I'),
I is a U-cover in G, and 7 is a feasible solution to (G,c,U,?).

Proof. We have that I is a U-cover in G, by the definition of I and since I(e’)
covers both endnodes of every ¢/ € E’. By the definition of 7, we have that
IC{e=uve E:n(u),n(v) > c(e)}. Hence 7 is a feasible solution to (G, ¢, U, £),
as claimed.

We prove that n(V) < /(I'). For ¢ = uv € E' let £(¢/) = ¢, if ¢ is a
type 1 edge, and ¢(e’) = £, + ¢, otherwise. Note that 7(v) = max{p;(v),f(v)} =
4y + max{pr(v) — £(v), 0}, hence

V)= Z Ly + Z max{ps(v) — £(v),0} = Z L, + D(I)
velU veV velU

By the definition of £(e’) and since I” is a U-cover } €, <3,
D(I) = D (Ugrer I(€e)), by the definition of I. Thus we have

>ty +DI) < Y Ue') + D (Uper(e))
velU e'el’

It is easy to see that D (U, rer I(e) < Ze e D(I(€')) . Finally, note that £(e’)+
D(I(e)) = (¢) for every €' € I' (if €’ is a type 1 edge, this follows from our
assumption that £, > min{c(e) : e € Jg(v)}). Combining we get

=Y L+ D)< > () + D (Ueerl(e)) <

el £(e’). Also,

vel e'el’
<Y U+ D DUE) =D (W) + D)) = Y () =d(I')
e'el’ e'el’ e'el’ e'el’

This finishes the proof of the lemma. O
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We prove the following statement in the full version.

Lemma 8. Let {w(v) : v € V'} be a feasible solution to an instance (G,c,U,{)
of Restricted Minimum-Power Edge-Cover. Then there exists a U-cover I' in G’
such that ¢/ (I') < 3n(V)/2.

As was mentioned, Lemmas [7] and B imply Lemma Bl Lemmas (Bl and [6] imply
Theorem [2, hence the proof of Theorem [2]is now complete.

4 Conclusions and Open Problems

The main results of this paper are two new approximation algorithm for MPEMC:
one with ratio O(log k) for general costs, and the other with constant ratio for
uniform costs. This improves the ratio O(log(nk)) = O(logn) of [3]. We also
gave a (k + 1/2)-approximation algorithm, which is better than our O(log k)-
approximation algorithm for small values of k£ (roughly k& < 6).

The main open problem is whether for general costs, the ratio O(log k) shown
in this paper is tight, or the problem admits a constant ratio approximation
algorithm.
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A Lower Bound on Circuit Complexity
of Vector Function in Uy*

Evgeny Demenkov

St. Petersburg State University, Russia

Abstract. In 1973, Lamagna and Savage proved the following result. If
fi {0, 1}" — {0,1} for 1 < j < m depends on at least two variables
and if for ¢ # j, fi # f; and f; # f;, then for any binary basis (2,

Co(fi, . fm) > mj.incn(fj) +m—1,

where Cq(f) is the minimal size of a circuit computing f in the basis 2.

The main purpose of this paper is to give a better lower bound for the
following case. Let f : {0,1}" — {0,1} and fi = f P z; for 1 < i < n.
Assume that f is not a constant after any three substitutions x; = ¢; for
different variables. Then

Cuy(fr,--- fn) 2 min  Cu,(f ‘901=Cz‘,$j=cj) +2n - 0O(1),
i#£J,CisC
where Uz = B2 \ {®,=}. This implies a 7n lower bound on the circuit
complexity over Us of fi,..., fn if f has circuit complexity at least 5n.

1 Introduction

By B™™ we denote the set of all Boolean functions f:{0,1}" — {0,1}™. B}
is denoted just by B,. A circuit is a directed acyclic graph. In this graph
there are nodes of two types. Nodes of in-degree 0 are marked by variables
from {z1,...,2,} and are called inputs. Nodes of in-degree 2 are marked by
some functions % from By and are called gates. If the first parent computes g;
and the second parent computes go, we say that this node computes a function
[=91%g2.

There are also k specially marked output gates. Thus, such a circuit computes
a function from Bﬁ. The size of a circuit is its number of gates. For 2 C By, by
Cq(f) we denote the minimum size of a circuit computing f, where every gate
is marked by a function from (2.

In 1949 Shannon showed that almost all Boolean functions have circuits of
size only §2(2"/n) [1] . But yet only a few proofs of linear lower bounds for
explicit functions are known.

* The author is supported in part by RFBR (grant 11-01-12135) and Computer Science
Club scholarship.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 76-B0] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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The best lower bound 3n — o(n) for the basis Bz was proved by Blum in
1984 [2]. The same lower bound was proved recently by Demenkov and Ku-
likov [3]. The current record lower bound 5n — o(n) for the basis Uy = By \
{®, =} was given in 2002 by Iwama and Morizumi [4] (for (n, k)-Strongly- Two-
Dependent Boolean function).

The same sad situation is for multiple outputs. In 1973 Lamagna and Savage
proved [5] if we have f1,..., fm then the lower bound for any basis (2 is still
linear miin Co(fi)+m—1.

In this paper we are interested in 2 = Us. A circuit of the smallest size in Us
contains only binary functions and variables so every binary function f of two
variables g1, g2 in Uz can be presented as f = (g1 @ ¢1) A (92 @ c2) ® d, where
c1, ¢, d are some constants in {0, 1}.

We prove a min  Cu, (f |z;=c;,e;=c;) +2n— O(1) lower bound on the circuit
17],Ci,Cj

complexity of n Boolean function f; for 1 <i < n, where f; = z; @ f.

For a (n, k)-Strongly- Two-Dependent Boolean function (and k = o(n)) we
obtain a 7n — o(n) lower bound. The main idea is similar to Lamagna and
Savage.

We consider the topological ordering of gates and show that there are at least
n output gates and n their parents after a certain gate.

2 New Lower Bound

Let f € B,,. By f; we define a function that is equal f @ z;. We define a F' € B!
as F' = (fi,..., fn). Note that F' depends on all variables. By M; we define
mln CUz(f
1#£7,Ci,Cj
Theorem 1. Let f be the function in B,, n > 4. Assume that for any
three pairwise different variables x;,x;, xi and three constant c;,cj,ci, € {0,1}
f lei=ci,e;=c;en=c, 18 mot constant. Then

Ti=Ci,Tj=Cj )'

Cuy(F) > My +2n—5

Let C be a circuit that has a minimal size in Uy basis and that computes F'.
By D¢ we denote the gates, whose number under some topological ordering
of the gates is more than My — 5. Note that if My > 5 then the size of C is
My —5+|D¢|. So, enough to show that |D¢| contains at least 2n different gates
for proof our theorem.

The circuit C' has n output gates computing fi, ..., f,. Denote them by that,
it is F1,..., F, (F; computes f;). Then all these gates belong to Dc.

Lemma 1. All F; € D¢.

Proof. 1t is clear that |Cy, (f) — Cu, (f @ ;)| < 3, because we can compute one
from another using only three gates. So, Cuy,(f @ x;) > Cu,(f) —3 > My — 4.
F; in topological ordering cannot have a number less than Cy, (f;) + n. a
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Every F; can not compute a constant or a variable (because f depends on at
least 4 variables), so they have 2 parents. We show that another output gate
cannot be one of these parents.

Lemma 2. No output gate is a parent for another output gate.
Proof. Let F; be a parent of F;. Then for some function g and constants c, d:
fi=g(f; ®c)®dor that same f @ x; d=(f Bz; Bc)g.

Consider a substitution x; = d,x; = ¢® 1. Let f' = f
g |$i=d,w9‘=c@l- Then

’
xzi=d,x;=c®1 and ¢’ =

=4 o1)
But in this case f’ cannot take the value 1 (otherwise in the left side we have 1,
in the right 0). So f’ equals zero, a contradiction. O

Assume that some gate G computes g and has two children F; and Fj. And
fi=(g®ci)hi ®dy and f; = (9B c2)ha  da. Then g feeds f; and f; entry with
the same constants. It means:

Lemma 3. Assume that f; = (9 @ c1)h1 ® di and f; = (9 ® ca)ha & da. Then
C1 = C3g.

Proof. Assume ¢; = 1, ¢ = 0. Consider the following product:

(fi @ d1)(f; @ d2) = (9 @ 1)h1ghs = 0

If we take a substitution z; = di,x; = da, then (f xi:dhwj:dz,)Q = 0. A contra-
diction. 0

Now we prove that every F; has a parent in D¢.
Lemma 4. For any i € [1..n] one of the parents of F; belongs to D¢.

Proof. If both parents of F; do not belong to Do then we can compute both of
them using at most My — 5 gates. We compute f; using one gate and we can
compute f with another three gates. So Cy,(f) < My —5+1+3 < My. A
contradiction. 0

Now we prove that if one parent is parent for any another output then another
parent belongs to D¢ too. Moreover, the second parent has no other output
child.

Lemma 5. For any i € [1..n] if one of the parents F; have another child say F;
(j # i) then another parent of F; belongs to D¢.

Proof. Let f; = g1g2®d and f; = (g1 ® c1)h ® e. By Lemma[3] ¢; = 0. Consider
the sum of f; and f;:

r,®r; Ddde=fi®fiddde=gi(g2 Dh).
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After assigning x; = d,z; = 1 @ e in the left side we have 1, so the expression in
the right side equals 1 and then g; |;,=d,2;=1@e e€quals 1 too. Then

fi

Then we have Cu, (f |o;=d.c;=10¢) = Cv,(92 |2i=d,z;=1@e) > My. So the gate,
computing g2 belongs to D¢. 0O

z;=d,zj=1@Pe &d =g zi=d,zj=1@e 92 |z,=d,z;=1®e= 92 |v;=d,z;=1de

Finally in the last lemma we show that second parents have no output gate as
a child.

Lemma 6. Every F; has a parent that is not a parent for any other F.

Proof. Proof by contradiction. Assume F; has parents G; and Gs, that compute
g1 and go respectively. W.l.o.g. f; = gig2 ® d. Let G1 and G2 have children Fj
and F}, respectively(i # j,i # k). Consider the following cases.

1. If j = k then we can assume f; = (g1 P ¢1)(g2 ® c2) ® e. By Lemma [3 both
c1, ¢z equal zero, so f; differs by adding constant from f;, a contradiction.

2. If j # k. Assume that f; = (g1 @ c1)hi ®e1, fv = (g2 @ c2)ha & e2. By
Lemmallc; = 0,co = 0.

(f; ®e1)(fx ® e2) = grhigaha = (fi ® d)h1ho.

Consider assigning z; = e,z = ez,z; = 1 & d. By f' we denote
f |517j:51,1k:e2717i:1@d get

f/ = (f/ S ]-)(hth) |:z:j:el,mk:eg,zi:1€9d .

If for some assignment of variables f’ equals 1, we have in the left side 1 and
0 in the right. So f’ equals 0. A contradiction.
O

Finally we can prove the theorem.

Proof (of Theorem,). It is enough to show that |D¢| > 2n to prove the theorem.
By Lemma [II we have n output gates. By Lemma M every output gate has a
parent in D¢. If this parent has another output gate as child then, by Lemma [6],
F; has another unique parent in D¢o. So every F; has unique parent in D¢. By
Lemma [2] output gates and their unique parents are different 2n gates. Thus,
the total number of gates is at least My — 5+ |D¢g| > My — 5+ 2n. O
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Abstract. The fundamental symmetric functions are EX} (equal to 1
if the sum of n input bits is exactly k), TH} (the sum is at least k), and
MODy, - (the sum is congruent to » modulo m). It is well known that all
these functions and in fact any symmetric Boolean function have linear
circuit size.

Simple counting shows that the circuit complexity of computing n
symmetric functions is 2(n?7°M) for almost all tuples of n symmetric
functions. It is well-known that all EX and TH functions (i.e., for all
0 < k < n) of n input bits can be computed by linear size circuits.

In this short note, we investigate the circuit complexity of computing
all MOD functions (for all 1 < m < n). We prove an O(n) upper bound
for computing the set of functions

{MODY,,MOD},,,...,MOD" , }
and an O(nloglogn) upper bound for
{MOD?,,,MOD3,,,...,MODy . },

where r1,72,...,ry are arbitrary integers.

1 Introduction

By B, m we denote the set of all Boolean functions f: {0,1}" — {0,1}™. B, 1 is
denoted just by B,,. A function f € B, is called symmetric if its value depends
only on the sum of the input bits. That is, there must exist a vector v € {0, 1}"*!
(called the value vector of f) such that f(x1,...,2,) = vs where s = >, ., ;.

* Research is partially supported by Russian Foundation for Basic Research (11-01-
00760-a and 11-01-12135-0fi-m-2011), RAS Program for Fundamental Research, and
JSPS KAKENHI 23700020. Part of this research was done while the second author
was visiting the University of Kyoto.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 81-B%] 2012.
© Springer-Verlag Berlin Heidelberg 2012



82 E. Demenkov et al.

The fundamental symmetric functions are EX, TH, and MOD defined as follows:

EX} (21, wn) = 1iff Y@=k,

1<i<n
THR (z1,...,2,) = 1iff Z x>k,
1<i<n
MODy, ,(21,...,z,) = L iff Z z; =7 (mod m).
1<i<n

A circuit is a directed acyclic graph with nodes of in-degree 0 or 2. Nodes of in-
degree 0 are marked by variables from {z1,...,z,} and are called inputs. Nodes
of in-degree 2 are marked by functions from By and are called gates. There are
also m specially marked output gates. Thus, such a circuit computes a function
from B, . An example of a circuit computing a function from B3 9 is given in
Fig. [ (page[84). The size of a circuit is its number of gates. By C(f) we denote
the minimum size of a circuit computing f.

It is known that the circuit complexity of almost all functions from B, is
©(2"/n) [1I2]. The best lower bound proved for an ezplicit function is 3n — o(n)
[3M4], i.e., just linear. The strongest lower bound for a symmetric function is
2.5n—0(1) [5]. Any symmetric function of n variables can be computed by linear
size circuits (Corollary [I). The best known explicit upper bound is 4.5n + o(n)
[].

Note that currently we do not know any non-linear lower bounds on the
circuit size even for functions from B, ,,. Simple counting shows that the circuit
complexity of computing n symmetric functions is 2(n?=°(")) for almost all
tuples of n symmetric functions. It is well-known (Corollary [I) that the sets of
functions

{EXy,EXY,...,EX"} and {THy, THY,...,TH}.

can be computed by linear size circuits.

In this short note, we show that all MOD-functions for 1 < m < n can also be
computed simultaneously by circuits of small size. For n integers r1,72,...,7y,
by ALLMOD;, . we denote the set of functions

7T’IL

{MODY,,,MOD3,. ,...,MODy; . }.
Ifri =ro=---=r, =r we write just ALLMOD,'. We prove the following
upper bounds:
C(ALLMODy, . )= O(nloglogn),

C(ALLMOD?") = O(n).

2 Preparations

In this section, we give some basic facts needed in our constructions. In most
cases, we ignore integral parts in the estimates. This does not influence the
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asymptotic behaviour of functions under consideration. By X we denote Y .| ;.
We also usually omit n where it is clear from the context. By logz and Inx we
denote logarithm z base 2 and e, respectively.

2.1 Basic Facts from Number Theory
Lemma 1. 1. Harmonic series ([7], Theorem 2.5.3):

1

H, = Z Z =lnn+06(1).
1<k<n

2. Harmonic series of primes ([7], Theorem 8.8.5):

1

P, = Z — =Inlnn+6(1).
p<n,peP b

3. The asymptotic law of distribution of prime numbers ([7], Theorem 8.8.1):

the number of primes less or equal than n is w(n) = O(5%).

2.2 Encodings

Given a number m € N, there are two natural ways to encode a residue number
r modulo m by binary strings.

— bin(r,m) = (bo, b1,...,bogm) is a log m-bit binary representation of r:
Z 6122 =7T.
0<i<logm

— ex(r,m) = (ep,€1,...,Em—1) is an m-bit string such that e, = 1 and e, = 0,
foral 0 <k<m-—1,k#r.

Clearly, the former representation is more compact than the latter. At the same
time it is easier to check whether a given residue number is equal to some
particular number if it is given in the second representation. E.g., to check
whether a string b € {0,1}* represents 6 mod 10 one needs to compute the
bit (—bg) A by Aba A (—bs), while if it is given as a 10-bit string e one just needs
to check the bit eg.

2.3 Building Blocks

The following two lemmas are well-known and can be found, e.g., in [§] (Sub-
sec. 3.4, pp. 85-87). Both of them are quite simple, so we sketch their proofs for
completeness.

Lemma 2. There exists a circuit of size O(n) that takes n input bits 1, ..., Ty
and outputs bin(X,n+ 1), i.e., the binary representation of X.
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I
z—+ FA | carry @

sum carry

Fig. 1. Full Adder block

LLLL o1 i

FAHFAHFA—FA— - —FA b

N4

FA FA e —— by
N\ /
FA biog n

Fig. 2. The well-known way of computing the binary representation of the sum of n
bits using 5n gates

Proof. The needed circuit can be built of the so-called Full Adders (FA). FA is a
function from Bs » that for three input bits (z, y, z) outputs two bits (carry, sum)
such that z +y + z = 2 - carry + sum. FA can be implemented using five
gates (Fig. [[l). One then needs logn layers of FA blocks to compute the binary
representation of X (Fig. 2J).

O

Lemma 3. There exists a circuit of size O(m) that for logm input bits
(Do, - - - s blogm) = bin(r,m) outputs (eq,...,em) = ex(r,m+ 1).

Proof. Note that each e; is just a conjunction dg A - - - A diog m Where each d; is
either b; or —b;. Thus, we need to compute all these m+1 conjunctions in O(m)
gates. A straightforward computation results in a circuit of size O(mlogm),
since each conjunction requires logm binary AND-gates. To reduce the size to
linear we first compute the set C; of all possible conjunctions of the first half
of b (i.e., on bits by, ..., bogm)/2) and the set C of all possible conjunctions of
the second half. This requires O(y/mlogm) gates. Then, any conjunction on all
the bits of b is just an AND of two conjunctions from C; and Cs. O

Combining the previous two lemmas we get the following corollary.
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Corollary 1. There exists a circuit of size O(n) that for n input bits
X1,T2,. .., Ty outputs (eg,...,e,) = ex(X,n+1).

Corollary [[limmediately implies that any symmetric function f can be computed
by linear size circuits. Indeed, let (eq,...,e,) = ex(X,n+1) and let (v, ..., v,)
be the value vector of f. Then clearly

f(xla"'axn): \/ (62‘/\’02‘).

0<i<n

Another thing that follows from the corollary is that {EX} }o<k<n and
{TH}; }o<k<n can be computed by linear size circuits: EX} is just e, and

THP , = TH} vV EX}_, .

Lemma 4. For any m, bin(X mod m,m) can be computed from bin(X,n + 1)
in O(lognlogm) gates.

Proof. We are given the binary representation b = (bo, . .., biogn) of the sum of
n input bits and we need to compute the binary representation of its residue
number modulo m. Let [ =logn. Then X =" __._, b;2"

We first build (I + 1) blocks By, ..., B;. The block B; takes the bit b; as an
input and outputs log m bits encoding the residue number modulo m of b;2 (i.e.,
bin(b;2° mod m, m)). Note that this is a very simple block: its output is either 0
or (28 mod m). Clearly, O(logm) gates are enough to build it.

After that, we have to sum up our (I + 1) residue numbers. For this, we need
another block A which takes two residue numbers a and b modulo m (i.e., 2logm
input bits) and outputs (a+ b) mod m (logm bits). The block A also needs only
O(log m) gates as we need to just compute the sum (a -+ b) and then subtract m
in case a+b > m. To compute the sum modulo m of (14 1) residue numbers, we
need [ copies of the block A. The size of the resulting circuit is O(logm logn).

O
Lemma 5. MODy, .. can be computed from ex(X,n + 1) in n/m gates.
Proof. This is straightforward as
MOD;, = \/ .
m|(q—r)
O

Lemma 6. MODy, ,-functions for all 1 < m < +/n and all 0 < r < m can be
computed in linear number of gates, i.e.,
¢ ({mon;,

’T}0§r<m§\/ﬁ) =0(n).
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Proof. By Lemma Ml bin(X mod m,m) can be computed in clognlogm gates.
Hence, computing bin(X mod m,m) for all m < /n requires

Z clognlogm < v/n - clognlogv/n = o(n)
1<m<y/n

gates. We then compute

ez(X mod m,m) = {MOD},

m,r }O§r<m

from bin(X mod m,m) using O(m) gates by Lemma Bl Summing over all m <
\/n gives a linear upper bound:

> 0(m)=0(n).

1<m<y/n

3 Upper Bounds

In this section, we describe small circuits for ALLMOD. We first present a
relatively simple proof of an upper bound C(ALLMOD;) = O(n) and then
prove that C(ALLMOD}, ) = O(nloglogn)

Throughout the section, we assume that bin(X,n + 1),ex(X,n + 1) and
{MOD%VT}O<T<M<\/E are already computed (by Lemmas 2 Bl and [ this re-

quires O(n) gates only).

3.1 C(ALLMOD") = O(n)

Below we prove a linear upper bound for the case when all r; are equal. Since r;’s
are equal, the problem boils down to computing MODﬁW for all prime powers m.
We compute MODy,, . - for prime powers m = p"* in two steps: for 1 < p < \/n
and v/n <p<n

Theorem 1. C(ALLMOD}) = O(n).
Proof. We compute MOD?, . for all m = p*, where p < \/n and p € P. There are

at most y/n logn such m’s (’since k <logn), hence by Lemma [ the complexity
of this is at most O(y/nlog®n).
We then compute MOD:ﬁW for all the remaining primes m (note that there

are no prime powers 1 < m = p* < n such that /n < p < n and k > 1). By
Lemma B the complexity of this step is

3y n_

Vn<p<n,peP
=n(P, — Pyy) = (Lemma [T12])
=n(lnlnn —Inlny/n+ 6(1)) = O(n).
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We have computed MODﬁW for all prime powers m. Then, for m from 2 to n,
if m is not a prime power, represent it as a product st of two relatively prime
numbers s and t. Then clearly

MOD?, , = MOD”, A MODY, .

Thus, each m that is not a prime power requires only one additional conjunction
gate, so the size of the constructed circuit is O(n). O

3.2 C(ALLMOD? )= O(nloglogn)

In this subsection, we prove an O(nloglogn) upper bound for
C(ALLMODy;, . ). Again, we first compute MODy, . for prime powers
m, but now only for m < n/Inn.

Theorem 2. C(ALLMODy, . )= O(nloglogn).

Proof. By Lemma [l clogmlog g gates are enough to compute bin(X mod ¢, q).
We first compute the remainders of X modulo all primes p < n/Inn. The number
of gates needed is at most (up to a constant factor)

Z lognlogp =
2<p<n/lnn,peP

=logn Z logp = (Lemma [TIB])

2<p<n/Ilnn,peP
=logn-0O <
=0(n).

n/lnn

W) log(n/Inn) =

Now we compute the remainders of X modulo prime powers p¥ < n/Inn for
k > 2. Since the number of such prime powers is at most v/nlogn this step takes
at most

(vnlogn)lognlogn = o(n).

As a next step, we compute MODy, . for all m < n/Inn that are not prime
powers. Represent each such m as a product of prime powers: m = qi...qx.
Then

Mopy,, = A MODI . .
1<i<k
Each MODy, ,. = can be computed from bin(X mod g;,g;) in O(log ¢;). Hence, to
compute MOD} one needs

m,rm
> loggi=log [[ ¢ =logm
1<i<k 1<i<k

gates. Overall, MODy, .. for all m < n/Inn can be computed in O(n) gates.
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Finally, we compute MODfnmm for all the remaining m’s, i.e., for m > n/Inn.

By Lemma B the number of gates needed for this step is at most

> z-

n/lnn<m<n

=n(Hp — Hyjimp) = (Lemma [TII)
=n(nn —In(n/Inn) + (1)) =
= O(nloglogn).

O

4 Further Directions

1. The most natural question that is left open is whether the circuit complexity
of ALLMODY, . is linear or not. By using the same ideas and a more
accurate analysis we were able to prove a stronger O(n logloglogn). It seems
that new ideas are needed for proving a linear upper bound.

2. The exact circuit complexity of MOD;,, is known for m = 2 and m = 4 only

[5]:
C(MOD?) = n — 1, C(MOD?) = 2.5n + O(1).

Also, it is known [BlJ6] that
2.5n — 0O(1) < C(MOD3) < 3n+ O(1).

For all the remaining m, we know a lower bound 2.5n — O(1) [B] and an
upper bound 4.5n 4 o(n) [6]. It would be interesting to close these gaps.
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Abstract. In 1965 Schiitzenberger published his famous result that
star-free languages (SF) and aperiodic languages (AP) coincide over fi-
nite words, often written as SF = AP. Perrin generalized SF = AP to
infinite words in the mid 1980s. In 1973 Schiitzenberger presented an-
other (and less known) characterization of aperiodic languages in terms
of rational expressions where the use of the star operation is restricted
to prefix codes with bounded synchronization delay and no complemen-
tation is used. We denote this class of languages by SD. In this paper, we
present a generalization of SD = AP to infinite words. This became pos-
sible via a substantial simplification of the proof for the corresponding
result for finite words. Moreover, we show that SD = AP can be viewed
as more fundamental than SF = AP in the sense that the classical 1965
result of Schiitzenberger and its 1980s extension to infinite words by
Perrin are immediate consequences of SD = AP.

1 Introduction

A fundamental and classical result of Schiitzenberger [12] says that the class of
star-free languages SF(A*) is exactly the same as the class of aperiodic languages
AP(A*). This result was published in 1965 and later extended to infinite words
by Perrin [9] in 1984. We simply write SF = AP when referring to this result.
The class of star-free languages is very robust: it also coincides with the class
FO[<] of languages definable in first-order logic [7]; and this is the same as the
class LTL of languages definable in the linear temporal logic [6]. The equivalence
of these characterizations have been established first for finite words and then
extended to infinite words.

A proof for the equivalence can be conveniently arranged in a cycle. On this
cycle the inclusion AP C LTL becomes the most difficult one. It is done in the
survey [3] with the concept of local divisors which play a prominent role here,
too.

There is another beautiful characterization of SF(A*) due to Schiitzenber-
ger [I3], which seems to be quite overlooked. It characterizes SF(A*) without
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using complementation, but the inductive definition allows the star-operation on
languages K (already belonging to the class) if K is a prefix code with bounded
synchronization delay. Since synchronization delay is the main feature in this ap-
proach, the class is denoted by SD(A*). The notion of bounded synchronization
delay was introduced by Golomb and Gordon [5] and it is an important concept
in coding theory. A proof of SD(A*) = SF(A*) can be found e.g. in the textbook
by Pin and Perrin on infinite words [10]. But although the book is on infinite
words, this result is shown for finite words, only.

The extension to infinite words is actually done for the first time in this pa-
per. This generalization became possible through the technique of local divisors,
which also simplifies the classical proof on finite words. Our main result Theo-
rem [T is slightly more precise than simply stating SD = AP for infinite words:
The extension of SD = AP to infinite words has a very nice explicit description
where the w-terms are just above star-free prefix codes of bounded synchroniza-
tion delay. Moreover, we show that SD = AP can be viewed as more fundamental
than SF = AP in the sense that the classical 1965 result of Schiitzenberger and
its 1984 extension to infinite words by Perrin are immediate consequences of
SD = AP.

We see therefore three contributions in this paper: (1) We considerably sim-
plify the classical proof SD = AP by using the algebraic tool of a local divisor.
(2) We easily extend SD = AP to infinite words by the very same proof tech-
nique. (3) We establish that SF = AP is an immediate consequence of SD = AP.
This last property can also be seen as advertisement for the class SD.

2 Preliminaries

In the following A means a finite alphabet and A* (resp. A“) denotes the sets
of finite (resp. infinite) words over A. We let A>® = A* U A“. The empty word
is denoted by 1.

A classical result in formal language theory says that a language L C A* is
regular if and only if it is recognizable, see e.g. [11]. The latter means that there is
a homomorphism ¢ : A* — M to a finite monoid M such that L = ¢~ (p(L)).
If ¢ is fixed and u € A* is a word, we also write [u], instead of ¢! (p(u)) =
{ve A*| p(v) = p(u)}. Thus, if ¢ : A* — M recognizes L, then we can write
L as a finite union L = |J{[u], | v € L}.

A finite monoid M is called aperiodic if there exists some n € N such that
" = 2"t for all x € M. Accordingly, a language L C A* is called aperiodic
if it is recognized by some finite aperiodic monoid M. The class of aperiodic
languages in A* is denoted by AP(A*).

Recognizability for w-words is a little bit more technical to explain than for
finite words. We give here a general definition for co-words, which applies to
the finitary and to the infinitary case simultaneously, but keeps the ability to
distinguish between the empty word, finite non-empty words, and infinite words,
respectively.

n
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Every word u € A can be written as either finite or infinite sequence v =
uiugus - - - with u; € AT. We have ujusus--- € A* if and only if the sequence
is finite, and u = 1 if the sequence is empty. The length of the sequence is an
element in NU {w}. Given a homomorphism ¢ : A* — M, we set

ULULUZ * -+ -+~ VIU2VZ - - -

if the two sequences have the same length and if ¢(u;) = (v;) for all 7. A
language L C A is called recognizable or regular (resp. aperiodic) if there is
a homomorphism ¢ : A* — M to a finite (resp. finite and aperiodic) monoid
M such that v € L and u ~, v implies v € L for all u,v € A®. If L C A% is
regular (resp. aperiodic), then L N A* is regular (resp. aperiodic) in the usual
sense. Moreover regular (resp. aperiodic) languages of A* in the sense defined
above remain regular (resp. aperiodic) in the new definition. As usual, AP(A>)
denotes the class of all aperiodic languages in A*. Similarly, AP(A“) contains
all aperiodic languages in A¥. We remark that regular languages in A“ are
sometimes called omega-regular (or w-regular). We shall use the following simple
observation.

Lemma 1. Let L C A be reqular. Then the following assertions are equivalent.

1. L € AP(A®™).
2. There exists n € N such that for all u,z,y,z € A* we have

(zu"yz* € L & zu" My e L) and (z(u"y)” € L& z(u"y)¥ e L).
3. There exists n € N such that for all u,x,y,z € A* we have
(zu"yz* € L= zu" 'y € L) and (z(u"y)* € L= z(u""'y)* € L).

Proof. The language L is aperiodic if and only if its syntactic monoid in the
sense of Arnold [I] is aperiodic, see e.g. [10]. Hence, [ is equivalent to 2l The
implication from [2 to B] is trivial. It remains to show that [} implies @ It is
here where we use the hypothesis that L C A is regular. Since L is regular,
its syntactic monoid is finite and it recognizes L. Hence there is some p > 0
such that, for all n large enough, zu"yz* € L if and only if zu"Pyz* € L,
and z(u"y)* € L if and only if z(u"*Py)* € L. The result follows because by
applying the hypothesis p— 1 times, we may conclude that zu™1yz* € L implies
2u™Py2% € L and that z(u""'y)¥ € L implies z(u""Py)~ € L. |

The language (aa)* is not aperiodic, but (aa)* = a* is aperiodic. However we
can infer aperiodicity of K from that of K*. The following lemma is well-known
and it belongs to folklore. For lack of a precise reference and for convenience of
the reader we give its proof.

Lemma 2. If K* € AP(A*), then K“ € AP(A>).
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Proof. Choose m € N such that zu™y € K* implies zu™1y € K* for all
u,z,y € A*. Let zu™yz¥ € K“. Then we find a prefix xzu™y € K* such that
ru™yz¥ = zu™jze. It follows that zu"yz¥ € K¥ implies zu"tlyz¥ € K¥ for
all n > m. This is the first part in statement [3] of Lemma [I1

Now let n = 2m and consider z(u"y)* = wvivguz--- with v; € KT for all
i € N. By Lemma [l it remains to show that x(u"*1y)* € K. We may assume
u # 1. The infinite sequence viv9v3 - -+ defines cut points in the infinite word
z(u"y)* by choosing the positions between v; and v;11. By gathering factors
v; -+ - vp together, we may assume that each factor u” contains at most one cut
point. We can write each u™ = u™u™ such that either the first 4™ or the second
4™ is without any cut point, and we can apply the hypothesis at all occurrences
of u™. Thus z(u"™'y)* € K¥. O

3 Local Divisors

Let M be a finite monoid and let ¢ € M. Consider the submonoid M’ =
{x € M | zc € ¢cM}. The right-translation by ¢ shifts M’ to M'c = cMNMe. Ac-
cording to [2] we turn ¢cM N Mec into a monoid by defining a new multiplication o
on cM N Mc by:

TCcocy = xcy.

It is straightforward to see that o is well-defined and (¢cM N Me¢, o) is a monoid
with neutral element c¢. Moreover, x +— xc yields a surjective homomorphism
from M’ onto (¢cM N Me,o). Thus, (¢cM N Me,o) becomes a divisor of M; it
is called the local divisor of M at c. As a consequence, if M is aperiodic, then
(cM N Me, o) is aperiodic, too. Local divisors were introduced in commutative
algebra in [§]. In finite semigroup theory they first appear in [2] and have been
used, among others, in a recent proof of the Krohn-Rhodes Theorem [4].

Lemma 3. If M is aperiodic and ¢ # 1, then |cM N Mc| < |cM| < |M].

Proof. Assume 1 € ¢M. Then there exists d € M such that 1 = cd. Since M
is aperiodic, we have ¢” = ¢"*! for some n € N. Now, 1l = ¢-1-d = c"d" =
¢"t1d" = ¢, a contradiction. Thus 1 € M \ cM. 0

4 Schiitzenberger’s Class SD

A language K C A* is called prefiz-free if u,uv € K implies u = uv. A prefix-free
language K C AT is also called a prefiz code since every word u € K* admits
a unique factorization u = wuy ---ug with & > 0 and u; € K. A prefix code K
has bounded synchronization delay if for some d € N and for all u,v,w € A* we
have:

if wow e K* and v e K¢, then wv € K*.

If d is given explicitly, we also say that K has synchronization delay d. Note
that every subset B C A yields a prefix code with synchronization delay 0. In
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particular, the sets B are prefix codes of bounded synchronization delay for all
B C A.

The intuition behind this concept is the following: Assume a sender emits a
stream of code words from K, where K is a prefix code of bounded synchroniza-
tion delay d. If a receiver misses the beginning of the message, he can wait until
he detects a sequence of d code words. Then he can synchronize and decipher
the remaining text after these d words.

We now inductively define Schiitzenberger’s language class SD(A*) simulta-
neously for finite and infinite words as follows:

We have () € SD(A>) and {a} € SD(A>) for all letters a € A.

If L, K € SD(A™), then LUK € SD(A>).

If L, K € SD(A™), then (LN A*)-K € SD(A>).

If K € SD(A>) with K C A% such that K is a prefix code with bounded
synchronization delay, then K*, K* € SD(A>).

W

Note that (unlike the definition of star-free sets) the inductive definition of
SD(A*) does not use any complementation. The class SF(A>) of star-free lan-
guages is defined similarly, but the closure property @ is replaced by

4. If K € SF(A®), then A%\ K € SF(A%).

By SD(A*) we denote the finitary subclass of SD(A*). That is, SD(A*) =
{L € SD(A*®) | L C A*}. Similarly, SD(A%) is its infinitary subclass. Also note
that (* = {1} belongs to SD(A*) because 0 is a prefix code of bounded synchro-
nization delay.

Ezample 1. Let B C A. For every letter ¢ € B we let B, = B\ {c}. Then
Blc € SD(A*) and B}c is a prefix code with synchronization delay 1. Thus
the language L. = (B}c)* of all words with infinitely many ¢ is in SD(A>).
Since every infinite word contains some letter occurring infinitely often, we have
B¢ = J.cp Le. In particular, the set of all infinite words B“ over the alphabet
B is in SD(A%). o

Lemma 4. We have SD(A™) C AP(A>).

Proof. The class AP(A®) contains all finite subsets of A% and it is closed under
finite union and concatenation, see e.g. [3]. By Lemma [2it is enough to show the
following claim which concerns only finitary languages: If K € SD(A*) is a prefix
code with synchronization delay d, then K* is aperiodic. By induction we may
assume that K € AP(A*). Hence, by Lemma [I], for some n € N and all words
u,x,y we have zu"y € K if and only if zu™*'y € K. Moreover, by the same
lemma it is enough to show that zu™¢t1y € K* implies zu™(@tD+1y ¢ K* for
all words u,x,y.

Consider u € AT and let m = n(d + 1). Suppose zu™y € K7T. There is a
unique factorization zu™y = vy --- v with v; € K. If 4™ occurs as a factor of
some v;, then we are done, because inside such a factor v; we can replace u™ by
w1t Therefore, we can assume zujug € K1 for ujusug = v™ =1 with ug € K.
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Since K is a prefix code, we have ¢ = uzuy € K*. The prefix p = zuuius of zu™y
ends with a word in K?. Note the extra u after z in p. Thus, by synchronization
delay, we conclude p € K*. It follows that zu™tly = pg € K+. O

5 SD Equals AP

We consider the general situation for languages in A, i.e., we deal with finite
and infinite words simultaneously. Theorem [ is our main contribution. The
first part of the proof also yields a simple proof for the corresponding result
SD(A*) = AP(A*) over finite words.

Theorem 1. Let L C A®. The following assertions are equivalent:

1. L € SD(A>).
2. L € AP(A®>).
3. L can be written as finite union

m
L =LyU ULiKg“,

i=1

where L;, K; € SD(A*) and all K; are prefix codes with bounded synchro-
nization delay.

Proof. Recall that if K € SD(A*) is a prefix code of bounded synchronization
delay, then K“ € SD(A®) by definition. The implication B = [ is therefore
trivial. The implication [l = [Blis the content of Lemma Ml It remains to show
the implication @1 = [Bl Note that for L C A* this means just to show 2 = [

We start with a recognizing homomorphism ¢ : A* — M to a finite aperiodic
monoid. We will also show that the languages L; and K; appearing in the ex-
pression given by Bl can be chosen from a finite collection of sets which depends
on the homomorphism ¢, only.

Let us denote by =, the equivalence relation generated on A> by ~,, and for
each w € A® let [w], = {v € A® | v =, w}. Since L is regular, there are only
finitely many classes wa]] »- Note that according to our definition of ~, and =,
we have three possibilities: [w] , = {1} or [w], = [w], \{1} € AT or [w], € A~

We show that for every word w € A there exists a language L(w) € SD(A™)
satisfying w € L(w) C [w],, such that the size of the rational expression for L(w)
is bounded by a function in |M| and |A[; in particular, it does not depend on the
length of w. In addition, if w is a finite word, then the expression for L(w) does
not use terms of the form K*. It follows L = (J, ¢, L(w) and this union is finite
since there are only finitely many languages L(w). The proof is by induction on
the parameter (|M|,|A|) with lexicographic order.

Let C = {a € A| a occurs in w}. First, suppose |o(C*)| = 1. If w = 1, we
have L(w) = {1}; if w € AT, then we can set L(w) = C*t; and if w € A, then
L(w) = C¥ and this language is in SD(A*) by Example[ll This covers both cases
|[M| =1and A = (). Hence, in the remainder of the proof we may assume ¢(c) # 1
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for some letter ¢ € A occurring in w. Let B = A\ {c}. We write w = uv with
u € B* and v € cA*. By induction on the alphabet, there exists L(u) € SD(B*)
and it remains to construct L(v) € SD(A*). Then L(w) = L(u)L(v). In the
remainder of the proof we therefore assume w € cA*>. We now distinguish two
cases: The word w contains only finitely many occurrences of the letter ¢ or it
contains infinitely many c.

5.1 Finitely Many c

We can write w = uw’ with u € ¢(B*c)* and w’ € B*. By induction, there exists
L(w'") € SD(B*) and it suffices to construct L(u) € SD(A*). Define a new finite
alphabet T' = {[v], | v € B*} and let M. = (¢(c)M NMp(c), o) denote the local
divisor of M at ¢(c), see Section Bl Let ¢ : T* — M, be the homomorphism
induced by the mapping [v], — ¢(cvc) for [v], € T. Next, we define a mapping
(substitution) o : (B*c)* — T by o(vic---vke) = [vi]y - - - [ug]y for v; € B*. By
definition of the operation o in M, we see:

P(o(vic--vke)) = P([vi]e - [vkly)
P([va]e) 0 -+ 0 Ph([ve],)

= p(cvic- - - ve).

Hence, for all m € M. we obtain ¢! (m) Ne(B*c)* = co™ (¢~ (m)). Thus, we
can set L(u) = co™!(L(o(u'))) for u = cu/. By Lemma Bl we have |M.| < [M]|
and therefore, by induction on the size of the monoid, L(o(u")) € SD(T™*) exists.
It remains to show that K € SD(T*°) implies 0~ (K) € SD(A). This last step
is done by structural induction over the expression for K. For every v € B*
there exists a language L(v) € SD(B*) by induction on the size of the alphabet.
Hence, for every letter ¢t € T' we have:

a—l(t)—< U L(v))c

vEB*, [v], =t

and this union is finite. For L, K € SD(T*) we have:

o (LUK)=0"YL)Uo ! (K),
o NLK)=0"YL)o ! (K),
o HK") =07 (K),
oY K¥) =0 HK)¥

We still have to see that 0~1(K) is a prefix code of bounded synchronization
delay, if K has this property. Clearly, 1 ¢ o~!(K). To see prefix-freeness, consider
u,uv € o~ (K). This implies u € A*c and hence, o(uv) = o(u)o(v). It follows
that v = 1 because K is prefix-free. Finally, let L = 0~!(K) and suppose that
K has synchronization delay d. We show that L has synchronization delay d+ 1:
Let uvw € L* with v € L4, Write v = u/cv’ with v’ € L?. Note that v’ € A*c.
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It follows o(uv) = o(uv'c)o(v') and o(v') € K< Thus, o(uv) € K*. We obtain
uv € L* as desired. This completes the case where there are only finitely many c.
In particular, we can derive SD(A*) = AP(A*) at this point.

5.2 Infinitely Many c

We have w = cw’ with w’ € (B*¢)¥. The substitution o is extended from finite to
infinite sequences o : (B*c)¥ — T by o(vicvac---) = [vi]p[va]y, - - - for v; € B*.
By induction on the size of the monoid, there are languages Ly, K1 € SD(T™*)
such that Kr is a prefix code of bounded synchronization delay, which satisfy:

o(w') € Lt K7 C [o(w)], -

The languages L7 and K7 can be chosen from a finite set depending on the
homomorphism v : T* — M., only. Let L = 0=*(L7) and K = ¢~ '(Kr). By
Section Bl we know that L, K € SD(A*) such that K is a prefix code of bounded
synchronization delay. Let L(w) = ¢LK*; then we have w € L(w). We still have
to prove cLK* C [ew],,. This is a subtle point. It is achieved by some trick as
done in [2].

Let v € cLK*. Then we have o(v') € [o(w')], for v = " and w = cw'.
Hence o(v") =y o(w'). Since = is the equivalence relation generated by ~, it
remains to show the following claim.

Claim: o(v) ~y o(w) implies cv =, cw for all v,w € (B*c)*.

To see the claim write o(v) = o(vic)o(vec)--- and o(w) = o(wic)o(wac) - - -
with v;e, wie € (B*e)t such that ¢(o(v;c)) = ¥(o(w;c)) for all i € N. It follows
p(cvic) = p(cw;ce) for all i € N, see Section [l Thus

= (cvic)va(cvsc)vya(c:--
~y, (cwic)va(cwsc)va(c: - -
= cwy(cvac)ws(cvge) - - -
~y cw (cws)cws(cwyc) - - -

= Ccw.

This completes the proof of the claim and the proof of the theorem. a

Corollary 1. We have SD(A*) = AP(A*) and SD(A¥) = AP(AY). Moreover,
every language SD(AY) is a finite union of languages of the form LK where
L,K € SD(A*) and K is a prefiz code with bounded synchronization delay.

Proof. The first two statements immediately follow from SD(A>) = AP(A)
in Theorem [0l The last property follows by taking Ly = () in statement [3] of the
same theorem. O
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6 SD = AP Implies SF = AP

The aim of this section is to show that Theorem[Ilcan be viewed as more general
than the classic result that star-freeness is equivalent to aperiodicity. In this sense
we would like to propose the thesis that SD = AP is a more fundamental result
in formal language theory than the celebrated result SF = AP. We are aware
that such a thesis is debatable. Therefore, we spend a few words to explain the
idea.

First, by Theorem [Il we have SD(A>) = AP(A*). Hence, SD(A°) is closed
under complementation and therefore, trivially, SF(A*) C SD(A>). Thus, in or-
der to establish SD(A>) = SF(A*) = AP(A®) it remains to see that SD(A>) C
SF(A®°). For this inclusion in turn, it is enough to prove the following simple
fact.

Lemma 5. If K € SF(A*) is a prefiz code of bounded synchronization delay,
then A\ K is star-free.

Proof. As K is a prefix code we can write A> \ K as an infinite union:

AP\ K> = J (K'AA>\ K71A>). (1)
0<i

Now, let d be the synchronization delay of K. Then we can write

A\ K™ = A*KYAA®\ KA®)U | (K'AA®\ K71 A),
0<i<d

The inclusion from left to right follows from Equation (). The other inclusion
holds since the intersection of K> and A*K%(AA>® \ KA*) is empty. This is
obtained by using the definition of synchronization delay. O

Several comments are adequate.

Remark 1. The result of Lemma [0 for finitary languages is due to Schiitzenber-
ger [I3]. Another proof (which yields a star-free expression for A* \ K*) can be
found in the textbook of Perrin and Pin [I0, Lemma VIIL6.5]. &

Remark 2. The proof for SD(A*) = SF(A>*) = AP(A*) can be arranged in a
cycle. In this case we would start with Lemma [Blshowing directly that SD(A>) C
SF(A>). Next, one uses the classical construction showing that AP(A>) is closed
under concatenation. This yields SF(A>) C AP(A*). Now, the final and most
difficult step is just the implication from [2 to [}l in Theorem [0l This concludes
the cycle. Note that in this cycle the statement of Lemma [ has not been used
because in a cycle it can be substituted by Lemma <&

Remark 8. We have just argued that SF(A*°) = AP(A>) is an immediate con-
sequence of the result SD(A>) = AP(A*>). We claim that it is however not
equally simple to deduce SD(A*) = AP(A*>) from SF(A>®) = AP(A*). In-
deed, the easy part is to see that SD(A>) C AP(A*) or SD(A>) C SF(A>).
But then it remains the hard part which is to show one of reverse inclusions. <
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Abstract. Consider a random bipartite multigraph G with n left nodes
and m > n > 2 right nodes. Each left node = has d; > 1 random right
neighbors. The average left degree A is fixed, A > 2. We ask whether for
the probability that G has a left-perfect matching it is advantageous not
to fix d, for each left node x but rather choose it at random according
to some (cleverly chosen) distribution. We show the following, provided
that the degrees of the left nodes are independent: If A is an integer
then it is optimal to use a fixed degree of A for all left nodes. If A is
non-integral then an optimal degree-distribution has the property that
each left node x has two possible degrees, |A| and [A], with probability
pe and 1 — pg, respectively, where p, is from the closed interval [0, 1] and
the average over all p, equals [A] — A. Furthermore, if n = ¢-m and
A > 2 is constant, then each distribution of the left degrees that meets
the conditions above determines the same threshold ¢*(A) that has the
following property as n goes to infinity: If ¢ < ¢*(A) then there exists a
left-perfect matching with high probability. If ¢ > ¢* (&) then there exists
no left-perfect matching with high probability. The threshold ¢*(A) is the
same as the known threshold for offline k-ary cuckoo hashing for integral
or non-integral k = A.

1 Introduction

We study bipartite multigraphs G with left node set S and right node set T,
where each left node = from S has D, right neighbors. The right neighbors are
chosen at random with replacement from 7", where the number of choices D, is
a random variable that follows some probability mass function p,. Let |S| = n
and let |T| = m as well as 1 < D, < m for all « from S. For each z from S
let A, be the mean of D,, that is, A, = > ;" - ps(I), and let A be the average
mean, i.e., A =1/n-) .qA;. We assume that the random variables D,z € S,
are independent and A is a given constant.

Our aim is to determine a sequence of probability mass functions (p,).ecs for

the random variables (D, ).ecs that maximizes the probability that the random
* Research supported by DFG grant DI 412/10-2.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 99 2012.
© Springer-Verlag Berlin Heidelberg 2012



100 M. Dietzfelbinger and M. Rink

graph G = G(A, px)xES) has a matching that covers all left nodes, i.e., a left-
perfect matching]. We call such a sequence optimal. Note that there must be
some optimal sequence for compactness reasons.

1.1 Motivation and Related Work

Studying irregular bipartite graphs has lead to major improvements in the per-
formance of erasure correcting codes. For example in [6] Luby et al. showed how
to increase the fraction of message bits that can be recovered for a fixed number
of check bits by using carefully chosen degree sequences for both sides of the un-
derlying bipartite graph. The recovery process for erased message bits translates
directly into a greedy algorithm for finding a matching in the bipartite graph
associated with the recovery process. This was the motivation for the authors
of [1I2] to study irregularity in the context of offline k-ary cuckoo hashing. Here
one has a bipartite graph with left nodes corresponding to keys and right nodes
corresponding to table cells, where each key randomly chooses table cells with-
out replacement and the aim is essentially to find a left-perfect matching. In
[1] it was proven that if the degree of each left node follows some distribution
with identical mean and is independent of the other nodes then it is optimal in
an asymptotic sense if the degree of each left node is concentrated around its
mean. This is in contrast of the following observation in [7] in analogy to [6]: an
uneven distribution of the degrees of the left nodes can increase the probability
for the existence of a matching that has the advantage that it can be calculated
in linear time, by successively assigning left nodes to right nodes of degree one
and removing them from the graph.

1.2 Results

We will show that for given parameters n,m, and A there is an optimal se-
quence of probability mass functions that concentrates the degree of the left
nodes around |A] and [A]. Furthermore, if A is an integer we can explicitly de-
termine this optimal sequence. In the case that A is non-integral we will identify
a tight condition that an optimal sequence must meet.

Theorem 1. Let n < m, as well as n,A > 2, and let (pz)zes be an optimal
sequence for parameters (n,m,A). Then the following holds for all x € S.

(i) If A is an integer, then p,(A) = 1.

(i1) If A is non-integral, then py(|A]) € [0,1] and px([A]) =1 — pa(|A]).

The second statement is not entirely satisfying since it identifies no optimal
solution. However, we will give strong evidence that in the situation of Theo-
rem [I] (%) there is no single, simple description of a distribution that is optimal
for all feasible node set sizes.

Since the case A = 2 is completely settled by Theorem [I] (<), we focus on the
cases where A > 2, with the additional condition that the number of left nodes

! In the following we will use “matching” and “left-perfect matching” synonymously.
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is linear in the number of right nodes, that is n = ¢ - m for constant ¢ > 0.
We show that for sufficiently large n all sequences that meet the condition of
Theorem [I] (i¢) asymptotically lead to the same matching probability. Therefore,
we call these sequences near optimal.

Proposition 1. Let n = ¢-m, for constant ¢ > 0, and let (p.)zes be a near
optimal sequence with average expected degree A > 2. Then for sufficiently large
n there is a threshold c*(3) such that the random graph G = G(&, (pz)zes) has
the following property.

(i) If c < ¢*(A), then G has a matching with probability 1 — o(1).

(ii) If ¢ > ¢*(A), then G has no matching with probability 1 — o(1).

The threshold ¢*(A) is exactly the same as the threshold given in the context of
k-ary cuckoo hashing for integral k [5J4l2], and non-integral k [2], where k = A.

So in the case that n = ¢-m all near optimal sequences are hardly distinguish-
able in terms of matching probability, at least asymptotically, but we will give
strong evidence that there are only two sequences that can be optimal, where
the decision which one is the optimal one depends on the ratio c.

Conjgecture 1. Let (py)zes be an optimal sequence for parameters (n,m,A) in

the situation of Theorem [ (i7) for n = ¢-m and constant ¢ > 0 and A > 2. Let

a=[A] —A.

(1) If ¢ < ¢*(a), then p;(|A]) =1 for a-n nodes and p,([A]) =1for (1—a)-n
nodes (assuming that o - n is an integer).

(#3) If ¢ > c*(A), then py(|A]) = and py([A]) =1—aforall z € S.

That is, if ¢ is to the left of the threshold then it is optimal to fix the degrees
of the left nodes, and if ¢ is to the right of the threshold then it is optimal to
let each left node choose its degree at random from |A] and [A], by identical,
independent experiments.

Overview of the Paper. The next section, which is also the main part, covers
the proof of Theorem [Il It is followed by a section devoted to the discussion
of Conjecture [II The proof of Proposition [Il is given in the full version of this
paper [3l Appendix BJ. It uses standard techniques on concentration bounds for
nodes of certain degrees.

2 Optimality of Concentration in a Unit Length Interval

In this section we prove Theorem[Il We define the success probability of a random
graph as the probability that this graph has a matching. Let n, m and A be fixed
and consider some arbitrary but fixed sequence of probability mass functions
(pz)zes. We will show that if this sequence has certain properties then we can
do a modification, obtaining a new sequence (p})zecs with the same average ex-
pected value A, such that G(&, (p},)zcs) has a strictly higher success probability

than G(A, (px)xeg).

Lemma 1 (Variant of [2, Proposition 4]). Let (p;)zes be given. Let z € S
be arbitrary but fized. If in p, two degrees with distance at least 2 have nonzero
probability then (p.)zcs is not optimal.
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The lemma was stated in [2] and proven in [I] for a slightly different graph model.
Its proof runs along the lines of [1]; it is given in [3}, Appendix A]. After applying
the first lemma repeatedly one sees that in an optimal sequence each left node
node has either a fixed degree (with probability 1) or two possible degrees with
non-zero probability, where these degrees differ by 1. The lemma and [T)2] do
not say anything about the relation between the degrees of different nodes. This
follows next.

Lemma 2. Let (p;)zes be given, where for each x € S the only degrees with
nonzero probability are from {|a.], [az]}. Let y,z € S be arbitrary but fized. If
|ay] and || have distance at least 2, or [a,] and [A.] have distance at least 2,
then (pz)zes is not optimal.

Lemma 2lis proved in Section 2.1l Using Lemma[2 one concludes that an optimal
sequence restricts the means A, for each x € S, to an open interval (I — 1,1+ 1)
for some integer constant [ > 2. Hence all degrees that appear with non-zero
probability must be from {l — 1,1,1+ 1}. With the help of the next lemma one
concludes that actually two values are enough.

Lemma 3. Let (p;)zes be given, where for each x € S the only degrees with
nonzero probability are from {|az |, [Az]}. Let y,z € S be arbitrary but fized and
assume that Ay and A, are non-integral. If [a,] and |A,] have distance 2 then
(pz)zes is not optimal.

Lemma [Blis proved in Section 2.2l Combining Lemmas[I] 2, and Bl we obtain the
following for an optimal sequence. If | < A <1+ 1 then it holds I < A, <[+1,
for all x € S, and all degrees that appear with non-zero probability must be
from {I,1+ 1}. If A is an integer, then by definition of A, we have p,(A) =1 for
all z € S. Hence Theorem [Tl follows.

So, to complete the proof of the theorem, it remains to show the three lemmas,
which is done in the following two sections for Lemmas 2 and B and in [3}
Appendix A] for Lemma[ll We make use of the following definitions.

For each set S’ C S let Gg/ be the induced bipartite subgraph of G with left
node set S’ and right node set T, particularly G = G. A matching in Gg is
a matching that covers all left nodes (left-perfect matching). We define Mg as
the event that Gg/ has a matching.

2.1 Average Degrees of Different Nodes are Close

In this section we prove Lemma 2l Consider the probability mass functions p,
and p, for the degrees D, and D, respectively. By the hypothesis of the lemma,
py and p, are concentrated on two values each, i.e.,

py(k) =p, py(k+1)=1-p p=(1)=q, p-(I+1)=1—-gq,

with p € [0,1] and ¢ € [0, 1]. By the assumption, we may arrange things so that
k—1>2and
(1) k=|ayl,l=|a]aswellasp=1—(ay, — [ay]), ¢ =1—(a, — |a.]),
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or (it) k+1=[a,],l+1=[a]aswellasp=[a,] — 2y, ¢=[a.] —A,.
We will show that changing p, to pj, and p. to p such that A} = A, — 1 and
A=A, +1, via

py(k—=1)=p, py(k)=1-p pLl+1)=gq, p.(1+2)=1-¢q,

will strictly increase the probability that Gg has a matching, while it does not
change A. For this, will show

Pr(Ms | py,p=) > Pr(Ms | g, 0%) ,

abusing condition notation a little to indicate changed probability spaces. We fix
the neighborhood N, for the remaining elements « € S—{y, z} and therefore the
graph Gg_g, 1. Since there can be a matching for S only if there is a matching
for S — {y, z} it is sufficient to show that

Pr (MS | MS—{%Z}apyapz) > Pr (MS | MS—{y,z}ap;aplz) . (1)

Let Fail(dy,d.) = Pr (M | Mg_yy..}, Dy = dy, D, = d.). Then (@) holds if and
only if

Z Fail(dy, d:) - py(dy) - p=(dz) > Z Fail(dy, d.) 'P;(dy) p(dz) . (2)
dy€{k,k+1} dy€{k—1,k}
d.e{ll+1} d.e{l+1,1+2}

Note that if £ — ! = 2 then the summand regarding d, = k and d. = [+ 1 on the
left-hand side is the same as the summand regarding dy =k —1 and d, =1+ 2
on the right-hand side. Hence, to prove (@) it is sufficient to show that

Fail(k,{) > Fail(k — 1,1 + 1) . (3)

For this, consider the fixed graph Gg_,.}. We classify the right nodes of
G's_{y,»} according to the following three types:

— We call v blocked if v is matched in all matchings of Gg_g, }-

— We call v free if v is never matched in any matching of Gg_yy .-

— We call v half-free if v is neither a blocked nor a free node.
Let B be the set of blocked nodes, let F' be the set of free nodes, and let HF
be the set of half-free nodes. Elements of B = F U HF are called non-blocked
nodes. For a moment consider only the non-blocked nodes. For each right node
set V C B let Hy be an auxiliary graph with node set V that has an edge
between two nodes v1,v2 € V if and only if there exists a matching for Gg_y, .y
in which vy and vy simultaneously are not matched. Let V be an arbitrary but
fixed subset of B. The following observation is crucial.

Claim 1. If Hy has any edges at all then it is connected.

PrROOF OF CLAIM. First note that if there is a free node in V then Hy is
connected by definition of the edge set of Hy . Therefore it remains to consider
the case where all nodes of V' are half-free nodes. It is sufficient to show that
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if for three nodes vy, v2,vs from HF the edge (vi,v2) is in Hy then one of the
edges (v1,v3) or (va,v3) must be present as well. Assume for a contradiction
(v1,v2) is an edge but vs is neither adjacent to v; nor to vy. This implies that
there are two matchings in Gg_y, .}, M and M’ say, such that in M

— node vz is unmatched (vs is a non-blocked node), but
— nodes v; and ve are matched since edges (v1,v3) and (ve, vs) are not in Hy,

and in M’ we have:

— node v3 is matched (v is a half-free node), but
— v1 and vy are unmatched since edge (v1,v2) is in Hy.

Now consider the bipartite multigraph M U M’ consisting of all edges from both
matchings and the corresponding nodes. The graph M U M’ has the following
properties: Nodes on the left side have degree 2 (both matchings are left-perfect).
Nodes on the right side have degree 1 or 2, in particular, v1,v2,v3 have degree 1.
Hence M U M’ has only paths and cycles of even length. On all paths and cycles
edges from M and M’ alternate. Nodes v; and vy must be at the ends of two
distinct paths (since both are incident to M-edges). Node vs must be at the end
of a path (incident to an M’-edge).

Without loss of generality, we may assume that v; and vs do not lie on the
same path. Starting from M’, we get a new matching in which neither v; nor
v are matched by replacing the M’-edges on the path with v3 by the M-edges
on this path. Therefore there must be an edge (v1,vs) in Hy, which contradicts
our assumption, proving the claim. O

Now consider the set B of non-blocked nodes and the corresponding graph Hg.
We define ~ as the following binary relation: v; ~ wvg, for nodes v; and wvs, if
(v1,v2) is not an edge in Hp.

Claim 2. The relation ~ (no edge) is an equivalence relation.

PrOOF OF CLAIM. Clearly ~ is reflexive and symmetric. Assume for a contradic-
tion ~ is not transitive. That is, we have three nodes vy, v and vz with v; ~ vy
and ve ~ vg but vy 7% vs. Let V' = {v1, v, v3}. Since v, # vs, the edge (v1,vs3) is
in Hz and therefore in Hy. According to Claim [[] Hy must be connected, i.e.,
Hy and therefore Hz must contain (vy,vs) or (va,v3). Hence vy o4 v or vy % vs,
which is a contradiction. O

According to the claim it follows that the right node set T' of Gg_y, .} can be
subdivided into disjoint segments BU I Uy U... = T, where B is the set of
blocked nodes and Iy, Io,. .. are the maximal independent sets in Hz and the
equivalence classes of ~, respectively. For each pair I, I}, with s # ¢, it holds
that Hy s, is a complete bipartite graph. Note that each free node leads to a
one-element set ;. With this characterization of Hg we can express the event
that for a fixed neighborhood N, € S — {y, z}, which admits a matching for
G's_{y,}, there is no matching for G5 as follows
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{N, € BYU{N. € BYU|J{(N,UN.) € (BUL,)} . (4)

Let BZg_gy (b, 7,01,...,i,) be the event that Gg_g, .3 has [B| = b many
blocked nodes and r (nonempty) maximal independent sets according to the
definition above, with |I;| =4; and 41 <o < ... <14,. Let

fail(dy, d.,b,7,i1,...,4,) =
Pr(M | Mgs_qy.y, Dy =dy,D. = d, BLg_gy 1 (b,7,i1,. .., ir)) .

Then (@) implies that

dy d. dy d.
ina-(2)"+ () - (2
m m m m
i\ b\ i b\ b\
m m m m ’

+>
j=1

Using the law of total probability we can rewrite the value Fail(d,, d.) (line below

(@) as follows:

Fail(dy,d.) = Y fail(dy,dz,b,7,i1, ..., i)
(b,7i1,. i) . PT(BIS_{%Z}(I), r, il, e ,ir) | MS_{%Z}) .

We will abbreviate fail(dy,d.,b,7,%1,...,4,) by fail(dy,d.) for the rest of the
paper. In order to prove (3] it is sufficient to show

fail(k,l) > fail(k — 1,1+ 1) , (5)
for each BZ-vector (b,r,i1,...,4,). Let v; = 4;/m and let 8 = b/m. Thus,
fail(k, 1) = * + 8! = B+ [+ 8 = 8] - [(; +8) = 8] . (6)
j=1
Hence, inequality (Bl holds if and only if

BE B = BT = BT SY  (y + B) = B [+ B) ]

Jj=1

—[(vj +B)* =B - [(v; + B) = B

s (1-8-6-"> Z%‘ B (B =B ()] (D)
=t o(kv;.)

Note that if » = 1 there is no matching for Gg. Hence we are only interested
in the case r > 2, which implies that i; < m — b and 7; < 1 — 3, respectively.
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Consider the right-hand side of the inequality. The expression within the square
brackets increases monotonically with increasing ;, since we have

3¢(l, kapyjaﬂ)

—(E—1)-8 - + B2 1B (;+ B >0
8%

k-1 - .
& 7= (AT >

and the last inequality holds because of K —{ > 2 and 7; + 8 > (. Therefore
replacing ; with 1 — 3 within ¢ and using that Z;Zl vj = 1— 0 strictly increases
the right-hand side of (7]) and yields the left-hand side of (7). But since we assume
v; < 1 — [ the strict inequality holds. Due to the fact that the event {r > 2}
has positive probability Lemma [2] follows. |

2.2 Optimal Distributions Use Only Two Neighboring Degrees

In this section we prove Lemma [3l Consider the probability mass functions p,
and p, for the degrees D, and D, respectively. Let |a,| =l and [a,| =1—1 as
wellasp=1—(a, — [ay]) and ¢ =1 — (a, — [A,]). By the hypothesis of the
lemma we have
py() =p, py(l+1)=1-p p(l=1)=4q, p:() =1—gq,
with p € (0,1) and g € (0,1). To prove Lemma [B] we will show that changing p,
to p, and p, to p., via
py)=p+e pl+1)=1-p—c p(l-1)=q-¢ p()=1-q+e,

for some small perturbation & # 0 will strictly increase the probability that Gg
has a matching, while it does not change A. Hence as in the proof of Lemma
we will show that

Pr (Ms | ,Oy,pz) > Pr (Ms | p;,plz) .

As before we fix the neighborhood N, for the remaining elements x € S — {y, z}
and therefore the graph Gs_¢, .y. As in Lemmal we conclude that it is sufficient
to show that for some perturbation term e # 0 we have

Z Fail(dy, d.) - py(dy) - p=(d=) > Z Fail(dy, d.) - pi,(dy) - p.(d:) -
dy€{l,14+1} dye{l,1+1}
d,e{l-1,1} d,e{l-1,1}

Subtracting the left-hand side from right-hand side gives
[—62 —¢e-(p—q)] - [Fail(l,l — 1) + Fail(l + 1,1) — Fail({,1) — Fail(l + 1,1 — 1)]

Ko
—e- [Fail(l + 1,1 — 1) — Fail(l,1)] < 0
K1
& 2 Ko—e[(p—q) Ko+ K] <0. (8)

L
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From (@), which was proven in Lemmal[2] it follows that K7 > 0. There are three

cases.

Ky = 0. Since we have K7 > 0, it is easy to see that (8]) holds for € > 0.

Ky > 0. Regardless whether L is zero, positive, or negative, () holds for some
small € # 0.

Ky < 0. The only critical case would be L = 0, but we will show that it holds
K, > —Kj and therefore L > 0, implying that (§) holds for small € > 0.

Inequality K7 > —Kj holds if and only if
Fail(l +1,1) + Fail({,1 — 1) > 2 - Fail(l,1) .
As before we will simply show the sufficient condition
fail(l + 1,1) + fail(l,1 — 1) > 2 - fail(l,1) .

Using (@) in combination with the substitutions v; = i;/m and 8 = b/m the
condition can be written as

(1=8)7- [B7 =5 > (1=8)2 [(y;+0) - 57 =]

Jj=1

=D (1= (B [+ B = (g +8) -8

Note that the subtrahend of the right-hand side is non negative. Hence it is
sufficient to show that

r

(1=0)*- [0 =271 > (A=) Y (i + BB = (1= )% 527 (9)

j=1
Bounding 25:1 (v; + 3)" using the binomial theorem gives
r l

r l r
Y (i +0) §:§:<)~%~W”—r%¢+§:<g~ﬁ”~§:ﬁ
Jj=1 i j=1

j=11i=0
l
O[5
i=1

where the last step follows from Y7_, ~; = 1 — (. Substituting Y>-7_, (v; + )"
with (r — 1) - 8! + 1 shows that (@) holds and thus the lemma. |

(r—1)-p'+1,

3 A Conjecture: Essentially Two Different Strategies

In this section, we give evidence for Conjecture [I which says that essentially
two types of distributions may be optimal: one in which all keys are given fixed
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degrees [ or | + 1, and one in which each node chooses one of [ and [ + 1 at
random, governed by the same distribution on {I,!+1}. We indicate under what
circumstances the one or the other is best.

Assume we are in the situation of Theorem [ (¢7), i.e., | < A <!+ 1 for some
integer constant [ > 2 and it holds p,(I) € [0,1] and pz(I +1) = 1 — p,(1), for
each x from S. Let y and z be two arbitrary but fixed elements of S with

py(l)=p, py(l+1)=1-p p(l)=¢q, p(I+1)=1-¢q,

for p € [0,1] and ¢ € [0, 1]. We would like to know if the matching probability
increases if we change the probability mass functions p, and p, to p’y and p.,, via

pyl)=p+e, p(l+1)=1-p—c p()=q—¢& p(I+1)=1-q+e,
for some £ > 0. We note the following.

1. If p > ¢q, i.e., Ay < A, this modification would move both means towards
the boundary of the interval [I,] + 1]. Moving a mean beyond the boundary
cannot increase the matching probability since this would be a contradiction
to Lemma [3l

2. If p < g, ie., Ay > A, this modification would move both means towards
each other.

As in Lemma [Blit can be shown that the matching probability increases iff

Z Fail(dy, d.) - py(dy) - p=(d=) > Z Fail(d,, d.) 'P;,(dy) FACHE
dy,d.€{1,14+1} dy,d.e{l,l+1}
This inequality is equivalent to
[—e% —e-(p—q)] - [Fail(l,]) — 2 - Fail(l,l + 1) + Fail(l + 1,1+ 1)] < 0, (10)
K

utilizing the symmetry Fail(I+1,1) = Fail(l,I+1). Whether inequality (I0)) holds
or not depends on K, which is independent of y, z and p, ¢. There are three cases.

Ky = 0. The modifications to p, and p., do not change the failure probability.
This case seems unlikely since there would be an infinite number of optimal
sequences of probability mass functions; hence we will ignore this case for
the rest of the discussion.

K > 0. Arrange that p > ¢ (if necessary interchange y and z). Then increasing
p and decreasing ¢ (moving the means away from each other) increases the
success probability.

K < 0. Arrange that p < ¢ (if p = ¢ do nothing). Again, increasing p and decreas-
ing ¢ (moving the means closer together) increases the success probability.

Using the same method as in Lemmas 2l and [ it is not possible to show that
always K < 0 or always K > 0 happens. To see this, we try to show K > 0
which is equivalent to proving that

Fail(l,1) + Fail(l + 1,0+ 1) > 2 Fail(l,] + 1) . (11)
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As before we only consider the sufficient condition
fail(l,1) + fail(l + 1,1+ 1) > 2 - fail(l,1 + 1) . (12)

This inequality is equivalent to

20 =%+ Y [y +8) = BT 42 B = 24 Y [y + ) - B

Jj=1 Jj=1

> 28428 - 2.8 2.3 [+ ) = B [( + B) - 8

Jj=1

where we use the substitutions v; = i;/m and 8 = b/m. Moving the },-terms
to the left and the remaining S-terms to the right gives

T

S8 -(U—n—B) = (1-p)]"> 6" (1-5).

Jj=1

However, this inequality may hold or may not hold depending on ~; and 3. For
example, consider the events

1. {8 = 0}, then the inequality is true for all » > 2, and
2. {r=2,71,v%2=1/(2-1), 8 =1—1/l}, then the inequality is false.
Note that events 1. and 2. have positive probability.

It follows that there exists graphs Gg_g, . in which (I2) is true as well as
graphs in which ([2) is false. Hence, it could be possible that there are nodes
y1,21 with K < 0 (their means should be made equal), and nodes ya, 2o with
K > 0 (their means should be moved away from each other). So hypothetically,
it could be optimal when S is subdivided into 3 disjoint sets S;,5;+1, and S 1+1
where each node from S; has fixed degree [ and each node from S;;; has fixed
degree [ +1 and each node from S; ;41 has the same mean a € (I,/+1), and the
degree of each node is concentrated on [ and [ 4+ 1. But this would mean if we
assume such an “optimal situation” and we have three different nodes, say 1, yo
and z, where y1,y2 € Sj+1 and z € S;, then it must hold K > 0 for Gg_gy, -3
and K < 0 for Gg_gy, 4,3 Which seems unlikely since S —{y1,2} and S —{y1,92}
differ in only one node. (Recall that K = 0 does not seem plausible, either.)
Therefore we conjecture that it is optimal if it holds

1. either S = S; U S;41, that is for each z from S the mean A, is fixed to one
of the interval borders ! and [ 4 1, and therefore a fixed fraction of [A] — A
of the nodes have degree [ (assuming that A - n is an integer),

2. or S = 541, that is it holds A = A, for each x from S, and therefore the
number of nodes of degree [ follow a binomial distribution with parameters
n and [A] — A.

For the rest of the discussion we only focus on these two degree distributions
(fixed and binomial) and we try to argue under which conditions case 1 is optimal
and when case 2 is optimal.
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Again our starting point is (IIl) and K > 0 respectively. Now fix the degree
of all left nodes from Gg and let v be the fraction of nodes from .S with degree [
as well as let let o be the fraction of nodes from S — {y, z} with degree [. Then
there are three situations to distinguish according to the degrees of y and z.

(1) a=a +2/n, that is y and z have degree I,
(#1) o = o +1/n, that is one node has degree ! the other node has degree [ + 1,
(#91) a = o/, that is both nodes have degree | + 1.

Inequality (IJ)) states that the increase of the failure probability from (i) to
(1) is larger than the increase of the failure probability from (iii) to (ii) for
all o from [0, 1], that is, the failure probability as a function of « should be
convex (while strictly monotonically increasing). Experimental results as shown
in Figure [Il suggest that this is not the case in general. In fact there are two
different situations for fixed A shown in Figures and Let f(«) denote
the failure probability as a function of a. If ¢ < ¢*(A) then f is convex in a
neighborhood of [A] — A. Using Jensen’s inequality it follows that the failure
probability for fixed degree distribution f([A] — A) is smaller than the failure
probability according to the binomial distribution Y7 f(i/n) - (7) - ([A] —
A)" - (1 = [A] + A)™7, ignoring the right tail of the binomial distribution that
reaches the concave part of f(«), since the tail covers only an exponentially small
probability mass. If ¢ > ¢*(A) then f is concave in a neighborhood of [A] — A
and the binomial degree distribution leads to a smaller failure probability than
the fixed degree distribution.

In order to back up this observation, an additional experiment was done which
directly compares the failure rates for degree distributions around the threshold.
The results are shown in Figure[2l They confirm the conjecture that if ¢ < ¢*(a)
then the fixed degree distribution is optimal, and if ¢ > ¢*(A) then the binomial
degree distribution is optimal.

failure rate among 10* attempts - approx. of f(a) + failure rate among 10* attempts - approx. of f(a) +
1 JTUPUNSTICTL NPT §
L

0.9 4 e

1
09
08
07
06
0.5 4 - 05 4 <
04 B N 04
03 E
02 Hﬂ 02 B
01 - 01 4

. o
0 MW%++ 0 +H+*+++++
t t T

t t T T T T T T T T T T T
045 046 047 048 049 0.5 051 052 053 054 055 045 046 047 048 049 0.5 051  0.52 053 054 055

a a

(a) ¢ < c"(a), ¢ =0.956 (b) ¢> ¢*(a), c=0.958

Fig. 1. Rate of random bipartite graphs with D, € {3,4}, A = 3.5,m = 10°, that have
no matching, as a function of « (the fraction of left nodes with degree 3). The plots
show that the failure function f(«) has probably a transition from convex to concave.
The theoretical threshold ¢*(3.5) is approximately 0.957.
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0.004 : ; ;
failure rate of "fixed degree” among 100 random graphs Fig. 2. Difference of the failure rate

0.003 | MINUS failure rate of "binomial degree" among 10° random graphs of graphs G ( A, (pz)ze S) with D, €
0.002 {3,4}, A = 3.5,m = 10% and different
Il
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U |
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4 Conclusion

We found (near) optimal degree distributions for matchings in bipartite multi-
graphs where each left node chooses its right neighbors randomly with repetition
according to its assigned degree. For the case that the number of left nodes is
linear in the number of right nodes we showed that these distributions give match-
ing thresholds that are the same as the known thresholds for regular/irregular
k-ary cuckoo hashing; and in the case of near optimal degree distributions we
conjectured the optimal distribution as a function of the rate of left and right
nodes.
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Abstract. We study the following problem: Given a set of points in the
plane and a positive integer k > 0, construct a geometric strongly con-
nected spanning digraph of out-degree at most k and whose longest edge
length is the shortest possible. The motivation comes from the prob-
lem of replacing omnidirectional antennae in a sensor network with &
directional antennae per sensor so that the resulting sensor network is
strongly connected. The contribution of this is paper is twofold:

1) We introduce a notion of robustness of the radius in geometric
graphs. This allows us to provide stronger lower bounds for the edge
length needed to solve our problem, while nicely connecting two previ-
ously unrelated research directions (graph toughness and multiple direc-
tional antennae).

2) We present novel upper bound techniques which, in combination
with stronger lower bounds, allow us to improve the previous approxima-
tion results for the edge length needed to achieve strong connectivity for
k = 4 (from 2sin(7/5) to optimal) and k = 3 (from 2sin(7F) to 2sin(3F)).

1 Introduction

Consider a set of sensors in the plane such that each sensor has k directional
antennae and the sum of angles covered by these antennae is at most ¢. What is
the smallest communication range r such that there exists an orientation of the
antennae such that the resulting communication graph is strongly connected?
When ¢ = 0 the problem is equivalent to the problem of finding a spanning
digraph of maximum out-degree k that is strongly connected and minimizes the
maximal edge length used.
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Before giving the formal definition of the problem we will introduce the follow-
ing notation. Let G denote a weighted directed geometric graph and let A"‘(a)
denote the maximum out-degree of G For any edge (u,v) let w(u,v) denote its
weight. We refer to our problem as the Bottleneck Strongly Connected Spanning
Digraph with Bounded Out-Degree (or BSCBOD for short) and define it formally
as follows:

Problem 1. Given a weighted complete digraph 8 and an integer k > 1, deter-

mine a strongly connected spanning subgraph ﬁ such that A*(ﬁ) < k and the
maximum weight is minimum, i.e.,

min{ max w(u,v) : Hisa strongly connected and A*(ﬁ) <k}
(u,v)€

Recall that the UDG (Unit Disk Graph) of a set of n points P with parameter
r is the geometric graph, denoted by U(P;r), where the set of vertices is P and
vertices u, v are adjacent (with a straight line segment) if and only if d(u,v) < r,
where d(-, ) denotes the Euclidean distance between u and v.

Now we can rephrase our problem in the geometric setting as follows:

Problem 2. Given a set of points P and an integer k > 1, find the smallest edge
length r such that UDG U(P;r) has a strongly connected spanning directed

subgraph H with A*(ﬁ) < k and construct H.

1.1 Related Work

When k = 1 the problem is equivalent to the well-studied problem of bottleneck
traveling salesman problem. Parker and Radin [§] give a 2-approximation when
the weights satisfy the triangle inequality and show that it is not possible to
approximate to 2 — € unless P = NP.

In the Euclidean version of the problem, weights are defined by the Euclidean
distance between the two points in R?. Papadimitriou [7] shows that in this
setting the problem remains NP-Complete.

In the context of sensor networks Caragiannis et al. [2] proposed the problem
of replacing omnidirectional antennae with directional antennae. They study
the setting when each sensor has one directional antenna of a given angle. They
showed that the problem is NP-hard when the angle is less than 27/3 and the
communication range is less than v/3 times the maximum length of an edge of
the Euclidean Minimum Spanning Tree (MST) (denoted by rarst).

In [3], the authors study the problem in the context of multiple directional
antennae in a wireless sensor network. In this setting, sensors are equipped with
directional antennae of given beam-width (angle) and range (radius); their goal
is to give algorithms for orienting the antennae and study angle/range trade-offs
for achieving strong connectivity. On the one hand, when k > 5, the problem
is trivially solved by using each edge of the MST in both directions, since there
always exists a MST (Minimum Spanning Tree) on a set of points with maximum
degree five [6]. On the other hand, they show that the problem is NP-complete
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when k& = 2 even for a scaling factor of 1.3 and/or sum of angles less than
97/20. They also give an algorithm to compute upper bounds for the cases
when k = 2,3,4. Table [Il summarizes the results given in [3] relating to our
problem. A comprehensive survey is presented in [5].

Table 1. Results given in [3]

Out-degree|Lower Bound| Upper Bound |Approx. Ratio| Complexity
4 TMST 2sin(n/5)rymsT|  2sin(w/5) O(nlogn)
3 TMST 2sin(m/4)rmsT V2 O(nlogn)
2 rMST 2sin(7/3)rysT V3 O(nlogn)
2 - - <13 NP-Complete

Another similar but less related problem is the minimum spanning tree with
degree at most k. In [4] Francke and Hoffmann show that it is NP-Hard to
decide whether a given set S of n points in the plane admits a spanning tree
of maximum degree four whose sum of edge lengths does not exceed a given
threshold k.

1.2 Results and Outline of the Paper

This paper contains three major contributions, presented in sections 2, 3, and 4,
respectively. In Section 2 we introduce the new concepts of strong ¢t-robustness
(0¢) and weak t-robustness (a;) of a UDG radius, which are closely related to the
well studied concept of graph toughness. The primary motivation comes from
the observation that the strong 1/¢-robustness and weak 1/t-robustness provide
a more refined and higher lower bound than the weight of the longest edge of
the MST for the problem we stud.

In Section B] we present our optimal algorithm for & = 4. In Section [ we
combine the technique used in Section Bl and a modified version of the technique
from [3]. This allows us to save an out-going arc thus improving the approxi-
mation ratio in [3] to 2sin(27/9). Due to space constraints technical proofs of
Section [2 and algorithms of Section [3] and @] appear in the full paper.

Table 2] summarizes the main results of Section 4. We conclude in Section
with a discussion of various related issues and open problems.

Table 2. Summary of results obtained in this paper

Out-degree|Lower Bound| Upper Bound [Approx. Ratio|Complexity
4 O1/4 Q)4 1 O(nlogn)
3 o1/3 2sin(27/9)ay /3| < 2sin(27/9) | O(nlogn)

! While the strong robustness provides stronger lower bound, the weak robustness is
easier to compute and use.
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2 Robustness of Unit Disk Graphs

The concept of toughness of a graph as a measure of graph connectivity has
been extensively studied in the literature (see the survey [1]). Intuitively, graph
toughness measures the resilience of the graph to fragmentation after subgraph
removal. Given a graph G, let us denote by w(G) the number of components
of G.

As defined in [1, a graph G is t-tough if |\S| > tw(G\ S), for every subset S of
the vertex set of G with w(G\ S) > 1. The toughness of G, denoted 7(G), is the
maximum value of ¢ for which G is t-tough (taking 7(K,,) = oo, for all n > 1).

We are interested in the toughness of UDGs over a given point set P, and in
particular how does the toughness of U(P;r) depend on the antenna radius r.
This is expressed in the following definitions:

Definition 1 (Strong and Weak ¢-robustness for UDG radius). Let P
be a set of points in the plane.

1. A subset S C P is called t-tough if w(U(P\ S;r)) < |S|/t. Similarly, a point
w is called t-tough if the singleton {u} is t-tough.

2. The strong t-robustness of the set of points P, denoted by oi(P), is the
infimum taken over all radii v > 0 such that for all S C P, the set S is
t-tough for the radius r.

3. The weak t-robustness of the set of points P, denoted by oy(P), is the infi-
mum taken over all radii v > 0 such that for all u € P, the point u is t-tough
for the radius r.

Note that when P is finite (as in the rest of this paper), it is sufficient to consider
only the radii corresponding to pairwise distances between the points of P, in
which case it is sufficient to consider minimum instead of infimum.

In order to solve BSCBOD, we are interested in the optimal radius that allows
achieving strong connectivity for a given maximum out-degree k.

Definition 2 (Optimal Radius). For k > 1, define ri.(P) to be the minimum
radius necessary to construct a strongly connected spanning digraph ﬁ such that
AT (H) < k.

The following theorem motivates our study of robustness of UDG radius:
Theorem 1. oy /,(P) < 7¢(P)

Proof. By contradiction. Assume there exist P and k such that r4(P) < oy 4(P).
Therefore, there must exist S C P such that S is not 1/k-tough for radius r(P).
From Definition [l we have w(U(P \ S,r,(P))) > k|S|, i.e. removing S creates
more than k|S| connected components. This is in contradiction with the fact that
there exists a solution for BSCBOD with radius 7 (P) and maximal out-degree
k, as there are not enough antennae in vertices of S to reach all components of
U(P\ S,ri(P)). O
Let rprs7(P) denote the length of the longest edge of the MST of P. From
the minimality of the MST, r;(P) cannot be less than rarsr(P). Therefore,
Theorem [I] will yield stronger lower bounds than ra;s7(P) when k < 5.
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Fig. 1. Bipartite graph Hs(G) = (SU Ps, Es)

2.1 Efficiently Computing Weak t-Robustness

The weak t-robustness «;(P) of a set P of points refers to single points and
as such it can be computed in polynomial time for a set of n points. A naive
algorithm takes O(n*) time: test in O(n?) time for a given radius, checking each
of the O(n?) possible radii given by distances between pairs of points. However,
this is not the case for the strong t-robustness o, (P) which depends on all subsets
S CP.

As each singleton vertex is also a subset of P, Definition [I] directly yields

Lemma 1. «;(P) < 0y(P), for all t.

It is not difficult to see that any connected UDG is at least 1/5-robust since the
removal of any vertex leaves a maximum of five connected components.

The first important observation is that the weak 1/4-robustness and strong
1/4-robustness of a set of points coincide and as a consequence the 1/4-strong-
robustness can be computed efficiently.

Theorem 2. For any set P of points, ay4(P) = 01,4(P).

Proof. In view of the observation in Lemma [Tl above we only need to show that
ay/4(P) > 01/4(P). We will show that if for some r the graph G = U(P;r) is not
1/4-robust then there exists a vertex v such that U(P \ {v};r) has 5 connected
components. Let S be the set such that U(P\S;r) has at least 4|.S|+1 connected
components. Consider the bipartite graph Hg(G) = (S U Ps, Eg) defined as
follows: Pg is the set of connected components of G\ S, Es = {{u,v} : u €
S,v € Pg such that there is an edge in G between u and a vertex from Pgs}.

Note that the maximal degree of vertices from S is 5: Assume the converse, i.e.
there is a vertex u € S of degree at least 6. This means there exist edges {u,v;}
for i =1,2,...6 such that {u,v;} € G and each v; is from a different connected
component of U(P \ S;r). However, at least one of the angles between these
six edges must be at most w/3 and therefore they cannot all lead to different
connected components.

Let us assign a weight w(e) to each edge as follows: Each vertex v from Pg
equally distributes weight 1 among its incident edges, i.e., 1/deg(v). Since Pg is
an independent set of Hg(G), each edge is given a unique weight 1/i for some i.
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Note that

YN wle)=Y" Y wle)= Y 1=|Ps|>4|S|.

u€eS e={u,-} vEPs e={-,v} vE Pg

Therefore, there must exist a vertex u from S such that >° ., ,w(e) > 4.
However, since the weight of each edge is 1/i for some ¢ and the maximal degree
of vertices in S is at most 5, this is only possible if at least four edges incident
to u have weight 1 and one has weight greater than 0, i.e., U(P \ {v};r) has 5
connected components. O

In fact, weak 1/4-robustness (and more generally, weak 1/i-robustness for ¢ < 5)
can be computed much more efficiently than a trivial O(n?) algorithm. The basic
idea is to maintain a tree H of red and black vertices, where the black vertices
represent bi-connected components (blocks) and the red vertices represent the
separator vertices. Each vertex v of P points to (in variable h(v)) its represen-
tative in H. Furthermore, each red vertex maintains in variable ¢(v) (separator
degree) the number of components it connects. Initially, H starts as the MST of
P; subsequently the edges are added according to their increasing length. The
h(-) pointers allow to efficiently determine whether an edge connects two differ-
ent vertices of H. If adding an edge e closes a cycle in H, the separator degrees
of the red vertices (except those incident to e) in this cycle are reduced by one.
The process is repeated by taking progressively longer edges until no red vertices
remain. As the h(-) pointers can be maintained using standard techniques with
the overall cost of O(nlogn) and the overall cost of processing and collapsing
created cycles is O(n), the overall cost if O(|E| + nlogn), where E is the set of
processed edges.

The second idea of the algorithm comes from the observation that only a set
of edges of size O(n) will ever be processed.

Theorem 3. For every point of P, weak 1/i-robustness, for 1 < i < 5, can be
computed in time O(|P|log |P]).

The proof of the theorem will be provided after giving the following lemmas. Let
us denote by TUDG(P,r) the graph T UUDG(P, r), where T is the MST of P.

Lemma 2. The following invariant holds for Acy,; at the beginning of each
iteration of the loop. Let e = {u,v} be the last processed edge.

— H is a tree

— A vertex is red if and only if it is a separator vertex of TUDG(P,d(u,v)).
Furthermore, for every red verter w : h(w) = w and c(w) is the number of
connected components of TU DG(P, d(u,v)) \ {w}.

—Vaz,y € P : h(z) = h(y) if and only if x and y lie in the same block of
TUDG(P, d(u,v)).

Proof. By induction over loop iterations. The base step at the beginning of the
first iteration of the loop follows from the construction and the definitions.
The induction step:
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Algorithm 1. Algorithm Aa; /;

1: Compute the MST T of the point set P.

2: Set the colour of leaves of T' to black, colour red the remaining vertices

3: Set H«+ T.

4: for each vertex v € T do

5: Set ¢(v) to the degree of v in T'.

6: Set h(v) v

7: end for

8: for each edge e = {u,v} ¢ T, processed in the order of increasing length do

9: if h(u) # h(v) then

10: Let C. be the cycle closed by {h(u),h(v)} in H.

11: for each red vertex w € C. \ {h(u), h(v)} do

12: c(w) + c(w) — 1

13: Output o /¢y (w)) = max(rust, d(u, v))

14: if ¢(w) =1 then

15: Set the colour of w to black.

16: end if

17: end for

18: Remove all edges of C. from H.

19: Add a black vertex z. to H and connect it to all vertices of Ce.

20: Collapse the all-black component of x. into a single black vertex z..
21: Unify h(-) for the vertices of the bi-connected component represented by z,.
22: end if

23: end for

— H remains a tree, because each created cycle is replaced by a star graph.
The subsequent collapse of the all-black component just reduces the size of
the resulting tree.

— Let e = {u,v} be the last processed edge. If h(u) = h(v), by induction
hypothesis the edge lies within the same block and adding it does not in-
fluence any separator vertex. Whenever h(u) # h(v), the edge {h(u),h(v)}
creates a cycle C, in H; this corresponds to a cycle C/, in TU DG(P, d(u,v))
(since the edges are added in order of increasing length, all shorter edges of
UDG(P,d(u,v)) have already been processed). The cycle C! connects two
components for each separator (by induction hypothesis red) vertex lying
on this cycle, except the vertices incident to e. This is exactly reflected on
line 11 — by induction hypothesis the red vertices processed on line 11 are
exactly the separators lying on the cycle C?. The invariant is maintained by
recoloring red vertices to black on line 15 whenever the separation degree
reaches 1, i.e. the vertex stops being a separator. Note also that h(w) remains
equal to w while w remains red.

— This invariant is maintained on line 21.

This completes the proof of the lemma. O

From the second point of the previous lemma and from line 13 of Aay /; we get



Constructing Strongly Connected Spanning Digraphs in UDGs 119

Lemma 3. Algorithm Ac,; correctly computes values oy ;(v) for 1 < i <5
and for each vertex v € P.

Now we will prove that the number of processed edges is of the order of O(n).
Let RNG(P) denote the Relative Neighbourhood Graph [9] on the point set P
and let RNG,(P) = RNG(P\ {w}). Recall that the RNG(P) is the geometric
graph where P is the set of vertices and two points u,v € P are connected with
a straight line segment if and only if S(u, d(u,v)) N S(v, d(u,v)) is empty; where
S(x,r) denotes an open (i.e. not containing the boundary vertices) sphere/disk
centered at vertex x with radius r. The following simple lemma is crucial:

Lemma 4. Let e = {u,v} be the shortest edge connecting two connected com-
ponents of TUDG(P,r) \ {w} where r < d(u,v). Then either e € RNG(P)
and it forms angle at least w/3 with all incident edges of TUDG(P,r) \ {w}, or
e € RNGw(P) and only the angles Zwuv or Zwvu might be smaller than /3.

Proof. Tt S(u,d(u,v))NS(v,d(u,v)) is empty then e € RNG(P) and the lemma
holds. Consider now a vertex p € S(u,d(u,v)) N S(v,d(u,v)). Let C, and C,
denote the components of TU DG(P,r) containing u and v, respectively. p ¢ C,,
otherwise (p,v) would be the shortest edge connecting C,, and C,. Analogously
p ¢ C,. Therefore, the only possibility is p = w. After removing w, S(u, d(u,v))N
S(v,d(u,v)) becomes empty, i.e. e € RNG,,(P). O

Consider now an edge e = {u, v} such that h(u) # h(v). By Lemma 2l u and v
belong to different blocks of G’ = TUDG(P,d(v',v")) where {u/,v'} is the last
edge processed before e. Therefore there exists a separator vertex w such that u
and v are in different components of G’ \ {w}. Since the edges are processed in
the order of increasing length, e must be the shortest edge connecting different
components of G’ \ {w}. By Lemma ] e € RNG,,(P). This means that it is
enough to consider on line 8 only the edges from (J . p RNGw(P).
The proofs of the next two lemmas appear in the full paper.

Lemma 5. The number of edges in |

RNG(P) is in O(n).

weP
Lemma 6. Algorithm Aay,; can be implemented with time complexity
O(nlogn).

Theorem [3 follows directly from Lemma [l and Lemma Bl

3 Digraph with Max Out-Degree Four

In this section, we prove that given a set of n points in the plane, there is always
a strongly connected spanning digraph with max out-degree four and optimal
length. In fact, it can be constructed in time O(nlogn).

Theorem 4. Given n points in the plane, there exists a strongly connected span-
ning digraph with mazx degree four and optimal edge length. Furthermore, it can
be constructed in O(nlogn) time.
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Proof. Let P be a set of points and T' be the Euclidean MST on P. It is known
that the max degree of T is six. However, an MST with the same weight as T
and max degree five can be obtained with a simple argument. Thus, we assume
that T" has maximum degree five. Consider the set S of vertices of degree five
in T. Let r4 be the radius obtained from Algorithm A, /4. We compute the set
E, of edges of length at most r4 as follows: For each vertex v € S we add to E,
the shortest edge {u, v} of length at most r4 that joins two distinct components
of T'\ {v}. Clearly {u,v} always exists. From Theorems [I] and 2] the optimal
range is at least a4 = 01/4. Let G =T and 8 be the strongly connected graph
obtained from orienting in both directions each edge of G. We will add new
edges to G in order to form cycles that include every vertex in S. Thus, the max
out-degree of 8 is decreased to four by orienting the cycles in one direction. We
will process edges in Uue g B, in descending order according to the hop-length
of the cycle that they form with the edges of T

Let {u,w} € U,cg Ev be the edge that forms the longest cycle C. We consider
two cases:

— |C| > 3. Let S(z,r) denote the open disk centered at z of radius r. Since
{u,w} is the shortest edge, the lune formed by S(u, d(u, w)) N .S(w, d(u,w))
is empty. Therefore, the angle that {u,w} forms with the edges incident to
u and w is at least 7/3. Hence, u and w have degree at most four in 7'
Add {u,w} to G and orient C in clockwise order in &. Since {u,w} is the
shortest edge that forms the longest cycle for each vertex in S N C, we can
remove from S all the vertices in C, i.e., S = S\ C. Observe that vertices

in C have out-degree at most four in 8 and the strong connectivity is not
broken.

— |C| = 3. Observe that {u,v}, {w,v} € T. Let v € C \ {u,w}. Consider

the two components G,, G, obtained from G \ {v}. Assume that v € G,
and w € Gy. Since {u,w} creates the longest cycle, there does not exist
an edge distinct to {u, w} in U, g\ (o} Fo that joins Gy and Gy. However,
since {u, v}, {v,w} are in T, the lune formed by S(u, d(u, w)) N S(w, d(u, w))
contains v. Therefore, © and w may have degree five in T, since the angle
that {u,w} forms with {u,v} and/or {v,w} is less that 7/3.
Consider the cycle vu ... u'v in the induced subgraph of V (G, )U{v} and the
cycle vw ... w'v in the induced subgraph of V(G,,)U{v}. Let G = GU{u, w}
and remove v from S. Remove {v,u} from G if v # «’. Similarly, remove
{v,w} from G if w # w’. Orient the new cycle in G' as vu'...uw...w'.
Observe that v has out-degree at most four in 8 and the out-degree of
the vertices in the new cycle does not increase. Furthermore, the strong
connectivity is not broken.

When S is empty, 8 will have max out-degree four. The theorem follows since
the strong connectivity of 3 is never broken. The pseudocode is given in the full
paper.

Regarding the time complexity, an FEuclidean MST can be computed in
O(nlogn) time. From Lemma [0 the number of edges to be processed is O(n).
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Thus, it takes O(nlogn) time to sort the edges to be processed. Observe that
every vertex is in at most one cycle of length greater than three and/or at most
one cycle of length three. Therefore, since each edge is in at most one cycle and
there are O(n) edges, the time to complete the construction is O(nlogn). O

4 Digraph with Max Out-Degree Three

In this section we show that given a set of m points, there exists a strongly
connected spanning digraph with max out-degree three and length bounded by
2 - sin(27/9) - a1 /3 which can be constructed in time O(nlogn). We also show
that using only the 1/3-weak robust radius, the best approximation of r3 is at
least 2 - sin(7/5) - oy /3.

Theorem 5. There exist UDGs that are weak 1/3-tough and r3 > 2 - sin(n/5) -
al/g .

Proof. Consider the graph G depicted in Figure 2l with the following properties:

— Each edge has length one.

— The min angle that two edges form with a common neighbour is at least
27 /5

— There is a set S = {vg, v1, v2,v'} with degree five such that w(G \ S) = 14.

There is a path of length at least 2 from v’ to v; and a path of length at

least 2 from v; t0 V41 mod 3-

Observe that the removal of any vertex in G leaves at most three components.
Therefore, G is weak 1/3-tough. However, it is not strong 1/3-tough. To create a
strongly connected digraph with max degree three it is required to add new edges.
However, since the min angle that two edges form with a common neighbour is
27 /5 and each edge has length one, every added edge will be of length at least
2sin(7/5). The theorem follows. O
The following Lemma is a simple observation of the construction given in The-
orem M and is given without proof.

Lemma 7. Let 8 be the digraph obtained from Theorem [f|. For each vertex v
the angle that v forms between out-going edges is at least w/3 and the angle that
v forms between in-going edges is at least w/3.

Theorem 6. Given n points in the plane, there exists a strongly connected span-
ning digraph with max degree three and edge length bounded by 2 - sin(27/9) the
optimal edge length. Furthermore, it can be constructed in O(nlogn) time.

Proof. Let P be a set of points and 3 be the strongly connected digr_a)ph of max-
out degree four obtained from Theorem Hl Let G = G’ and G = G’. Consider
the set S of vertices of G such that w(G \ {v}) = 4. Let 73 be the radius of a3
obtained from Algorithm Ac;,3. We compute the set E, of edges of length at
most r3 as follows: For each vertex v € S we add to E, the shortest edge {u, v}
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Fig. 2. 061/3 2 01/3

of length at most r3 that joins two distinct components of T'\ {v}. Clearly {u, v}
always exists. From Lemma [l the optimal range is at least a 3.

As in Theorem [ we will add new edges to G in order to form cycles that
include every vertex in S. We will prove that the out-degree of the vertices in
S can be always decreased without affecting the max out-degree provided that
the cycles have length three. However, when the cycles have length greater than
three, the orientation of the cycles does not guarantee that every vertex has
max out-degree three. Thus, when we orient a cycle of length greater than three,
for each vertex v in the cycle that has out-degree four and w(G \ {v}) = 3, we
will process the shortest edges that connect two components to form cycles of
length three, so that the out-degree can be decreased. However, these new edges
may have length greater than r3. We will prove that the length is bounded by
2sin(27/9) - r3.

Firstly we process edges in [ J,cg Ey in descending order according to the hop-
length of the cycle that they form with the edges of G'. Let {u,w} € U,cg Fv
be the edge that forms the longest cycle C. We consider two cases:

— |C| > 3. Since {u,w} is the shortest edge, the lune formed by S(u, d(u,w))N
S(w,d(u,w)) is empty. Therefore, the angle that {u,w} forms with the edges
incident to w and w is at least 7/3. Let G = G U {u,w} and orient C in
clockwise order in 8 Observe that the orientation of C' does not break the
connectivity. However, it does not guarantee that the out-degree is decreased
to 3. Remove from S each vertex v € S N C such that w(G \ {v}) < 3.

Consider the set S of vertices of out-degree four in C'\ S. For each
vertex v’ in S, let E,s be the shortest edge {u’, w'} connecting two distinct
components of G\ {v'} such that {v/,u'} and {v’,w'} exist in G’. Add v’ to
S.

It remains to prove that d(u/, w’) < 2sin(27/9)-r3. Let (wo,v’), (v',up) €
C and (v',u1), (v',uz) and (v',u3) be the out-going edges of v/ in
From Lemma [7 and the fact that S(u,d(u,w)) N S(w,d(u,w)) is empty,
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Z(wov'ug) > w/3 and Z(u;v'ug) > 7/3. Furthermore, at least two out-going
edges (v, ug), (v',up) are in the same component. Therefore, there exist at
least two vertices {u/,w’} in distinct components with angle at most

2m — L(wov'uo) — L(uqv'up)  4m
3 97
ie., d(u',w") < 2sin(27/9) - r3 since the longest edge of G so far is rs.

— |C| = 3. Observe that {u,v}, {w,v} € G'. Let v € C\ {u, w} and G, G,, be
the two components of G \ v such that v € G, and w € G,,. Since {u,w}
creates the longest cycle, there does not exist an edge distinct to {u,w} in
UIGS\{U} E, that joins G, and G,,. Observe that the out-degree of u and w
does not change.

Consider the cycle C' = vu ... u'v in the induced subgraph of V (G, ) U{v}
and the cycle C” = vw ... w'v in the induced subgraph of V(G,,) U {v}. Let
G = G U {u,w} and remove v from S. Remove {v,u} from G if u # v’

Similarly, remove {v,w} from G if w # w'. Orient the new cycle in G as

vu' ... uw...w'v. Observe that v has out-degree at most three in 8 and the

out-degree of the vertices in the cycle does not increase. Furthermore, the
strong connectivity is not broken.

This process maintains 8 strongly connected. When S is empty, the max out-
degree of G is three.

Regarding the time complexity, from Theorem [ 8’ can be computed in
O(nlogn) time. From Lemmal[f] the number of edges to be processed are of the
order of O(n). Thus, it takes O(nlogn) time to sort the edges to be processed.
Since every edge is in a constant number of cycles the time to complete the
construction is O(nlogn). The theorem follows. ]

5 Conclusion

In this paper we studied the problem of how to construct from a set of points in
the plane and a positive integer k > 0, a geometric strongly connected spanning
digraph of out-degree at most k& and whose longest edge length is the shortest
possible. We proved that the problem can be solved with optimal edge length in
polynomial time when the out-degree is at most 4. To quantify the problem we
introduced the concept of k-robustness for a UDG radius. We also improved the
previous best known upper bound when the out-degree is at most 3. However,
it is unknown whether the problem can be solved optimally in polynomial time
when the out-degree is at most 3. The problem of finding tighter upper bounds
when k£ = 2 also remains open.
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Worst-Case Optimal Priority Queues via
Extended Regular Counters

Amr Elmasry and Jyrki Katajainen
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Abstract. We consider the classical problem of representing a collection
of priority queues under the operations find-min, insert, decrease, meld,
delete, and delete-min. In the comparison-based model, if the first four
operations are to be supported in constant time, the last two operations
must take at least logarithmic time. Brodal showed that his worst-case
efficient priority queues achieve these worst-case bounds. Unfortunately,
this data structure is involved and the time bounds hide large constants.
We describe a new variant of the worst-case efficient priority queues that
relies on extended regular counters and provides the same asymptotic
time and space bounds as the original. Due to the conceptual separation
of the operations on regular counters and all other operations, our data
structure is simpler and easier to describe and understand. Also, the
constants in the time and space bounds are smaller.

1 Introduction

A priority queue is a fundamental data structure that maintains a set of elements
and supports the operations find-min, insert, decrease, delete, delete-min, and
meld. In the comparison-based model, from the 2(nlgn) lower bound for sorting
it follows that, if insert can be performed in o(lgn) time, delete-min must take
2(1gn) time. Also, if meld can be performed in o(n) time, delete-min must
take 2(1gn) time [I]. In addition, if find-min can be performed in constant
time, delete would not be asymptotically faster than delete-min. Based on these
observations, a priority queue is said to provide optimal time bounds if it can
support find-min, insert, decrease, and meld in constant time; and delete and
delete-min in O(lgn) time, where n denotes the number of elements stored.

After the introduction of binary heaps [14], which do not provide optimal time
bounds for all priority-queue operations, an important turning point was when
Fredman and Tarjan introduced Fibonacci heaps [10]. Fibonacci heaps provide
optimal time bounds for all standard operations in the amortized sense. Driscoll
et al. [4] introduced run-relaxed heaps, which have optimal time bounds for all
operations in the worst case, except for meld. On the other side, Brodal [I]
introduced meldable priority queues, which provide the optimal worst-case time
bounds for all operations, except for decrease. Later, by introducing several
innovative ideas, Brodal [2] was able to achieve the worst-case optimal time
bounds for all operations. Though deep and involved, Brodal’s data structure is
complicated and should be taken as a proof of existence.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 125-[[37] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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Most priority queues supporting worst-case constant decrease rely on the con-
cept of wviolation reductions. A wviolation is a node that may, but not necessarily,
violate the heap order by being smaller than its parent. When the value of a node
is decreased, the node is declared violating. To reduce the number of violations,
a violation reduction is performed in constant time whenever possible.

A numeral system is a notation for representing numbers in a consistent man-
ner using symbols (digits). Operations on these numbers, as increments and
decrements of a given digit, must obey the rules governing the numeral system.
There is a connection between numeral systems and data-structural design [3I13].
The idea is to relate the number of objects of a specific type in the data structure
to the value of a digit. A representation of a number that is subject to incre-
ments and decrements of arbitrary digits can be called a counter. For an integer
b > 2, a regular b-ary counter [3] uses the digits {0,...,b} in its representation
and imposes the rule that between any two b’s there must be a digit other than
b — 1. Such a counter supports increments of arbitrary digits with a constant
number of digit changes per operation. An extended regular b-ary counter [3J11]
uses the digits {0,...,b+ 1} with the constraints that between any two (b+1)’s
there is a digit other than b, and between any two 0’s there is a digit other than
1. Such a counter supports both increments and decrements of arbitrary digits
with a constant number of digit changes per operation.

Kaplan and Tarjan [12] (see also [I1]) introduced fat heaps as a simplification
of Brodal’s worst-case optimal priority queues, but these are not meldable in O(1)
time. In fat heaps an extended regular ternary counter is used to maintain the
trees and an extended regular binary counter to maintain the violation nodes. In
a recent study [9], we have simplified fat heaps to work without regular counters.

Our motives for writing the current paper were the following.

1. We simplify Brodal’s construction and devise a priority queue that provides
optimal worst-case bounds for all operations (§2] §8 and §l). Throughout
our explanation of the data structure, contrary to [2], we distinguish between
the numeral-system operations and other priority-queue operations. The gap
between the description complexity of worst-case optimal priority queues and
binary heaps [I4] is huge. One of our motivations was to narrow this gap.

2. A key ingredient in our construction is the utilization of extended regu-
lar binary counters. We describe a strikingly simple implementation of the
extended regular counters (§5]). In spite of their importance for many appli-
cations, the existing descriptions [3I11] are sketchy and incomplete.

3. In this paper we are mainly interested in the theoretical performance of the
structures discussed. However, some of our ideas may be of practical value.

4. With this paper, we complete our research program on the comparison com-
plexity of priority-queue operations. All the obtained results are summarized
in Table [l Elsewhere, it has been documented that, in practice, worst-case
efficient priority queues are often outperformed by simpler non-optimal pri-
ority queues. Due to the involved constant factors in the number of elem-
ent comparisons, this is particularly true if one aims at developing priority
queues that achieve optimal time bounds for all the standard operations.
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Table 1. The best-known worst-case comparison complexity of different priority-queue
operations. A minus sign indicates that the operation is not supported optimally.

Data structure find-min|insert|decrease|meld| delete-min
Multipartite priority queues [5] Oo(1) |0() - — lgn 4+ O(1)
Two-tier relaxed heaps [6] o) |01)| 01) | — |lgn+O(lglgn)
Meldable priority queues [7] o) |0(1) — o)| 21gn+0(1)
Optimal priority queues [this paper, [8]]] O(1) |O(1)| O(1) |O(1) ~70lgn

2 Description of the Data Structure

Let us begin with a high-level description of the data structure. The overall
construction is similar to that used in [2]. However, the use of extended regular
counters is new. In accordance, the rank rules and hence the tree structures are
different from [2]. The set of violation-reduction routines are in turn new.

Each priority queue is composed of two multi-way trees T7 and Ts, with roots
t1 and to respectively (T can be empty). The atomic components of the priority
queues are nodes, each storing a single element. The rank of a node x, denoted
rank(z), is an integer that is logarithmic in the size (number of nodes) of the
subtree rooted at x. The children of a node are stored in a doubly-linked list
in non-decreasing rank order. The rank of a subtree is the rank of its root. The
trees 17 and Ty are heap ordered, except for some violations; but, the element
at t; is the minimum among the elements of the priority queue. If ¢5 exists, the
rank of ¢; is less than that of ts, i.e. rank(t1) < rank(ts2).

Similar to [2], in the whole data structure there can be up to O(n) violations,
not O(lgn) violations as in run-relaxed heaps and fat heaps. Each violation is
guarded by a node that is smaller in value. Any node x, other than t;, only
guards a single list of O(lgn) violations; these are violations that took place
while z was storing the minimum of its priority queue. Such violations must be
tackled once the element associated with x is deleted.

For the violations guarded by t1, a violation structure is maintained with each
priority queue [2I4UTT]. This structure is composed of a resizable array, called
the wviolation array, in which the rth entry refers to violations of rank r, and a
doubly-linked list, which links the entries of the array that have more than two
violations each. The violations guarded by t; are divided into two groups: the so-
called active violations are used to perform violation reductions, and the so-called
inactive violations are violations whose ranks were larger than the size of the
violation array at the time when the violation occurred. All the active violations
guarded by t1, besides being kept in a doubly-linked list, are also kept in the
violation structure; all inactive violations are kept in a doubly-linked list. While
violations are declared, there are two phases for handling them in accordance
to whether the size of the violation array is as big as the largest rank or not.
During the first phase the following actions are taken. 1) The new violation is
added to the list of inactive violations. 2) The violation array is extended by a
constant number of entries. During the second phase the following actions are
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taken. 1) The new violation is added to the list of active violations and to the
violation structure. 2) A violation reduction is performed if possible.

Handling the violations can be realized by letting each node have one pointer
to its violation list, and two pointers to its predecessor and successor in the
violation list where the node itself may be in. By maintaining all active violations
of the same rank consecutively in the violation list of ¢1, the violation array can
just have a pointer to the first active violation of any particular rank.

In addition to an element, each node stores its rank and six pointers pointing
to: the left sibling, the right sibling (the parent if no right sibling exists), the
last child (the rightmost child), the head of the guarded violation list, and the
predecessor and the successor in the violation list where the node may be in.
To decide whether the right-sibling pointer of a node x points to a sibling or
a parent, we locate the node y pointed to by the right-sibling pointer of z and
check if the last-child pointer of y points back to x.

Next, we state the rank rules controlling the structure of the multi-way trees:

(a) The rank of a node is one more than the rank of its last child. The rank of
a node that has no children is 0.

(b) The rank sequence of a node specifies the multiplicities of the ranks of its
children. If the rank sequence has a digit d,, the node has d,. children of
rank r. The rank sequences of ¢; and ¢ are maintained in a way that allows
adding and removing an arbitrary subtree of a given rank in constant time.
This is done by having the rank sequences of those nodes obey the rules of an
extended regular binary counter; see §5l When we add a subtree or remove
a subtree from below t1 or to, we also do the necessary actions to reestablish
the constraints imposed by the numeral system.

(c) Consider a node z that is not ¢y, to, or a child of ¢; or to. If the rank of z is
r, there must exist at least one sibling of x whose rank is » — 1, r or r + 1.
Note that this is a relaxation to the rules applied to the rank sequences of
t; and to, for which the same rule also applies [3]. In addition, the number
of siblings having the same rank is upper bounded by at most three.

Among the children of a node, there are consecutive subsequences of nodes with
consecutive, and possibly equal, ranks. We call each maximal subsequence of
such nodes a group. By our rank rules, a group has at least two members. The
difference between the rank of a member of a group and that of another group
is at least two, otherwise both constitute the same group.

Lemma 1. The rank and the number of children of any node in our data struc-
ture is O(lgn), where n is the size of the priority queue.

Proof. We prove by induction that the size of a subtree of rank r is at least F;.,
where F). is the rth Fibonacci number. The claim is clearly true for r € {0,1}.
Consider a node x of rank r > 2, and assume that the claim holds for all values
smaller than r. The last child of z has rank r — 1. Our rank rules imply that
there is another child of rank at least » — 2. Using the induction hypothesis, the
size of these two subtrees is at least F}._1 and F,._5. Then, the size of the subtree
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rooted at x is at least F._y + F,._o = F,.. Hence, the maximum rank of a node
is at most 1.441gn. By the rank rules, every node has at most three children of
the same rank. It follows that the number of children per node is O(lgn). O

Two trees of rank r can be joined by making the tree whose root has the larger
value the last subtree of the other. The rank of the resulting tree is r + 1.
Alternatively, a tree rooted at a node z of rank r + 1 can be split by detaching
its last subtree. If the last group among the children of x now has one member,
the subtree rooted at this member is also detached. The rank of x becomes one
more than the rank of its current last child. In accordance, two or three trees
result from a split; among them, one has rank r and another has rank r — 1, r, or
r+ 1. The join and split operations are used to maintain the constraints imposed
by the numeral system. Note that one element comparison is performed with the
join operation, while the split operation involves no element comparisons.

3 Priority-Queue Operations

One complication, also encountered in [2], is that not all violations can be
recorded in the violation structure. The reason is that, after a meld, the violation
array may be too small when the old ¢; with the smaller rank becomes the new
t1 of the melded priority queue. Assume that we have a violation array of size s
associated with ¢;. The priority queue may contain nodes of rank » > s. Hence,
violations of rank r cannot be immediately recorded in the array and remain
inactive. Violation reductions are only performed on active violations whenever
possible. Throughout the lifetime of ¢1, the array is incrementally extended by
the upcoming priority-queue operations until its size reaches the largest rank.
Once the array is large enough, no new inactive violations are created. Since
each priority-queue operation can only create a constant number of violations,
the number of inactive violations is O(lgn).

In connection with every decrease or meld, if Tb exists, a constant number of
subtrees rooted at the children of ¢ are removed from below 2 and added below
t1. Once rank(t;) > rank(t2), the whole tree Ty is added below ¢;. To be able
to move all subtrees from below ¢, and finish the job on time, we should always
pick a subtree from below to whose rank equals the current rank of ¢;.

The priority queue operations aim at maintaining the following invariants:

1. The minimum is associated with ¢;.

2. The second-smallest element is either stored at o, at one of the children of
t1, or at one of the violation nodes associated with ¢;.

3. The number of entries in the violation list of a node is O(Ign), assuming
that the priority queue that contains this node has n elements.

We are now ready to describe how the priority-queue operations are realized.

find-min(Q): Following the first invariant, the minimum is at ¢;.

insert(@,x): A new node z is given with the value e. If e is smaller than the
value of t1, the roles of x and ¢; are exchanged by swapping the two nodes.
The node x is then added below ¢;.
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meld(Q,Q"): This operation involves at most four trees T1, To, Ty, and Ty, two
for each priority queue; their roots are named correspondingly using lower-
case letters. Assume without loss of generality that value(t;) < value(t}).
The tree T7 becomes the first tree of the melded priority queue. The viola-
tion array of ¢} is dismissed. If 77 has the maximum rank, the other trees
are added below t; resulting in no second tree for the melded priority queue.
Otherwise, the tree with the maximum rank among 77, T, and T4 becomes
the second tree of the melded priority queue. The remaining trees are added
below the root of this tree, and the roots of the added trees are made vio-
lating. To keep the number of active violations within the threshold, two
violation reductions are performed if possible. Finally, the regular counters
that are no longer corresponding to roots are dismissed.
decrease(Q, z,e): The element at node x is replaced by element e. If e is smaller
than the element at 1, the roles of x and ¢; are exchanged by swapping the
two nodes (but not their violation lists). If x is either t1, to, or a child of ¢,
stop. Otherwise, x is denoted violating and added to the violation structure
of t1; if x was already violating, it is removed from the violation structure
where it was in. To keep the number of active violations within the threshold,
a violation reduction is performed if possible.
delete-min(Q): By the first invariant, the minimum is at ¢;. The node ¢ and all
the subtrees rooted at its children are added below t;. This is accompanied
with extending the violation array of 77, and dismissing the regular counter
of Ty. By the second invariant, the new minimum is now stored at one of
the children or violation nodes of ¢;. By Lemma [0l and the third invariant,
the number of minimum candidates is O(lgn). Let « be the node with the
new minimum. If z is among the violation nodes of t;, a tree that has the
same rank as x is removed from below ¢1, its root is made violating, and is
attached in place of the subtree rooted at x. If x is among the children of
t1, the tree rooted at x is removed from below t;. The inactive violations of
t, are recorded in the violation array. The violations of x are also recorded
in the array. The violation list of ¢; is appended to that of x. The node t; is
then deleted and replaced by the node x. The old subtrees of x are added,
one by one, below the new root. To keep the number of violations within the
threshold, violation reductions are performed as many times as possible. By
the third invariant, at most O(lgn) violation reductions are to be performed.
delete(Q, x): The node z is swapped with ¢;, which is then made violating. To
remove the current root x, the same actions are performed as in delete-min.
In our description, we assume that it is possible to dismiss an array in constant
time. We also assume that the doubly-linked list indicating the ranks where a re-
duction is possible is realized inside the violation array, and that a regular counter
is compactly represented within an array. Hence, the only garbage created by free-
ing a violation structure or a regular counter is an array of pointers. If it is not
possible to dismiss such an array in constant time, we rely on incremental garbage
collection. In that case, to dismiss a violation structure or a regular counter, we
add it to the garbage pile, and release a constant amount of garbage in connection
with every priority-queue operation. It is not hard to prove by induction that the
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sum of the sizes of the violation structures, the regular counters, and the garbage
pile remains linear in the size of the priority queue.

4 Violation Reductions

Each time when new violations are introduced, we perform equally many vio-
lation reductions whenever possible. A violation reduction is possible if there
exists a rank recording at least three active violations. This will fix the maxi-
mum number of active violations at O(lgn). Our violation reductions diminish
the number of violations by either getting rid of one violation, getting rid of
two and introducing one new violation, or getting rid of three and introducing
two new violations. We use the powerful tool that the rank sequence of ¢; obey
the rules of a numeral system, which allows adding a new subtree and removing
a subtree of a given rank from below ¢; in worst-case constant time. When a
subtree with a violating root is added below t1, its root is no longer violating.

One consequence of allowing O(n) violations is that we cannot use the viola-
tion reductions exactly in the form described for run-relaxed heaps or fat heaps.
When applying the cleaning transformation to a node of rank r (see [4] for the
details), we cannot any more be sure that its sibling of rank r+1 is not violating,
simply because there can be violations that are guarded by other nodes. We then
have to avoid executing the cleaning transformation by the violation reductions.

Let x1, x3, and z3 be three violations of the same rank r. We distinguish
several cases to be considered when applying our reductions:

Case 1. If, for some i € {1,2,3}, z; is neither the last nor the second-last child,
detach the subtree rooted at x; from its parent and add it below t;. The
node z; will not be anymore violating. The detachment of x; may leave one
or two groups with one member (but not the last group). If this happens,
the subtree rooted at each of these singleton members is then detached and
added below ¢1. (We can still detach the subtree of x; even when x; is one of
the last two children of its parent, conditioned that such detachment leaves
this last group with at least two members and retains the rank of the parent.)

For the remaining cases, after checking Case 1, we assume that each of z1, x5,
and z3 is either the last or the second-last child of its parent. Let s1, so, and s3
be the other member of the last two members of the groups of z1, x3, and x3,
respectively. Let p1, p2, and p3 be the parents of x1, x2, and x3, respectively.
Assume without loss of generality that rank(s1) > rank(s2) > rank(ss).

Case 2. rank(s1) = rank(s2) = r+1, or rank(s1) = rank(s2) = r, or rank(s1) =

r and rank(sz) =r — 1:

(a) value(p1) < value(pz): Detach the subtrees rooted at x; and x2, and
add them below ¢1; this reduces the number of violations by two. Detach
the subtree rooted at sy and attach it below p; (retain rank order); this
does not introduce any new violations. Detach the subtree rooted at the
last child of py if it is a singleton member, detach the remainder of the
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subtree rooted at ps, change the rank of ps to one more than that of
its current last child, and add the resulting subtrees below ¢;. Remove a
subtree with the old rank of py from below ¢;, make its root violating,
and attach it in the old place of the subtree rooted at ps.

(b) walue(p2) < value(py): Change the roles of x1, s1,p1 and xa, s2, p2, and
apply the same actions as in Case 2(a).

Case 3. rank(s1) =r+ 1 and rank(sz) =

(a) value(py) < wvalue(ps): Apply the same actions as in Case 2(a).

(b) value(p2) < value(py): Detach the subtrees rooted at x; and x, and
add them below ¢1; this reduces the number of violations by two. Detach
the subtree rooted at so if it becomes a singleton member of its group,
detach the remainder of the subtree rooted at ps, change the rank of po
to one more than that of its current last child, and add the resulting
subtrees below t1. Detach the subtree rooted at s1, and attach it in the
old place of the subtree rooted at ps; this does not introduce any new
violations. Detach the subtree rooted at the current last child of p; if such
child becomes a singleton member of its group, detach the remainder of
the subtree rooted at p;, change the rank of p; to one more than that of
its current last child, and add the resulting subtrees below ¢;. Remove a
subtree of rank r + 2 from below 1, make its root violating, and attach
it in the old place of the subtree rooted at p;.

Case 4. rank(sy) = rank(sz) = rank(sz) =r — 1:

Assume  without loss of  generality  that value(py) <

min{value(pz2), value(ps)}. Detach the subtrees of z1,z3, and x5, and

add them below t1; this reduces the number of violations by three. Detach

the subtrees of sy and s3, and join them to form a subtree of rank r.

Attach the resulting subtree in place of x1; this does not introduce any new

violations. Detach the subtree rooted at the current last child of each of ps

and ps if such child becomes a singleton member of its group, detach the
remainder of the subtrees rooted at p» and p3, change the rank of each of ps
and p3 to one more than that of its current last child, and add the resulting
subtrees below t1. Remove two subtrees of rank r 4+ 1 from below ¢;, make
the roots of each of them violating, and attach them in the old places of the
subtrees rooted at po and ps.

Case 5. rank(sy) = r+ 1 and rank(se) = rank(ss) =r — 1:

(a) value(p1) < min{value(pz),value(ps)}: Apply same actions as Case 4.

(b) wvalue(p2) < value(pr): Apply the same actions as in Case 3(b).

(c) wvalue(ps) < value(pr): Change the roles of s, s2,p2 to x3, s3,p3, and
apply the same actions as in Case 3(b).

The following properties are the keys for the success of our violation-reduction
routines. 1) Since there is no tree T when a violation reduction takes place, the
rank of ¢; will be the maximum rank among all other nodes. In accordance, we
can remove a subtree of any specified rank from below ¢;. 2) Since ¢; has the min-
imum value of the priority queue, its children are not violating. In accordance,
we can add a subtree below t; and ensure that its root is not violating.
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5 Extended Regular Binary Counters

An extended regular binary counter represents a non-negative integer n as a
string (do,d1,...,de—1) of digits, least-significant digit first, such that d; €
{0,1,2,3}, d—1 # 0, and n = > ,d; - 2. The main constraint is that every
3 is preceded by a 0 or 1 possibly having any number of 2’s in between, and that
every 0 is preceded by a 2 or 3 possibly having any number of 1’s in between.
This constraint is stricter than the standard one, which allows the first 3 and
the first 0 to come after any (or even no) digits. An extended regular counter
[3T1] supports the increments and decrements of arbitrary digits with a constant
number of digit changes per operation.

Brodal [2] showed how, what he called, a guide can realize a regular binary
counter (the digit set has three symbols and the counter supports increments
in constant time). To support decrements in constant time as well, he suggested
to couple two such guides back to back, and accordingly used six symbols alto-
gether. We show how to implement, in a simpler way, an extended regular binary
counter more efficiently. The construction described here was sketched in [11];
our description is more detailed and more precise.

We partition any sequence into blocks of consecutive digits, and digits that
are in no blocks. We have two categories of blocks: blocks that end with a 3 are
of the forms 12*3,02*3, and blocks that end with a 0 are of the forms 21*0,31*0
(we assume that least-significant digits come first, and * means zero or more
repetitions). We call the last digit of a block the distinguishing digit, and the
other digits of the block the block members. Note that the distinguishing digit
of a block may be the first member of a block from the other category.

To efficiently implement increment and decrement operations, a fix is per-
formed at most twice per operation. A fix does not change the value of a number.
When a digit that is a member of a block is increased or decreased by one, we
may need to perform a fix on the distinguishing digit of its block. We associate
a forward pointer f; with every digit d;, and maintain the invariant that all the
members of the same block point to the distinguishing digit of that block. The
forward pointers of the digits that are not members of a block point to an ar-
bitrary digit. Starting from any block member, we can access the distinguishing
digit of its block, and hence perform the required fix, in constant time.

As a result of an increment or a decrement, the following properties make
such a construction possible.

— A Dblock may only extend from the beginning and by only one digit. In
accordance, the forward pointer of this new block member inherits the same
value as the forward pointer of the following digit.

— A newly created block will have only two digits. In accordance, the forward
pointer of the first digit is made to point to the other digit.

— A fix that is performed unnecessarily is not harmful (keeps the representation
regular). In accordance, if a block is destroyed when fixing its distinguishing
digit, no changes are done with the forward pointers.
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A string of length zero represents the number 0. In our pseudo-code, the change
in the length of the representation is implicit; the key observation is that the
length can only increase by at most one digit with an increment and decrease
by at most two digits with a decrement.

For d; = 3, a fiz-carry for d; is performed as follows:

Algorithm fiz-carry({do,dx,...,de—1), j)

1: assert0<j</{—1landd; =3
2 dj —1

3: increase djt1 by 1

4: if dj41 =3
5.

6

7

fi < Jj+1 // anew block of two digits
else
fi < fi+1 // extending a possible block from the beginning

As aresult of a fiz-carry the value of a number does not change. Accompanying
a fixz-carry two digits are changed. In the corresponding data structure, this
results in performing a join, which involves one element comparison.

The following pseudo-code summarizes the actions needed to increase the ith
digit of a number by one.

Algorithm increment({do,d1,...,d¢—1),1)

1: assert 0 <7</

20 ifd;=3

3 fiz-carry((do,d1,...,de—1), i) // either this fix is executed
7.

8

ifj<f{—1andd; =3
: fiz-carry((do,d1,...,de=1), j)
8: increase d; by 1
10: if d; =3
11:  fiz-carry({do,d1,...,de—1), 1) // or this fix

Using case analysis, it is not hard to verify that this operation maintains the
regularity of the representation.
For d; =0, a fiz-borrow for d; is performed as follows:

Algorithm fiz-borrow({do,dx,...,de—1), J)

1: assert0<j<{—1landd; =0

2: dj — 2

3: decrease dj4+1 by 1

4: if djy1 =0

5: fi+j+1 //anew block of two digits

6: else

7 fi < fi+1 // extending a possible block from the beginning
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As a result of a fiz-borrow the value of a number does not change. Accompanying
a fiz-borrow two digits are changed. In the corresponding data structure, this
results in performing a split, which involves no element comparisons.

The following pseudo-code summarizes the actions needed to decrease the ith
digit of a number by one.

Algorithm decrement({do,d1,...,de—1),1)

1: assert 0<i</-—1

2: ifd;=0

3 fiz-borrow({do, d1,...,de—1), %) // either this fix is executed
7. if j<f—1landd; =0

8: fiz-borrow({do, d1,...,de-1), j)

8: decrease d; by 1

10: ifi</—1and d; =0

11:  fiz-borrow({do,dx,...,de—1), %) // or this fix

Using case analysis, it is not hard to verify that this operation maintains the
regularity of the representation.

In our application, the outcome of splitting a tree of rank r + 1 is not always
two trees of rank r as assumed above. The outcome can also be one tree of rank
r and another of rank r+1; two trees of rank r and a third tree of a smaller rank;
or one tree of rank r, one of rank r — 1, and a third tree of a smaller rank. We
can handle the third tree, if any, by adding it below ¢; (executing an increment
just after the decrement). The remaining two cases, where the split results in
one tree of rank r and another of rank either r + 1 or r — 1, are pretty similar to
the case where we have two trees of rank r. In the first case, we have detached
a tree of rank r + 1 and added a tree of rank r and another of rank r + 1; this
case maintains the representation regular. In the second case, we have detached
a tree of rank r + 1 and added a tree of rank r and another of rank r — 1; after
that, there may be three or four trees of rank r — 1, and one join (executing a fiz-
carry) at rank r — 1 may be necessary to make the representation regular. In the
worst case, a fiz-borrow may require three element comparisons: two because of
the extra addition (increment) and one because of the extra join. A decrement,
which involves two fixes, may then require up to six element comparisons.

6 Conclusions

We showed that a simpler data structure achieving the same asymptotic bounds
as Brodal’s data structure [2] exists. We were careful not to introduce any artifi-
cial complications when presenting our data structure. Our construction reduces
the constant factor hidden behind the big-Oh notation for the worst-case num-
ber of element comparisons performed by delete-min. Theoretically, it would be
interesting to know how low such factor can get.
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Our storage requirements are as follows. Every node stores an element, a
rank, two sibling pointers, a last-child pointer, a pointer to its violation list, and
two pointers for the violation list it may be in. The violation structure and the
regular counters require logarithmic space. The good news is that we save four
pointers per node in comparison with [2]. The bad news is that, for example,
binomial queues [I3] can be implemented with only two pointers per node.

We summarize the main differences between our construction and that in [2].

+ We use a standard numeral system with fewer digits (four instead of six).
Besides improving the constant factors, this allows for the logical distinction
between the operations of the numeral system and other operations.

4+ We use normal joins instead of three-way joins, each involving one element
comparison instead of two.

4+ We do not use parent pointers, except for the last children. This saves one
pointer per node and allows swapping of nodes in constant time. Since node
swapping is possible, elements can be stored directly inside nodes; this saves
two more pointers per node.

+ We gathered the violations associated with every node in one violation list,
instead of two; this saves one more pointer per node.

+ We bound the number of violations by restricting their total number to be
within a threshold, whereas the treatment in [2] imposes an involved numeral
system that constrains the number of violations per rank.

— We check more cases within our violation reductions.

— We have to deal with larger ranks; the maximum rank may go up to 1.441gn,
instead of lgn.

References

1. Brodal, G.S.: Fast Meldable Priority Queues. In: Sack, J.-R., Akl, S.G., Dehne, F.,
Santoro, N. (eds.) WADS 1995. LNCS, vol. 955, pp. 282-290. Springer, Heidelberg
(1995)

2. Brodal, G.S.: Worst-Case Efficient Priority Queues. In: 7th ACM-SIAM Sympo-
sium on Discrete Algorithms, pp. 52-58. ACM/SIAM, New York/Philadelphia
(1996)

3. Clancy, M.J., Knuth, D.E.: A Programming and Problem-Solving Seminar. Report
STAN-CS-77-606. Computer Science Department, Stanford University, Stanford
(1977)

4. Driscoll, J.R., Gabow, H.N., Shrairman, R., Tarjan, R.E.: Relaxed Heaps: An Al-
ternative to Fibonacci Heaps with Applications to Parallel Computation. Commun.
ACM 31(11), 1343-1354 (1988)

5. Elmasry, A., Jensen, C., Katajainen, J.: Multipartite Priority Queues. ACM Trans.
Algorithms 5(1), Article 14 (2008)

6. Elmasry, A., Jensen, C., Katajainen, J.: Two-tier Relaxed Heaps. Acta In-
form. 45(3), 193-210 (2008)

7. Elmasry, A., Jensen, C., Katajainen, J.: Strictly-Regular Number System and Data
Structures. In: Kaplan, H. (ed.) SWAT 2010. LNCS, vol. 6139, pp. 26-37. Springer,
Heidelberg (2010)



10.

11.

12.

13.

14.

Worst-Case Optimal Priority Queues via Extended Regular Counters 137

Elmasry, A., Katajainen, J.: Worst-Case Optimal Priority Queues Via Extended
Regular Counters, Ithaca, E-print arXiv:1112.0993. arXiv.org (2011)

Elmasry, A., Katajainen, J.: Fat Heaps without Regular Counters. In: Rahman, M.
S., Nakano, S.-I. (eds.) WALCOM 2012. LNCS, vol. 7157, pp. 173-185. Springer,
Heidelberg (2012)

Fredman, M.L., Tarjan, R.E.: Fibonacci Heaps and their Uses in Improved Network
Optimization Algorithms. J. ACM 34(3), 596-615 (1987)

Kaplan, H., Shafrir, N., Tarjan, R.E.: Meldable Heaps and BOolean Union-Find.
In: 34th Annual ACM Symposium of Theory of Computing, pp. 573-582. ACM,
New York (2002)

Kaplan, H., Tarjan, R.E.: New Heap Data Structures. Report TR-597-99. Depart-
ment of Computer Science, Princeton University, Princeton (1999)

Vuillemin, J.: A Data Structure for Manipulating Priority Queues. Commun.
ACM 21(4), 309-315 (1978)

Williams, J.W.J.: Algorithm 232: Heapsort. Commun. ACM 7(6), 347-348 (1964)



The Complexity of Minor-Ancestral Graph
Properties with Forbidden Pairs
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Abstract. Robertson and Seymour (in work starting with [I5]) demon-
strated that any minor-ancestral graph property can be decided in poly-
nomial time. Lewis and Yannakakis [I4] showed that for any nontrivial
node-hereditary graph property, the problem of given a graph, finding
the size of the largest induced subgraph of the graph that has the prop-
erty, is NP-hard. In this paper, we completely characterize those minor-
ancestral properties for which the problem of deciding if a given graph
contains a subgraph with the property that respects a given set of for-
bidden vertex pairs (i.e., if one vertex from a pair is in the subgraph
then the other isn’t) is in P and for which such properties the problem
is NP-complete. In particular, we show that if a given minor-ancestral
property can be characterized by the containment of one of a finite set of
graphs as a subgraph, the corresponding decision problem with forbid-
den vertex pairs is in P, otherwise its NP-complete. Unfortunately, we
further show that the problem of deciding if a minor-ancestral property
(presented as a set of characteristic minors) can be so characterized is
NP-hard. Finally we observe that a similar characterization holds for
the case of finding subgraphs satisfying a set of forbidden edge pairs and
that our problems are all fixed parameter tractable.

1 Introduction

The study of the computational complexity of deciding graph properties closed
under various natural operations is well-established. For example, it is well-
known that graph properties closed under taking minors can be decided in
polynomial time [I6]. In the same vein, optimizing the number of nodes one
must delete from a graph to obtain one with a given property is NP-hard for
any graph property closed under taking induced subgraphs [I4]. Occasionally,
one finds that polynomial time graph properties become hard when natural con-
straints are placed on the witnesses to the property. E.g., finding a path between
nodes in a graph is easy when unconstrained but becomes NP-hard when the
path must satisfy some constraints upon which pairs of vertices may be cho-
sen [9]. In this paper, we characterize the computational complexity of deciding
minor-ancestral graph properties under such forbidden vertex pairs constraints.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 138-[[47] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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A graph property II is a subset of the set of all finite, unlabeled undirected
graphslqd A property is trivial if it or its complement is finite. If G € I, we say
G satisfies I, II(GQ) holds or just II(G).

Given a graph G = (Vig,Eg) and an edge wv € Eg, a subdivision is an
operation that replaces the edge uv with an intermediate vertex w ¢ Vg and
edges uw and wv. A graph H is a subdivision of G if it can be obtained by
zero or more subdivisions of G. We define subdividing an edge k times to be the
operation of replacing the edge with a path of length k41 between the endpoints
of the edge. An edge contraction of an edge uv € Eg replaces uv and vertices u
and v with a new vertex w and edges {wz | ux € Eq¢ V vr € Eg}. H is a minor
of G if one can perform zero or more contractions on a subgraph of G to obtain
H. H is a topological minor of G if a subgraph of G is a subdivision of H.

A graph property II is minor-hereditary if given graphs G and H with H a
minor of G, II(G) implies IT(H), i.e, the property is closed under taking minors.
Examples of such properties include planar, acyclic, bounded treewidth, etc.
The complement of a minor-hereditary property is minor-ancestral. A graph
property II is node-hereditary if given graphs G and H with H an induced
subgraph of G, II(G) implies I1(H), i.e., the property is closed under taking
induced subgraphs. Examples include planar, outerplanar, bipartite, acyclic, in-
terval graph, chordal, etc. Finally, a graph property II is subgraph-hereditary
if given graphs G and H with H a subgraph of G, II(G) implies II(H), i.e.,
the property is closed under taking subgraphs. Note that any minor-hereditary
(node-hereditary or subgraph-hereditary) property I1 is characterized by a set
(possibly infinite), Cr, of forbidden minors (respectively, induced subgraphs or
subgraphs), i.e., any graph containing one of the graphs in C7 as a minor (respec-
tively, induced subgraph or subgraph) does not have the property I7. Similarly,
a minor-ancestral property, 1, is characterized by a set of graphs C; such that
any graph with the property must contain some graph in Cj; as a minor. FSP
(for Forbidden Subgraph Property) is the class of subgraph-hereditary properties
characterized by a finite set of forbidden subgraphs [5]. We define co-FSP as
the set of graph properties that are the complement of some property in FSP.
Note that properties IT in co-FSP are characterized by a finite set of graphs
Cj7 such that any graph with property Il must contain some graph in Cp; as a
subgraph.

In a series of papers starting with [15], Robertson and Seymour established the
graph minor theorem, that the partial ordering of graphs under minors forms a
well-quasi-ordering. Among the implications of their work is that
minor-hereditary graph properties are characterized by a finite set of forbid-
den minors which in turn they showed implies that any minor-hereditary (or
minor-ancestral) property can be decided in polynomial time [16]. This discov-
ery has lead to a large number of results showing various graph problems are in
P. (See [g] for a start.)

! That is, isomorphic graphs are identified with each other.
2 For the most part, we follow standard graph-theoretic notation, as found in any
standard text on the subject such as [3].
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Building on the work of Krishnamoorthy and Deo [I3], Lewis and Yannakakis
[14] showed that for any nontrivial node-hereditary property the node deletion
problem, i.e., the problem of given a graph G, finding the size of a largest induced
subgraph of G with the property, is NP-hard. Research along these lines for dif-
ferent graph properties and graph operations continues. For example, Asano and
Hirata [2] show that for minor-hereditary properties with characteristic forbidden
minors that are all made up of 3-connected components, the edge deletion prob-
lem (finding the size of the largest subgraph with the property) is NP-complete.
Recently, Alon et al. [1] showed (among other results) that if all bipartite graphs
satisfy an subgraph-hereditary property, then the edge deletion problem for that
property is NP-hard even to approximate.

The concept of forbidden pairs of vertices comes from the field of software
testing and automated analysis, and was introduced in [12]. Additional motiva-
tion for forbidden vertex pairs problems comes from computational biology by
Brady et al. [4]. Gabow, Maheshwari, and Osterweil [9] proved that the prob-
lem of deciding if a path that respects forbidden vertex pairs exists between
two vertices is NP-complete. Since then, a series of papers [I8/11] has shown
that depending upon different restrictions one may place on the set of forbidden
vertex pairs, the problem may become polynomial-time solvable.

Childs and Kothari [5] introduced the class FSP of subgraph-hereditary prop-
erties characterized by a finite set of forbidden subgraphs in their study of the
quantum query complexity of minor-hereditary properties. They show that minor-
hereditary properties that are in FSP can be solved using o(n*/?) quantum queries
(for graphs with n vertices) while those not in FSP require ©(n*/2) queries. co-FSP
is particularly relevant to our study of minor-ancestral properties.

The results of Robertson and Seymour show that minor-ancestral proper-
ties are “easy” (i.e., in polynomial time) while the results of Lewis and Yan-
nakakis imply that certain optimization problems for node-hereditary properties
are “hard” (i.e., NP-hard). Gabow et al. show that a particular easy problem
(st-connectivity) becomes hard when a set of forbidden vertex pairs is added
to the problem. In this paper, we investigate when minor-ancestral properties
move from being easy (a la Robertson and Seymour) to being hard (a la Lewis
and Yannakakis) when forbidden vertex pairs are added. In particular, we give
a complete characterization of when deciding a minor-ancestral property with
forbidden vertex pairs is in P and when it is NP-hard. As it turns out, our char-
acterization is based upon the same dichotomy observed by Childs and Kothari
in their study of the quantum query complexity of minor-hereditary properties.

Given a graph property II we define the forbidden vertex pairs decision prob-
lem for IT, FVP (G, F), as follows: The input is a graph G = (Vg, Eg) and a
set of vertex pairs, F' C Vg X Vi, and the output is ‘yes’ if and only if there
exists H a subgraph of G such that IT(H), and Vi x Vi and F are disjoint. For
a given H and F we say H respects I if Vi x Vi and F are disjoint.

Our main result completely characterizes the complexity of the forbidden
vertex pairs decision problem for minor-ancestral graph properties. In particular,
suppose I is a nontrivial minor-ancestral graph property. If IT is in co-FSP then
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FVPy is in P. If not, it is in NP-complete. In other words, if a graph property
can be characterized by the containment of one of a finite number of subgraphs,
then its corresponding forbidden vertex pairs problem is in P; otherwise, it is
NP-complete.

The rest of the paper is organized as follows. In the next section we prove
our main result. This is followed by a discussion of consequences and extensions
of the main theorem along with our proof that deciding if a minor-ancestral
property (presented as a set of characteristic minors) is in co-FSP is NP-hard.
We conclude with some natural extensions and discussion of open problems.

2 Main Result

In this section we prove our main result. It follows from a series of lemmas shown
below. We define a dangling path as one in which zero or more degree-two vertices
are terminated by a degree-one vertex.

Lemma 1. If IT is minor-ancestral but not in co-FSP then there exists a graph
G € II containing edge uw such that replacing uw with dangling paths attached
to each of u and w produces a graph G' & II.

Proof. IT is minor-hereditary and not in FSP. By Lemma 3.5 in [5], there exists
a graph G not in IT and an edge uw € Eg such that one can replace the edge
with dangling paths attached to each of u and w and produce a graph G’ € II.
Since G ¢ II, we have G € II. Furthermore, replacing uw with dangling paths
from u and w produces a graph G’ & II. O

Lemma 2. If I is a graph property in co-FSP then FVPy is in P.

Proof. The subgraph isomorphism problem is known to be in P when one input is
fixed. As I is in co-FSP, there exists a fixed set of graphs, Cjy such that any mem-
ber of IT will contain at least one of the graphs in Cjy as a subgraph. We can find
all copies of the graphs in Cy that appear as subgraphs of a given input graph to
FVPy; in time polynomial in the size of the input graph (the polynomial depending
upon the size of the largest graph in C; which is fixed independent of the size of
the input). Each such copy can be checked to see if it respects the forbidden vertex
pairs in time polynomial in the size of the forbidden vertex pairs set. If a subgraph
is found respecting the forbidden vertex pairs then the input satisfies I, otherwise
it does not. Thus, FVPy can be decided in polynomial time. a

Lemma 3. Let I be a minor-ancestral property not in co-FSP. Then FVPyy is
NP-complete.

Proof. To demonstrate the NP-completeness of FVPy, we will first show that
it is in NP. IT is minor-ancestral so there exists a finite C;. Given a certificate
consisting of a graph G, a minor H in Cp7, and a list of contractions, one can
verify that G is a subgraph of the input graph that respects the forbidden vertex
pairs, and that performing the contractions on G lead to H.
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Next, to show NP-hardness, we reduce MONOTONE ONE-IN-THREE SAT
(well-known to be NP-complete, see [I7]) to the forbidden vertex pairs problem
for II. The problem takes as input a formula in 3-CNF form where all literals
are variables (no negations) and accepts if there is a satisfying assignment with
exactly one true literal per clause. Let X = (11,1 Vi1 2VI13)Ae.A(Ln,1 Vg2 Vi 3)
be input for an instance of MONOTONE ONE-IN-THREE SAT.

By Lemma[Il there exists a graph G € I with an edge uw such that deleting
the edge and adding dangling paths to u and to w produces a graph not in II.
Note that G and uw depend only on property and remain constant with respect
to X. From G, we construct a graph G’ and a set of forbidden vertex pairs to
be the input to FVPy. An affirmative decision will occur exactly when X is
satisfiable. Graph G’ is generated from G as follows:

Delete edge uw.

Add disjoint vertices v1,1,v1,2, 1,3, -+ Un,1, Un,2, Un,3. Call these v-vertices.
Foreach 1 <i<mnand 1 <jk <3, add edges v; jvit1,-

Add edges uvy,; and wvy, ; for 1 <5 < 3.

W=

An example of our construction is given in Figure [l

Fig. 1. Example construction between u and w for a 3-clause instance of MONOTONE
1-IN-3 SAT

The forbidden vertex pairs F' are comprised of two types:

Intraclause: Forall 1 <j <k <3 and1 << n, forbid v, ; with v; .
Interclause: If l; ; = I, ,, forbid v; ; with v, , for 1 <z #y < 3.

As an example, if X = (ll,l \Y ZLQ \Y llﬁg) A (lg’l \Y l2’2 V 12’3) with 11’1 = 12’2, the
forbidden pairs would be

{(111,1, 111,2), (111,1, 111,3), (U1,2, 1)1,3), (112,1, 112,2),
(v2,1,v2,3), (v2,2,2,3), (V1,1,v2,1), (1,1, V2,3),
(v1,2,v2,2), (v1,3,v2,2)}.

We now show that there is a subgraph of G’ that respects F' and is a subdivi-
sion of G if and only if X is satisfiable. Consider a subgraph of G’ that includes
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all of the original vertices and edges of G except uw and for each i, includes one
vertex v; ; with 1 < 7 < 3. One can form a mapping between any such subgraph
and a truth assignment to the variables in X: for all v; ; € Vi, ;; is true and
all other literals are false. We will show that the only such subgraphs respecting
the forbidden vertex pairs are those that produce satisfying assignments of X.

Suppose that X is satisfiable. We will show that FVP (G, F) is true. Consider
the subgraph induced by deleting any v-vertex v; ; where [; ; is false. Since for
each i, there exists a j such that [; ; is true, there is a path from u to w through
the v-vertices, so the resulting graph is a subdivision of G. Furthermore, since
there is exactly one per clause, no two vertices are forbidden due to intraclause
forbidden vertex pairs. Whenever l; j = l, 4, v;; and v, 4 will both either be in
or be excluded from the subgraph, so no two vertices will be forbidden due to the
interclause forbidden vertex pairs. Therefore, when X is satisfiable, FVP (G, F)
is true.

Now, suppose that FVP(G’, F) is true. There exists a subgraph G” of G’
that respects the forbidden vertex pairs and has G as a minor. There must be
a path from u to w through the v-vertices remaining in G” since by Lemma
[ if one replaces uw with dangling paths on v and w, the resulting graph is
not in I7. By construction, for each 1 < i < n, one (and exactly one by the
forbidden vertex pairs) v; ; must be a member of this path. The corresponding
truth assignment must satisfy X, as exactly one literal per clause is true and the
interclause forbidden vertex pairs ensure consistency (i.e., x; is not declared to
be true in one clause but false in another). O

Theorem 1. If minor-ancestral property II is in co-FSP then FVPy is in P,
otherwise FVP is NP-complete.

Proof. If II is in co-FSP then Lemma 2 shows that FVPy is in P. Otherwise,
Lemma [ shows that FVPp is NP-complete. g

3 Discussion

As an immediate consequence of our main result we are able to determine the
complexity of deciding a large number of graph properties under forbidden ver-
tex pairs constraints. For example, deciding if a graph has a cycle or nonplanar
subgraph respecting a set of forbidden vertex pairs is NP-complete while de-
ciding if a graph has a triangle or a path of fixed length k respecting a set of
forbidden vertex pairs is in P. We further observe that the proof of Lemma [3]
is easily adapted to prove the main result of Gabow et al. [9], namely, deciding
if there exists a path in a graph between two given vertices respecting a set of
forbidden pairs, is NP-complete.

Unfortunately, deciding whether a minor-ancestral graph property is in co-
FSP (and therefore determining the complexity of corresponding forbidden pairs
problem) appears to be hard. In particular, we now show that deciding member-
ship in co-FSP is NP-hard for arbitrary minor-ancestral properties presended
as sets of characteristic minors.
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3.1 Deciding Membership in co-FSP

Before we proceed we need a few more definitions and lemmas. A claw is the
graph K 3, i.e., the complete bipartite graph on a bipartition with 1 vertex on
one side and 3 vertices on the other. In any graph, edges on dangling paths are
said to be external; all other edges are internal. We say a graph G minor-covers
a graph H, if for all internal e € Epg, one can subdivide e a finite number of
times to produce a graph of which G is a minor.

Lemma 4. G-minor-containment is equivalent to G-subgraph-containment if
and only if G is the disjoint union of paths and subdivisions of claws.

Proof. Minor-containment and topological-minor-containment are equivalent for
graphs with maximum degree 3 [6, p. 21]. Lemma 3.4 of [5] shows topological-
minor-containment and subgraph-containment are equivalent only for graphs
with no internal edges. The disjoint unions of paths and subdivisions of claws
are the only graphs satisfying these conditions. a

Lemma 5. Let G be a disjoint union of paths and subdivisions of claws, and H
be a graph with internal edges and mazimum vertex degree 3. The minor-ancestral
property IT with Cip = {G, H} is in co-FSP if and only if G minor-covers H.

Proof. Suppose G minor-covers H. We will show that H-minor-containment is
equivalent to a finite number of subgraph-containment queries. We claim that
the following finite set of graphs serves witness to I1’s membership in co-FSP:
{G, H}U{all graphs with an H minor and size bounded by |Ex|(1+|Vg|)}. Let
H' be an arbitrary graph larger than anything in the above set with an H-minor.
As H has a maximum vertex degree of 3, H-minor- and H-topological-minor-
containment are equivalent. Therefore, H' has a smallest subgraph H” that is
a subdivision of H. If |Vg| < |Eg|(|Vg| + 1) then H' has a subgraph in the
witness set. Otherwise, some edge in H must be subdivided more than V| times
to produce H”. Thus, G is a minor of H"” and thus of H’. By Lemma [, G is a
subgraph of H’, so the above-listed set contains a subgraph of each graph with
an H minor.

On the other hand, suppose that G does not minor-cover H. For contradiction,
assume that IT is in co-FSP, i.e., there exists some finite set T' such that any
graph in IT has a subgraph in T'. Let k be the size of the largest graph in T

As G does not minor-cover H, H has an internal edge uv such that no amount
of subdividing uv will result in a graph having G as a minor. Let H’ be the graph
resulting in subdividing uv k times, and let P be the path from u to v resulting
from the subdivision.

H’isin II, so H' has a subgraph H” in T. H"” must have an H minor because
it does not have G as a minor. As H” has at most k vertices, it cannot span P.
This implies that the edges in H” isomorphic to edges in P must be external.
But now H" has fewer internal edges than H (as uv was internal), which is a
contradiction as contraction and deletion can only reduce the number of internal
edges in a graph and H" was presumed to have an H minor. As no finite set T
contains a subgraph of every graph in I1, IT cannot be in co-FSP. g
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Theorem 2. Given Cpy, deciding if a nontrivial minor-ancestral property II is
in co-FSP is NP-hard.

Proof. We reduce from the HAMILTONIAN PATH problem, well known to be NP-
complete, even for graphs with maximum degree 3 [I0]. Let G be an arbitrary
graph with maximum vertex degree 3 to act as input for HAMILTONIAN PATH.
We can immediately dismiss the case where G has no internal edges as clearly
this can be decided in polynomial time. Assume that G has an even number of
vertices (if not, just subdivide an edge in it).

Let H be the subdivision of a claw having three dangling paths of lengths
[Val/2, |[Val/2, and |V, respectively. Assign an arbitrary order to the edges of
G. Make |Eg| copies of G, one for each edge of G, labelled G1, ..., G|gg|. For
each G, subdivide the edge corresponding to edge i in G; and attach a dangling
path P; of length |Vg| to vertex created during subdivision. Finally, attach a
vertex to the penultimate vertex in the dangling path, so the addition consists
of two external and |Vz| — 1 internal edges. Let G’ be the disjoint union of G; to
G|gs|- Notice that as G’s vertices each have degree at most 3, the same is true
of G'. Define the minor-ancestral graph property IT by letting Cry = {G’, H}.

Suppose that G contains a Hamiltonian path. As |V | is even, there is a unique
middle edge in the path with index i. H is a subgraph of G; and thus of G'.
Therefore H minor covers G’, proving IT is in co-FSP.

In the other direction, suppose that H minor-covers G’ (so, by Lemma Bl IT
is in co-FSP). Note that by Lemma [ H-minor- and H-subgraph-containment
are equivalent. Clearly if H is a subgraph of some G; then G has a Hamiltonian
path as each GG; has one more vertex than H and one of the leaves of P; cannot
be covered by H.

No matter how many times we subdivide internal edges on some P;, as the
longest dangling path in H has |Vg| vertices, we can only use that many to
demonstrate H is a subgraph of G;. Furthermore, one end of P; consists of
just two vertices, so one must be able to identify the remaining vertices of H
(excluding the dangling path identified to vertices of P;) to all vertices of G.
Therefore, H must be a subgraph of G’ without the subdivision, which implies
G has a Hamiltonian path.

Thus we have, G contains a Hamiltonian path if and only if H minor-covers
G’ and by Lemma [ this occurs if and only if IT is in co-FSP. O

3.2 Forbidden Edge Pairs

As an extension of our main result we consider the variant of the problem with
forbidden edge pair constraints. Given a graph property I, let FEP (G, F') be
true if and only if there exists a G’ a subgraph of G such that Eg: x Fg and
F' are disjoint where F' is a set of edge pairs of G. We have the following result
corresponding to Theorem [II

Theorem 3. If minor-ancestral property II is in co-FSP then FEPy is in P,
otherwise FEPy is NP-complete.
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Proof. Clearly Lemma 2 holds by just checking edges instead of vertices for
violations of the forbidden pairs. Lemma 3 follows by replacing each v; ; with
two vertices connected by an edge and forbidding the corresponding edges. 0O

3.3 Fixed Parameter Tractability

Finally we observe that all of the problems shown NP-complete by our main
result are all tractable when the size of the forbidden vertex pairs set is fixed. A
problem is fized parameter tractable [7] in a parameter k if there is an algorithm
that runs in time f(k) * n®®) | where f is a function independent of the size of
the input problem, n. In other words, holding the parameter k constant means
that the complexity of the problem grows polynomially with the remainder of
the input.

Theorem 4. Let II be a minor-ancestral graph property. Then FVPr is fized
parameter tractable on the number of forbidden vertex pairs.

Proof. Suppose that an input to FVPy has no more than k forbidden pairs. From
the k pairs, we can derive at most 2* different ways to pick one vertex from each
pair. For each way, delete the vertices not picked and check the resulting graph
for the property. If one of these has it, then answer affirmatively, otherwise reject.
This algorithms requires at most a constant 2% calls to a polynomial-time check
(since IT is minor-ancestral) for the presence of a subgraph with a property. 0O

Note that the above theorem applies to any property that can be decided in
polynomial time, not just minor-ancestral properties as the proof only used the
fact that the decision property for minor-ancestral properties is in P.

4 Conclusions

We note that Lemma 2] and the technique used in Lemma [B] can be applied to
graph properties that are not minor-ancestral. For example, deciding if a graph
contains a triangle is not minor-ancestral but Lemma [2] can be used to show
that deciding if a graph has a triangle respecting a set of forbidden vertex pairs
is in P. Perhaps more interesting is the existence of non-minor-ancestral deci-
sion problems that are in P without constraints but become NP-complete when
forbidden vertex pairs are added. For example, consider the property satisfied
by graphs that contain a perfect matching. Using a construction similar to that
used in Lemma B one can show that the problem of deciding if a graph has a
perfect matching respecting a given set of forbidden edge pairs is NP-complete.
We further note that for any nontrivial subgraph-hereditary property the cor-
responding problem with forbidden vertex pairs is trivially in P as the empty
graph respects any set of constraints on the vertices chosen. This leaves open
the question of characterizing exactly which easy graph properties become hard
when forbidden vertex pairs constraints are considered.
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Abstract. We consider random systems of equations z1 + - - - + x = a,
0 < a < 2 which are interpreted as equations modulo 3. We show for
k > 15 that the satisfiability threshold of such systems occurs where
the 2—core has density 1. We show a similar result for random uniquely
extendible constraints over 4 elements. Our results extend previous re-
sults of Dubois/Mandler for equations mod 2 and k = 3 and Conna-
macher/Molloy for uniquely extendible constraints over a domain of 4
elements with & = 3 arguments.

The proof is based on variance calculations, using a technique intro-
duced by Dubois/Mandler. However, several additional observations (of
independent interest) are necessary.

1 Introduction

1.1 Contribution

Often constraints are equations of the type f(z1,...,zr) = a where a is an
element of the domain considered and f is a k—ary function on this domain,
for example addition of k£ elements. Given a formula, which is a conjunction
of m constraints over n variables we want to find a solution. It is natural to
assume that f has the property: Given k — 1 arguments we can always set the
last argument such, that the constraint becomes true. In this case we can restrict
attention to the 2—core. It is obtained by iteratively deleting all variables which
occur at most once. Thus it is the maximal subformula in which each variable
occurs at least twice.

We consider the random instance F(n,p) : Each equation over n variables is
picked independently with probability p; the domain size d and the number of
slots per equation k is fixed. We consider the case p = ¢/n*~!, and the number
of constraints is linear in n whp. (with high probability, that is probability
1 — o(1),n large.) Note that the number of equations available is n* - d. The
density of a formula is equal to the number of equations divided by the number
of variables. The following is well known for F'(n,p) and k& > 3 which we assume
throughout.

Fact 1 ([22]). 1. Conditional on the number of variables n' and equations m/
of the 2—core the 2—core is a uniform random member of all formulas where
each variable occurs at least twice.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 148-[[59] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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2. There exist ' = n'(c) and m' = m/(c) such that the number of variables of
the 2—core is n'(1 4 o(1)) and the number of equations m’(1 + o(1)) whp.

3. There exists a T = T(k) such that whp. for ¢ <T — e the 2—core has density
<1—¢ and for ¢ > T + € the 2—core has density > 1+ ¢€’.

For any formula with density > 1 the density of the 2—core is > 1 as the density
does not decrease when a variable of degree < 1 is deleted. Thus 7" is such that the
density of F(n,p) is < 1. Let b be the density of F(n,p) and let B = B(T') be the
threshold density. For &k = 3,4,5 we have B =0.9179 ..., 0.976 ..., 0.9924 ...
[11]. An analytical determination of B following [11]: Consider F(8) = (/k -
1/Pr[Po(B) > 1]*~1. Po(B) is the Poisson distribution with parameter 3 > 0,
Pr[Po(B) > 1] = 1 — exp(—p). F(B) > 0, convex, and has a unique minimum.
The minimum of F(f) is the threshold density for F(n,p) to have a non-empty
2—core. For b > this threshold density let 3(b) be uniquely determined as the
larger solution of F(8(b)) = b. Consider G(8) = 8/ k-Pr[Po(8) > 1]/Pr[Po(8) >
2]. The unique b with G(5(b)) = 1 is the threshold density B = B(T).

The expected number of solutions of the 2—core is d”'=™" When the 2—core
has density > 1+4¢ whp. no solution exists. In seminal work Dubois and Mandler
[12] consider equations mod 2:x1 + ...+ z; =a,0 < a < 1,k = 3. They show
satisfiability whp. when the 2-core has density < 1 — . For larger £ > 15 a full
proof for this result is given in [I1], Appendix C. Thus T//n¥~1 is the threshold
for unsatisfiability in this case.

It is a natural conjecture that the same threshold applies to equations as
discussed initially (and to similar types.) However, it seems difficult to prove
the conjecture in some generality. Considerable effort in this direction has been
spent, see [§] described further below. One of the difficulties seems to be that
we have 2 parameters k and d. We make some progress towards this conjecture.
We show it for equations mod 3. (The result is for & > 15, but we think one
can get if for all k£ > 3 along the lines presented.)

Theorem 2. Let F(n,p) be the random set of equations mod 3 : x1+--+x) =
a,0 < a <2 x4+ -+ x an ordered k — tuple of variables, k > 15. If
p < (T —¢)/nk=t F(n,p) is satisfiable whp.

The main task is to show that a 2—core of density < 1 — ¢ has a solution with
probability > ¢’ > 0. Our proof starts as Dubois/Mandler: Let X be the number
of satisfying assignments of the 2—core. Its expectation is > d*",d = 3. We show
that E[X?] < O(E[X])2. This implies (by Cauchy-Schwartz (or Paley-Zygmund)
inequality) that the probability to have a solution is > ¢’ > 0. Fact [limplies that
F(n,p) has a solution with the same probability. We apply Friedgut-Bourgain’s
Theorem to F'(n,p) to show that unsatisfiability has a sharp threshold. By this
the probability becomes 1 — o(1). In [9] Friedgut-Bourgain is applied to the
mod 2—case. It seems that our proof for the mod 3—case is somewhat simpler
(and applies to the mod 2—case and other cases.)

To determine E[X?] Dubois/Mandler apply Laplace Method (one ingredient:
bounding a sum through its maximum term.) The main difficulty is to bound
a real valued function of several arguments from above. They show that their
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function has only one local maximum. We proceed by the same method, but
substantial changes are necessary for k > 3.

First, we observe (cf. [I1], Appendix C) that the function in question is < the
infimum with respect to certain other parameters. This is based on generating
functions: If f(x) = 3" cxx® then ¢, < f(a)/a*, a > 0,¢; > 0 (a method rarely
used in the area, a notable exception is [24].) Thus to bound the maximum
from above we need to find suitable parameters and show that the value of the
function with these parameters is less than the required upper bound. (This
leads to involved, but elementary calculus.)

To make this approach work we need appropriate generating functions: X =
Xa, + -+ Xagn, where X, is the indicator random variable of the event that
assignment a; makes the formula true. Then X? =3 >, X, X,. To get E[X?]
we need to determine Prob[X, X} = 1]. To this end we observe that the equation
21 4+ -+ + xx = ¢ which is true under a is true exactly under those assign-
ments b such that 0kg + 1k1 + 2ko = 0 mod 3, and k; is the number of slots
of x1 + -+ 4 xy, filled with a variable z with b(xz) = a(z) + i. Thus there are
Zkl:kz mod 3 (k—kl—zz,kl,m) different ways in which an equation can become
true under a,b. The following generating function allows us to deal with these
possibilities analytically. With w; = exp(2m:/3) the primitive third root of
unity and we = w2 we define r(zg, 71, 72) =
1/3 - [(xo + 21 + 22)F + (19 + Wizt + Waxo)® + (20 + Wary + W1.’£2)k]
then Coeff[x’flng,r(l, Z1, T2)] = (k_kl_ﬁ%khk(z) if k1 = k2 mod 3 and 0 other-
wise (easy from properties wj.) In the mod 2—case 1/2 [(1 4+ z)* + (1 —z)¥]
serves the same purpose.

With the motivation to get an exact threshold of unsatisfiability for a type of
constraint whose worst-case complexity is NP-complete, Connamacher/Molloy
[8], see also the very recent [7] introduce uniquely extendible constraints. A
k—ary uniquely extendible constraint is a function from D to true, false with
the property: Given values from D for any k£ — 1 argument slots there is exactly
one value for the remaining slot which makes the constraint true. Note that equa-
tions as above are uniquely extendible, but the class of all uniquely extendible
constraints is larger. (The k > 8 in the following result can be eliminated at the
price of some additional technical effort.)

Theorem 3. Let F(n,p) be the random formula of uniquely extendible con-
straints: Each constraint is a random k—tuple of variables and a random k—ary
uniquely extendible constraint over D and we pick with probability p and k > 8.
For |D| =4 and p < (T —¢)/n*~1 F(n,p) is satisfiable whp.

The threshold T'/n*~1 is proved for k = 3 and |D| = 4, cf. [7] remark following
Theorem 8. Our proof uses the technique as in the mod 3—case, however the
details are different. One of the contributions making the proof possible is the

generating polynomial p(z) = % {(1 +2)k +(d—1)(1 - d%l)k] (observe d = 2.)
In the main part we give the structure of the proof of Theorem 2l Concerning
Theorem [3] some characteristic points are given. Full proofs in [I6].
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1.2 Motivation

Many computational problems can be naturally formulated as conjunctions of
constraints. And we are interested to find a solution of this conjunction. Algo-
rithmic properties of these conjunctions are considered in theoretical research
(with remarkable results e. g. in the realm of approximation [I7]) and applied
research, e. g. [20]. An additional aspect is the investigation of conjunctions of
randomly picked constraints; [23] is a fundamental study here. Propositional for-
mulas in k-conjunctive normalform provide an example which has lead to a rich
literature e. g. [I0]. One of the characteristic properties of this research is that
its findings can often be related to experimental work by running algorithms
on randomly generated instances. A point of interest of random formulas is the
threshold phenomenon fur satisfiability. Typically, instances picked close to the
threshold seem to be algorithmically hard, thus being candidate test cases for
algorithms. The threshold phenomenon and the possibility to investigate it by
experiments is one of the reasons that physics is interested in the area e. g. [4].
On the other hand, physical approaches lead to new algorithms and classical
theoretical computer science research, e. g. [6].

One of the major topics is to determine the value of the threshold. A full
solution even in the natural k—CNF SAT case, k& > 3, has not been obtained, but
many partial results, [10] for k = 3. Note that k—CNF does not have the unique
extendability property as possessed by the constraints considered here. And it
seems to be a major open problem to get the precise threshold for constraints
without unique extendability and not similar to 2—CNF. A mere existence result
is the Friedgut-Bourgain theorem [I4]. Based on this theorem thresholds for
formulas of constraints over domains with more than 2 elements are considered
n [23]. Ordering constraints are considered in [15], only partial results towards
a threshold can be proven. In order to get definite threshold results further
techniques are required. Therefore it is a useful effort to further develop the
techniques with which thresholds can be proven. This is the general contribution
of this paper.

A notable early exception, in that the precise threshold can be proven is the
mod 2—case considered above. Historically [I2] is the first paper which uses
variance calculation based on Laplace method in this area. Subsequently, for
k—CNF SAT this method has lead to substantial progress in [1]. The contribution
here is that mod 2—proof can be refined and extended to cover other cases
based on observations of independent interest. Note that random sparse linear
systems over finite fields are used to construct error correcting codes, e. g. [19]
or [25], motivating the mod 3—case; literature on ternary linear codes can also
be found. A very recent study of the mod 2—case is [2]. Related literature can
be found in [I8], but precise threshold results have not been obtained here.
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2 Notation and Basics for the mod 3—Case
We use the abbreviation

M(m,n) = Z (U1 mv ) and Ny := M(km,n). Then Ny -3™ (1)

V1,...Vn 22

is the number of all formulas with k variables per equation and m equations.
Note that Ny is the number of ways to partition km slots such that we have > 2
slots for each of the n variables. The formulas we consider are 2—cores. (Here
the same equation can occur several times. This happens with probability o(1)
as m is linear in n and can be ignored. ) We consider the uniform distribution
on the set of formulas. Let X be the number of solutions of a formula. We
have X =" X, where a stands for an assignment of the variables with 0, 1,2
and X,(F) = 1 if F is true under a and 0 otherwise. The expectation of X
is 3"~ because given an assignment each equation is true independently with
probability 1/3. We assume that m = n, v bounded above by a constant < 1.
As k is constant, the asymptotics is only with respect to n. We need to show the
following theorem:

Theorem 4. E[X?] < C-32(n=m),

We have E[X?] = > 3, E[X, - Xy]. Let W = (Wy, Wi, W2) be a partition
of the set of variables into 3 sets. We always use the notation w; = §W;, w =
(wp, w1, wa). For two assignments a, b we write b = D(a, W) iff W; = {z|b(z) =
a(x)+i mod 3}. We have that a(x1+---+ax) = b1+ +xk) (alx1+- - -+xk)
is the value of z1 + - -+ + x4, under a, analogously for b) iff >, , i - #{j|z; €
W;} = 0 mod 3. ThlS is equivalent to #{j|x; € W1} = #{j|z; € W2} mod 3.
Given [ = (lo, l1,l2) with >>1; = km we let () be the set of all 3 x m—matrices
(ki j)o<i<2,1<j<m With k1 ; = ks ; mod 3 and each column sums to k, that is
> kij =k for each J- Moreover, > kij =l for i =0,1,2 (the i'th row sums
to l;.) We denote K (1) :=

m

Z H( k?l ko ) Then N(w,l) := K(Z)'HM(li,wi) (2)
04> F1,5 5 2,5 Pl

(kij)eK(l) 7=1

is the number of formulas F' true under two assignments a,b with b = D(a, W)
(with w; = §W;) and the variables from W; occupy exactly I; slots of F. The
factor K (I) of N(w,1) counts how the I; slots available for W; are distributed
over the left-hand-sides of the equations. The second factor counts how to place
the variables into their slots. Note that the right-hand-side of an equation cannot
be chosen, it is determined by the value of the left-hand-side under a, b.

We abbreviate () = (wo o w2). Given an assignment a, w, and [, the number

of assignment formula pairs (b, ') with : There exist W with §W; = w;, such
that b = D(a, W), F is true under a and b, and the variables from W; occupy



Satisfiability Thresholds beyond k—XORSAT 153

exactly I; slots of F is

N(w, 1) := (”> - N(w, I). Then E[X?] = 3" N(w,I)- L (3)

w

Theorem M follows directly from the next theorem:
Theorem 5. Zw’zN(w’[)/No < C-30-n,

One more piece of notation: w; = w;/n is the fraction of variables belonging to
Wi. And A; =1; /(km) = 1;/(kyn) is the fraction of slots filled with a variable
from W;, wo = 1 — w; — wo (also for \g.) We use @ = (wo, w1, ws), and A =
(Mo, A1, A2). Sometimes w;, A; stand for arbitrary reals.

3 Structure of the Proof of Theorem

First, bounds for M(m,n) and K(I). We consider g(z) := exp(z) —z —1 =
ZJ'Z? 9;—7 for > 0. Then for a > 0 and all m,n we have M (m,n) =

= Coeffla™ q(e)"] -m! < gla)" - —-m! < gla)" ()" O(vm) ()

a-e
using Stirling in the form m! < (m/e)™ - O(y/m). To get rid the /m—factor
we let Q(z) := xq'(z)/q(x) with ¢'(z) the derivative of ¢(x), ¢'(z) = exp(z) — 1
for > 0. Observe that Q(z) is the expectation of a random variable with
probability of j > 2 equal to (27/5!)/q(x). Then Q'(z) > 0 for z > 0, Q(z) > z
and Q(z) — 2 for + — 0. Thus, for y > 2 the inverse function Q~*(y) > 0
is defined and differentiable. Lemma [0l follows from the local limit theorem for
sums of lattice random variables [I3], page 112 which generalizes the fact that
(n/Z) 1/2™ = O(1/+4/n) (by Stirling.) The /m—factor cancels.
Lemma 6 Let Cn>m > (2+¢)n, C,e > 0 constants. Then
M(m,n) = 6(1) - (ﬂ> -q(a)™ with a defined by Q(a) = %

ae

Throughout we use s = s(k,~y) uniquely defined by Q(s) = kv = kyn/n = km/n,
the average number of occurrences of a variable. For k > 3 we can assume that
kv > 2 and s always exists. We have Q := Q(s) > s. Recall Ny = M (km,n) and
we get a tight bound on the number of formulas (cf. ([J).)

Corollary 7. Ny = O(1) (kyn/(se))"™ - q(s)™.

We treat the sum K (I) analogously to M (m,n). Instead of q(x) we use the
function,

k
r(x) = XTn T T = (xo9,%1,Z2). en
fafialt, &= (w,01,22). Th
kOaklak2
ki1=ks mod 3

K(_) B Z H < OJ 7k1] ,/4;2 j) - Coeﬁ‘[ij, T(i.)m} < T(gm (5)

(ks 5)eK(l) j=1
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with the notation ! = [, xi and ¢ = (¢, ¢1,c2) > 0, meaning ¢; > 0 for all 4.

For calculations it is useful to have a different representation of r(z). Let ¢
be the imaginary unit, and wy := —1/24 (v/3/2)2 is the primitive third root of
unity, wg = —1/2 — (v/3/2)1 = w12 We have r(z) =

1
3 [(mo + 1 + z2)" + (2o + Wiz1 + Waz2)® + (zo + Wazy + Wlx?)k] (6)

Note that in derivatives %r(i‘) the roots of unity are treated as constants.

For z;,y; > 0 we define (convention a® =1 for o = w; or & = A; and a = 0)

ky

v e - I (222)7 ] (A)A (o1, 92)"

iZo.1.2 \Wid(s) iZ01,2 \TiYi

With w; = A\ = 1/3,a; = s(k,7) = s, and ¢; = 1, we have ¥ (@, \,a,¢) =
3 (1/3)" - ((1/3)3%)7 = 317 (use (@).) The next lemma shows how ¥ bounds

the exponential part of N(w,1)/Ny.
Lemma 8 N(w,l)/Ny < (@, X, a,c)"-O0(n)3? for any a,é > 0.

Proof. () < TI,(1/w;)*™ for all w ([21], page 228 ) [Tico1.2 M(li;wi)/No <
IT; ((i/(aie))iq(a:)“ O(VT)) - (es/ (kyn))k7™-1/q(s)™-O(1) with @) and Corol-

lary [ Observe that l; = XNjkyn,)Y ., A = 1,> w; = 1. Concerning K (I) apply

@).

For reals a, b we let Uc(a,b) = {(c, d)| |c—al, |d—b|] < €} be the open square neigh-
borhood of (a, b). The notation A, & € U (a,b) is used to mean (A1, A2), (w1, ws2) €
Uc(a,b). The proof of Theorem [@is outlined in Section H] which is the technical

contribution.

Theorem 9. For any ©, X > 0 there exist a,¢ > 0 such that:
(1) ¥(@, X, a,¢) <377 B
(2) For anye > 0, if \ ¢ U-(1/3,1/3) then (&, \,a,¢) < 317 —§ forad > 0.

To prove Theorem [ we split the sum depending on the value of \. First the case
that A is not close to (1/3,1/3,1/3).

Corollary 10. LetU =U:(1/3,1/3) then Y 541 5,506 N(w,l)/Ng < C-301=1n,

Proof. The sum has only O(n?) terms. With Lemma [ and Theorem [ (2) we
see that each term is bounded above by (3'=7 — §)"O(n)3/2.

To treat A close to (1/3,1/3,1/3) we need a better upper bound for ¥. Therefore
we need a lemma analogous to Lemma [6 for K (I). Let the function R(zy,z2) =
(Ri(71,22), R2(71,72)) be defined by R;(z1,22) =

= x;1y, (1, 21,22)/7(L, 21, x2) for i = 1,2, r, (1,21, x2) is the partial derivative

of (1,21, 22) wrt. x;. Observe that R(x1,xz2) is the expectation of the random
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vector with probability of (ji1,j2) with j1 = j2 mod 3 equal to (kij1 7’“j2 ,jl,jz) .
x{lx? /r(1,21,22). The Jacobi Determinant of R(x1,22) is > 0 at 1 = z9 = 1.
Note that we consider only the neighborhood of (1, 22) = (1, 1). This makes the
calculation of the determinant possible. Thus there is a neighborhood of (1,1) in
which R(z1,x2) is invertible and the inverse function is differentiable. We have
that R(1,1) = (k/3,k/3). Thus for a suitable £ and (A1, A2) € U:(1/3,1/3) we
can define (c1, c2) by R(c1,c2) = (kA1, kA2). Moreover, ¢; = ¢; (A1, A2) is differen-
tiable. Lemma [[1] follows from a local limit theorem for sums of 2—dimensional
lattice-valued random vectors [3], page 231 ff. It is a generalization of the fact
that (n/s,nr/Ls,n/s) -1/3™ = O(1) - 1/n from Stirling. (Consider the 2-dimensional
random vector (X1, X5) = (0,0),(0,1),(1,0) each with probability 1/3.)

Lemma 11 There is an € > 0 such that for (A1, A2) € U(1/3,1/3)

- 1 1
K() =0 (—) . w with R(e1,c2) = (kA1, kA2) defining ¢, ca.

n cll1 cl22

By a proof similar to Lemma [§ — one factor 1/n comes from the preceding
lemma, the second factor 1/n comes from Stirling applied to (&"n) — we get the
next corollary.

Corollary 12. There is € > 0 such that for (w1,ws2), (A1, A2) € U(1/3,1/3)

N(w,T)
No

1 — —  =Z\n
< O(E)W(w,)\,a,c)

where Q(a;) = l;/w; = Nkvy/w; and ¢ = 1 and R(c1,c2) = (Mk, \2k).

Comment. Observe that \;ky/w; =~ kv, a; = s,¢; = 1.

Lemma 13 The functionW (w0, \) = ¥ (@, X, @, ¢) with a;, ¢; given by Q(a;) =
Aiky/w; and co =1 and R(c1,c2) = (Ak, A2k) has a local mazimum with value
3177 for \; = w; = 1/3. In this case we have a; = s and c¢; = 1.

Proof. Standard calculus applied to In¥(w, A) with wy,ws, A1, A2 considered as
free variables (wp = 1 — w1 — ws.) Using the definition of a;, Q(a;) = kyAi/w;)
the derivatives of a; cancel in the subsequent calculation. The same applies to
c;. The derivatives are 0 for A =@ = 1/3.

In¥ (@, A
AP~ tnwy — nws +Inglar) — Inglan)
dwi
In¥ (@, A

It can be shown that the Hessian matrix of In¥/(cw, \) is negative definite for

A =@ = 1/3. This implies the lemma.
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Previous applications of the technique used here show that the function like
¥(w, \) has only one local maximum in @, A\. Among others this approach would
require in our case to consider the Jacobian determinant of R(x1,z2) not only
for 2y = x5 = 1. This seems not easy. Here we consider ¥(w, \) only in the neigh-
borhood of \; = w; = 1/3. For the remaining values we bound ¥(w, \, @, ¢)
with suitable parameters a, c.

Corollary 14. With U =U.(1/3,1/3),e small enough

> N(wI)/No < C-307m,

@@UNEUN; >0

Proof. Let & > 0 be such that ¥(@, \,a,¢) < 3'~7 for @, ¢ as specified in Lemma
and @, \ € U. Let @ ¢ U, \ € U. Using Theorem [ (2) and some elementary
consideration we get that ¥(@w, \, @, ¢) < 31=7 — § for some a, &. This implies the
claim as in the proof of Corollary

Theorem is proved by Laplace method following [5], page 71 ff applied
to exp[In ¥ (w, \)n]. We use Lemma [[3] and Corollary The factor 1/n? from
Corollary [[2] is necessary because in the discrete case we need to consider Rie-
mannian sums approximating the integral. The Laplace method leads to an
additional explicit factor. However, the constant C is difficult to determine here
as Ny is given up to a constant factor, for example.

Theorem 15. Let U =U-(1/3,1/3). There is an € > 0 such that
> xwev N(@,0)/No < €307,

Proof of Theorem [4. Combine Theorem [I5] Corollary [0} Corollary [4l Terms
with an [; = 0 do not add substantially to the sum.

4 Structure of the Proof of Theorem

We use the notation z = (zg,21,22),7 = (Yo, y1, y2) and define OPT(z,y,s) =
OPT,(z,s) - OPTy(Z, 7, s) - OPT3(y, s) with

2 Q
i _ 1
OPT(z,s) = Z q(sx))’ OPTy(Z,7,s) = (?) ) Z iy >0
i=0 Li¥i i=0

i=0 q(s
_ 1/2-Q
OPT3(5,5) = (o +un +92) + 2 (5 + 43 + 13 —vour — vt — nwe) "/
Observe that OPT(1,1,1,1,1,1,s) = 3(1/3)939 = 3 = OPTy(1, 1,1, s),
OPT(1,0,0,1,0,0,s) = 1-(1/1)?-3 = 3 =0PT3(1,0,0, 5). The following lemma
shows the idea of OPT. It follows by considering the 3 factors in the definition
of ¥ one by one, observing that x” is concave as v < 1.

Lemma 16 Given A > 0 and let X be the mazimum of the X\;. Let a;,c; >0 be
such that P; := a;c; = X\j/A\. Then ¥ :=¥(@,\,a-s,¢) < 5~ OPT(a, ¢, s).
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OPT(1.a.a.1.c.c.3) OPT(1.a.a.1.¢c.c.14)
0¢ac1,0<ck1 0¢ac1,0<ck1

° 0.2 0.4 0.6 0.8 1

Fig.1. OPT(1,a,a,1,¢,¢,8) for 0<a<1,0<c<1fors=3and s =14

The following picture shows OPT(1,a,a,1,¢,¢,s), 0 < a,c < 1. The < 3—area
is dark. It gets smaller for increasing & (or s.) We have a path from a = ¢ =0
to a = ¢ = 1 through this area. Therefore, for all P with 0 < P < 1 we have
0 < a,c <1 with P = ac such that OPT(1,a,a,1,c,c,s) < 3. In the notation
of Lemma [I@ this corresponds to Ag > A; = Ay (and visualizes Theorem [ for
this case.) The following four lemmas show how to walk from a = ¢ = 0 to
a = 1,¢ = 1 through the < 3—area based on simple functions such that proofs
are possible. Then Theorem [9 follows based on Lemma The proofs are by
elementary though involved calculus.

Lemma 17 Let s > 8, A(z) = A(x,s) := (7/10)Q - z.

(a) OPT(y) := OPT (1, A(y), A(y), 1,y, y, s) is strictly decreasing for 0 <y <
1/(2Q), OPT(0) = 3. (b) Given 0 < y < 1/(2Q), OPT(z) := OPT(1,A(y +
z), Aly — 2), l,y+ 2,y — 2z, 8) is decreasing in 0 < z < y.

Lemma 18 Let s > 7, and % <A<L1- % Then OPT(z) :=
OPT(1,A, A, 1,1/(2Q) +2,1/(2Q) — 2z, 5) <3 — & for 0 < 2 < 1/(2Q).

Lemma 19 Let s > 7, and 1/(2Q) < C < 1/2. Then OPT(z) :=
OPT(1,1-1/Q,1-1/Q,1,C+2,C —2z,5) <3 — § for0 <z < C.

Lemma 20 Let s > 15 and A(z) = A(z,s) := 14+ 7/(10Q) -z — 7/(10Q). (a)
OPT(y) :=0PT(1, A(y), A(y), 1, y,y,s) is strictly increasing in 4/10 < y < 1,
OPT(1) = 3. (b) Given 4/10 <y <1, OPT(z) :=

OPT(1,Aly+2),A(ly — 2), 1L,y + 2,y — z, s) decreases in 0 < z < min{y, 1—y}.

5 Uniquely Extendible Constraints

A uniquely extendible constraint C on a given domain D is a function from D to
true, false with the following restriction: For any argument list with a gap at an
arbitrary position, like (d1,...d;—1,—,d;+1,...,dk) there is a unique d € D such
that C(dy,...d,...,dx) evaluates to true. Note that C(dy,...,d,...,dy) = true
implies that C(dy,...,d’,...,d;) = false for d # d'. The random constraint is a
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uniform random member from the set of all uniquely extendible constraints over
D. Let I' be the set of all such constraints. Typical examples of such constraints
are linear equations with k variables, modulo |D|. A threshold result in the sense
of Friegut—-Bourgain can be proved based on symmetry properties of uniquely
extendible constraints. Given a set of n variables a clause is an ordered k-tuple
of variables equipped with a uniquely extendible constraint.

Given a k-tuple a of values from D and another k-tuple b differing from a
in exactly i, 0 < i < k, slots, we let p; be the probability that the random
constraint is true under b conditional on the event that it is true under a. It is
known that p; is well defined. Let p(2) = 1/d-[(1+2)* + (d—1)(1—2/(d—1))*].
The next lemma shows that p(z) serves the same purpose as r(z) before.

Lemma 21 (a) (From [8]) po =1, pit1 = g5 (1—pi) () p(2) = 32, (H)pi-2".

_ i—1
Proof. (b) We need to show that p; = % <1 + (—1) (d—il)Z ) . This holds for

i=0,i=1. For ¢ > 1 we get by induction:

Pi = ﬁ(l —pi-1) = ﬁ (1 - é <1+(—1)i—1 (ﬁ)i_z» -
- di 1 d(dl_ 0 é(_l)i_l (ﬁyl = é (1 + (-1)° <ﬁ)11> )

With this lemma we can define a function analogous to ¥ and OPT and proceed
quite similarly to the mod 3—case. Additional issues arise because the structure
of p(z) is less symmetric than the structure of r(Z). The details must be omitted
here.

References

1. Achlioptas, D., Moore, C.: Random k-SAT: Two Moments Suffice to Cross a Sharp
Threshold. STAM J. Comput. 36(3), 740-762 (2006)

2. Achlioptas, D., Ibrahimi, M., Kanoria, Y., Kraning, M., Molloy, M., Montanari,
A.: The Set of Solutions of Random XORSAT Formulae. In: Proceedings SoDA
2012 (2012)

3. Bhattacharya, N., Ranga Rao, R.: Normal Approximation and Asymptotic Expan-
sions. Robert E. Krieger Publishing Company (1986)

4. Braunstein, A., Mezard, M., Zecchina, R.: Survey propagation: an algorithm for
satisfiability. arXiv:cs/0212002

5. de Bruijn, N.G.: Asymptotic Methods in Analysis. North Holland (1958)

6. Coja-Oghlan, A., Pachon-Pinzon, A.Y.: The Decimation Process in Random k-
SAT. In: Aceto, L., Henzinger, M., Sgall, J. (eds.) ICALP 2011, Part I. LNCS,
vol. 6755, pp. 305-316. Springer, Heidelberg (2011)

7. Connamacher, H.: Exact thresholds for DPLL on random XOR-SAT and NP-
complete extensions of XOR-SAT. Theoretical Computer Science (2011)



10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

Satisfiability Thresholds beyond k—XORSAT 159

Connamacher, H., Molloy, M.: The exact satisfiability threshold for a potentially
in tractable random constraint satisfaction problem. In: Proceedings 45th FoCS
2004, pp. 590-599 (2004)

Creignou, N., Daudé, H.: The SAT-UNSAT transition for random constraint sat-
isfaction problems. Discrete Mathematics 309(8), 2085-2099

Diaz, J., et al.: On the satisfiability threshold of formulas with three literals per
clause. Theoretical Computer Science 410, 2920-2934 (2009)

Dietzfelbinger, M., Goerdt, A., Mitzenmacher, M., Montanari, A., Pagh, R., Rink,
M.: Tight Thresholds for Cuckoo Hashing via XORSAT. In: Abramsky, S., Gavoille,
C., Kirchner, C., Meyer auf der Heide, F., Spirakis, P.G. (eds.) ICALP 2010, Part
I. LNCS, vol. 6198, pp. 213-225. Springer, Heidelberg (2010); arXiv:cs/0912.0287
(2009)

Dubois, O., Mandler, J.: The 3—XORSAT satisfiability threshold. In: Proceedings
43rd FoCS, p. 769 (2003)

Durrett, R.: Probability Theory: Theory and Examples. Wadsworth and Brooks
(1991)

Friedgut, E.: Hunting for sharp thresholds. Random Struct. Algorithms 26(1-2),
37-51 (2005)

Goerdt, A.: On Random Betweenness Constraints. Combinatorics, Probability and
Computing 19(5-6), 775-790 (2010)

Goerdt, A., Falke, L.: Satisfiability thresholds beyond k—XORSAT.
arXiv:cs/1112.2118

Hastad, J.: Some optimal inapproximability results. J. ACM 48, 798-859 (2001)
Kolchin, V.F.: Random graphs and systems of linear equations in finite fields.
Random Structures and Algorithms 5, 425-436 (1995)

Luby, M., Mitzenmacher, M., Shokrollahi, A., Spielman, D.A.: Efficient erasure
coeds. IEEE Trans. Inform. Theory 47(2), 569-584 (2001)

Meisels, A., Shimony, S.E., Solotorevsky, G.: Bayes Networks for estimating the
number of solutions to a CSP. In: Proceedings AAAT 1997, pp. 179-184 (1997)
Mitzenmacher, M., Upfal, E.: Probability and Computing: Randomized Algorithms
and Probabilistic Analysis. Cambridge University Press (2005)

Molloy, M.: Cores in random hypergraphs and boolean formulas. Random Stuctures
and Algorithms 27, 124-135 (2005)

Molloy, M.: Models for Random Constraint Satisfaction Problems. STAM J. Com-
put. 32(4), 935-949 (2003)

Puyhaubert, V.: Generating functions and the satisfiability threshold. Discrete
Mathematics and Theoretical Computer Science 6, 425-436 (2004)

Richardson, T.J., Urbanke, R.: Modern Coding Theory. Cambridge University
Press (2008)



Finding Vertex-Surjective Graph
Homomorphisms*

Petr A. Golovach!, Bernard Lidicky??3,

Barnaby Martin', and Daniél Paulusma'

! School of Engineering and Computing Sciences, Durham University
Science Laboratories, South Road, Durham DH1 3LE, UK
{petr.golovach,barnaby.martin,daniel.paulusma}@durham.ac.uk
2 Charles University, Faculty of Mathematics and Physics,
Malostranské ndm. 2/25, 118 00, Prague, Czech Republic
bernard@kam.mff.cuni.cz
3 Department of Mathematics, University of Illinois
Urbana, IL 61801, USA

Abstract. The SURJECTIVE HOMOMORPHISM problem is to test
whether a given graph G called the guest graph allows a vertex-surjective
homomorphism to some other given graph H called the host graph. The
bijective and injective homomorphism problems can be formulated in
terms of spanning subgraphs and subgraphs, and as such their computa-
tional complexity has been extensively studied. What about the surjec-
tive variant? Because this problem is NP-complete in general, we restrict
the guest and the host graph to belong to graph classes G and H, re-
spectively. We determine to what extent a certain choice of G and H
influences its computational complexity. We observe that the problem
is polynomial-time solvable if H is the class of paths, whereas it is NP-
complete if G is the class of paths. Moreover, we show that the problem is
even NP-complete on many other elementary graph classes, namely lin-
ear forests, unions of complete graphs, cographs, proper interval graphs,
split graphs and trees of pathwidth at most 2. In contrast, we prove that
the problem is fixed-parameter tractable in k if G is the class of trees
and H is the class of trees with at most k leaves, or if G and H are equal
to the class of graphs with vertex cover number at most k.

1 Introduction

We consider undirected finite graphs that are simple, i.e., have no loops and no
multiple edges. A graph is denoted G = (V, E¢), where Vg is the set of vertices
and FE¢ is the set of edges. A homomorphism from a graph G to a graph H is a
mapping f : Vo — Vg that maps adjacent vertices of G to adjacent vertices of
H,ie., f(u)f(v) € Ey whenever uv € Eg. Graph homomorphisms are widely
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studied within the areas of graph theory and algorithms; for a survey we refer to
the monograph of Hell and Nesetril [18]. The HOMOMORPHISM problem is to test
whether there exists a homomorphism from a graph G called the guest graph to
a graph H called the host graph. If H is restricted to be in the class of complete
graphs (graphs with all possible edges), then this problem is equivalent to the
COLORING problem. The latter problem is to test whether a graph G allows
a k-coloring for some given k, i.e., a mapping ¢ : Vo — {1,...,k}, such that
c(u) # ¢(v) whenever uv € Eg. This is a classical NP-complete problem [I5].
Hence, the HOMOMORPHISM problem is NP-complete in general, and it is natural
to restrict the input graphs to belong to some special graph classes.

We let G denote the class of guest graphs and H the class of host graphs
that are under consideration, and denote the corresponding decision problem by
(G, H)-HOMOMORPHISM. If G or H is the class of all graphs, then we use the
notation “—” to indicate this. If G = {G} or H = {H}, we write G and H in-
stead of G and H, respectively, The Hell-Nesettil dichotomy theorem [I7] states
that (—, H)-HOMOMORPHISM is solvable in polynomial time if H is bipartite,
and NP-complete otherwise. In the context of graph homomorphisms, a graph
F is called a core if there exists no homomorphism from F' to any proper sub-
graph of F. Dalmau et al. [5] proved that the (G, —)-HOMOMORPHISM problem
can be solved in polynomial time if all cores of the graphs in G have bounded
treewidth. Moreover, Grohe [I6] showed that under the assumption FPT # W[1],
the problem can be solved in polynomial time if and only if this condition holds.

As a homomorphism f from a graph G to a graph H is a (vertex) mapping,
we may add further restrictions, such as requiring it to be bijective, injective,
or surjective i.e., for each x € Vpy there exists exactly one, at most one, or at
least one vertex u € Vg with f(u) = x, respectively. The decision problems
corresponding to the first and second variant are known as the SPANNING SUB-
GRAPH ISOMORPHISM and SUBGRAPH ISOMORPHISM problem, respectively. As
such, these two variants have been well studied in the literature. For example,
the bijective variant contains the problem that is to test whether a graph con-
tains a Hamiltonian cycle as a special case. In our paper, we research the third
variant, which leads to the following decision problem:

SURJECTIVE HOMOMORPHISM
Instance: two graphs G and H.
Question: does there exist a surjective homomorphism from G to H?

If the guest G is restricted to a graph class G and the host H to a graph class
‘H, then we denote this problem by SURJECTIVE (G, H)-HOMOMORPHISM. Fixing
the host side to a single graph H yields the SURJECTIVE (—, H)-HOMOMORPHISM
problem. This problem is NP-complete already when H is nonbipartite. This fol-
lows from a simple reduction from the corresponding (—, H)-HOMOMORPHISM
problem, which is NP-complete due to the Hell-Negetfil dichotomy theorem [17];
we replace an instance graph G of the latter problem by the disjoint union G+ H
of G and H, and observe that G allows an homomorphism to H if and only if
G+ H allows a surjective homomorphism to H. For bipartite host graphs H, the
complexity classification of SURJECTIVE (—, H)-HOMOMORPHISM is still open,



162 P.A. Golovach et al.

although some partial results are known. For instance, the problem can be solved
in polynomial time whenever H is a tree. This follows from a more general clas-
sification that also includes trees in which the vertices may have self-loops [14].
On the other hand, there exist cases of bipartite host graphs H for which the
problem is NP-complete, e.g., when H is the graph obtained from a 6-vertex
cycle with one distinct path of length 3 added to each of its six vertices [2].
Recently, the SURJECTIVE (—, H)-HOMOMORPHISM problem has been shown to
be NP-complete when H is a 4-vertex cycle with a self-loop in every vertex [20].
Note that in our paper we only consider simple graphs. For a survey on the SUR-
JECTIVE (—, H)-HOMOMORPHISM problem from a constraint satisfaction point
of view we refer to the paper of Bodirsky, Kdra and Martin [2]. Below we discuss
some other concepts that are closely related to surjective homomorphisms.

A homomorphism f from a graph G to a graph H is locally surjective if f
becomes surjective when restricted to the neighborhood of every vertex u of
G, ie., f(Ng(u)) = Ng(f(u)). The corresponding decision is called the ROLE
ASSIGNMENT problem which has been classified for any fixed host H [11]. Any
locally surjective homomorphism is surjective if the host graph is connected but
the reverse implication is not true in general. For more on locally surjective
homomorphisms and the locally injective and bijective variants, we refer to the
survey of Fiala and Kratochvil [9].

Let H be an induced subgraph of a graph GG. Then a homomorphism f from a
graph G to H is a retraction from G to H if f(h) = h for all h € V. In that case
we say that G retracts to H. By definition, a retraction from G to H is a surjective
homomorphism from G to H. Retractions are well studied; see e.g. the recent
complexity classification of Feder et al. [7] for the corresponding decision problem
when H is a fixed pseudoforest. In particular, polynomial-time algorithms for
retractions have been proven to be a useful subroutine for obtaining polynomial-
time algorithms for the SURJECTIVE (—, H)-HOMOMORPHISM problem [I4].

We emphasize that a surjective homomorphism is vertez-surjective as opposed
to the stronger condition of being edge-surjective. A homomorphism from a
graph G to a graph H is called edge-surjective or a compaction if for any edge
zy € Ep there exists an edge uv € Eg with f(u) = z and f(v) = y. If f is a com-
paction from G to H, we also say that G compacts to H. The COMPACTION prob-
lem is to test whether a graph G compacts to a graph H. Vikas [21[2223] deter-
mined the computational complexity of (—, H)-COMPACTION for several classes
of fixed host graphs H. Very recently, Vikas [24] considered (—, H)-COMPACTION
for guest graphs belonging to some restricted graph class.

Our Results. We study the SURJECTIVE (G, H)-HOMOMORPHISM problem for
several graph classes G and H. We observe that while this problem is polynomial-
time solvable when a host graph is a path, it becomes NP-complete if we restrict
the guests to be paths instead of the hosts. We also show that the problem is
NP-complete when both G and H are restricted to trees of pathwidth at most
2, and when both G and H are linear forests. These results are in contrast to
the polynomial-time result of Grohe [16] on (G, —)-HOMOMORPHISM for graph
classes G that consists of graphs, the cores of which have bounded treewidth.
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They are also in contrast to the polynomial-time result [I4] on SURJECTIVE
(—, H)-HOMOMORPHISM when H is any fixed tree.

Due to the hardness for graphs of bounded treewidth, it is natural to consider
other width parameters such as the clique-width of a graph. For this purpose
we first consider the class of complete graphs that are exactly those graphs that
have clique-width 1. We observe that the SURJECTIVE (G, H)-HOMOMORPHISM
can be solved in polynomial time when G is the class of complete graphs, whereas
the problem becomes NP-complete when we let G and H consist of the unions
of complete graphs. We then focus on graphs that have clique-width at most
two. This graph class is equal to the class of cographs [4]. There exist only a
few natural problems that are difficult on cographs. We prove that SURJECTIVE
(G, H)-HOMOMORPHISM, where G and H are equal to the class of connected
cographs, is one of these. We also consider proper interval graphs. This graph
class has unbounded tree-width and contains the classes of complete graphs and
paths. Because they are “path-like”, often problems that are difficult for general
graphs are tractable for proper interval graphs. In an attempt to generalize our
polynomial-time result for SURJECTIVE (G, H)-HOMOMORPHISM when G is the
class of complete graphs, or when H is the class of paths, we consider connected
proper interval graphs. It turns out that SURJECTIVE (G, H)-HOMOMORPHISM
is NP-complete even when G and H consist of these graphs. Our last hardness
result shows that the problem is also NP-complete when G and H are equal to
the class of split graphs. All hardness results can be found in Section [Bl

Table 1. Complexity of (G, H)-SURIJECTIVE HOMOMORPHISM

g H Complexity
complete graphs all graphs polynomial |Proposition [ (i)
all graphs paths polynomial |Proposition [ (ii)
paths all graphs NP-complete|Theorem [T (i)

linear forests

linear forests

NP-complete

Theorem [] (ii)

unions of complete graphs

unions of complete graphs

NP-complete

Theorem [ (iii)

connected cographs

connected cographs

NP-complete

Theorem [ (iv)

trees of pw < 2

trees of pw < 2

NP-complete

split graphs

split graphs

NP-complete

Theorem [ (vi)

connected proper
interval graphs

connected proper
interval graphs

NP-complete

(

(

(
Theorem [ (v

(

(

Theorem [ (vii)

trees trees with k leaves FPT in k Theorem
graphs of ve < k graphs of ve < k FPT in k Theorem [3]

To complement our hardness results, we show in Section ] that SURJECTIVE
(G, H)-HOMOMORPHISM is fixed-parameter tractable in k, when G is the class
of trees and H is the class of trees with at most k leaves, and also when G
and H consist of graphs with vertex cover number at most k. The latter result
adds further evidence that decision problems difficult for graphs of bounded
treewidth may well be tractable if the vertex cover number is bounded; also see
e.g. [TI6IRITO]. Moreover, the vertices of such graphs can be partitioned into two
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sets, one of them has size bounded by the vertex cover number and the other one
is an independent set. As such, they resemble split graphs with bounded clique
number. We refer to Table[I] for a summary of our results. In this table, pw and
vc denote the pathwidth and the vertex cover number of a graph, respectively.
In Section [2] we explain these notions and the complexity class FPT. There, we
also give the definitions of all the aforementioned graph classes.

2 Definitions and Preliminaries

Let G be a graph. The open neighborhood of a vertex u € Vg is defined as
Ng(u) = {v | uv € Eg}, and its closed neighborhood is defined as Ng[u] =
Ng(u) U{u}. The degree of a vertex u € Vg is denoted dg(u) = |Ng(u)|. The
distance distg(u,v) between a pair of vertices v and v of G is the number of
edges of a shortest path between them. The distance between a vertex u and a
set of vertices S C Vg is distg(u, S) = min{distg(u,v)|v € S}. We may omit
subscripts if this does not create any confusion. The diameter of G is defined as
diam (@) = max{distg(u,v)|u,v € Vg}. Let S C V. Then the graph G — S is
the graph obtained from G by removing all vertices in S. If S = {u}, we also
write G — u. The subgraph of G that is induced by S has vertex set S and edges
wov if and only if uv € Eg. We denote this subgraph by G[S].

A graph is an interval graph if intervals of the real line can be associated
with its vertices in such a way that two vertices are adjacent if and only if their
corresponding intervals overlap. An interval graph is proper if it has an interval
representation, in which no interval is properly contained in any other interval.
The disjoint union of two graphs G and H is denoted G + H, and the disjoint
union of r copies of G is denoted rG. A linear forest is the disjoint union of
a collection of paths. We denote the path on n vertices by P,. A graph is a
cograph if it does not contain P4 as an induced subgraph. A clique is the vertex
set of a complete graph. A vertex set is independent if its vertices are mutually
non-adjacent. A graph is a split graph if its vertex set can be partitioned into a
clique and an independent set.

A tree decomposition of a graph G is a pair (X,T) where T is a tree and
X ={X; | i€ Vr} is a collection of subsets (called bags) of V& such that the
following three conditions are satisfied: (i) |J;cy,, Xi = Vi; (ii) for each edge
xy € Eg, the vertices x,y are in a bag X; for some i € Vp; and (iii) for each
x € Vg, the set {i | € X;} induces a connected subtree of T. The width of
tree decomposition (X, T) is max;ev, {|X;| — 1}. The treewidth of a graph G,
denoted tw(@), is the minimum width over all tree decompositions of G. If in
these two definitions we restrict the tree T' to be a path, then we obtain the
notions of path decomposition and pathwidth of G denoted pw(G).

For a graph G, a set S C Vi is a vertex cover of G, if every edge of G has at
least one of its two end-vertices in S. Let ve(G) denote the vertex cover number,
i.e., the minimum size of a vertex cover of G.

We use the following well-known notion in parameterized complexity, where
one considers the problem input as a pair (I, k), where I is the main part and k
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the parameter; also see the text book of Flum and Grohe [I2]. A problem is fized
parameter tractable if an instance (I, k) can be solved in time O(f(k)n®), where
f denotes a computable function, n denotes the size of I, and c¢ is a constant
independent of k. The class FPT is the class of all fixed-parameter tractable
decision problems.

We finish this section with giving the polynomial-time results from Table [l

Proposition 1. The SURJECTIVE (G, H)-HOMOMORPHISM problem can be
solved in polynomial time in the following two cases: (i) G is the class of com-
plete graphs and H is the class of all graphs; (ii) G is the class of all graphs and
H is the class of paths.

3 Hard Cases

In contrast to case (ii) of Proposition [Il where the host graphs are assumed to
be paths, our problem becomes difficult when the guest graphs are restricted to
paths. Our next theorem shows this and the other hardness results of Table [Tl

Theorem 1. The SURJECTIVE (G, H)-HOMOMORPHISM problem is NP-com-
plete in the following six cases:

(i) G is the class of paths and H is the class of all graphs;
(i1) G =H is the class of linear forests;
(111) G = H is the class of disjoint unions of complete graphs;
(iv) G =H is the class of connected cographs;

(v) G =H is the class of trees of pathwidth at most two;
(vi) G =H is the class of split graphs;
(vii) G = H is the class of connected proper interval graphs.

Proof. We first prove (i). We reduce from the well-known problem HAMILTONIAN
PATH, which is NP-complete [I5]. An n-vertex graph H has a Hamiltonian path if
and only if there exists a surjective homomorphism from P, to H. This proves (i).
For showing (ii)-(vii) we need some extra terminology. We say that a multiset
A ={ay,...,a,} of integers is (m, B)-positive if n = 3m, Y., a; = mB and
a; > 0 for i = 1,...,n. A 3-partition of a multiset A = {aq,...,a,} that is
(m, B)-positive for some integers m, B is a partition Sy, Sa,..., S, of A such
that for 1 < j <m, |S;| =3 and Zaies,- a; = B. This leads to the problem:

3-PARTITION
Instance: an (m, B)-positive multiset A = {a1,...,a,} for some integers m, B;
Question: does A have a 3-partition?

The 3-PARTITION problem is known to be NP-complete [15] in the strong sense,
i.e., it remains hard even if all integers in the input are encoded in unary. This
enables us to reduce from this problem in order to show NP-completeness in the
cases (ii)-(vii). In each of these six cases we assume that A = {a1,...,a,} is a
(m, B)-positive multiset for some integers m, B. We now prove (ii)-(vii).
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Fig. 1. The trees G and H constructed in the proof of (v).

(ii) For i =1,...,n, let p;, = a; + B, and let ¢ = 4B. Let G be the linear forest
G1+ -+ Gy, where G; is isomorphic to P, for i = 1,...,n. Let H be the linear
forest Hy + --- + H,, = mP,. We claim that A has a 3-partition if and only if
there exists a surjective homomorphism from G to H.

Suppose that Sy, ..., Sy, is a 3-partition of A. For each 1 < j < m, we consider
the connected components Gy, , G, , G;, of Gsuchthat S; = {a;,, ai,, a;, }. Wemap
the vertices of G;, to the first p;, vertices of H; according to the path order, and
similarly the vertices of G;, to the next p;, vertices of I, and the vertices of G;, to
the last p;, vertices of H;. Because p;, + pi, +pi; = @i, +ai, +ai, +3B =4B = ¢
fori =1,...,n, we obtain a surjective homomorphism from G to H in this way.

Now suppose that f is a surjective homomorphism from G to H. We observe
that |[Vg| = |Vg| = 4mB. Hence, f is also injective. Because f is a homo-
morphism, f must map all vertices of each connected component of G to the
same connected component of H. Let 1 < j < m, and let G;,,...,G;, be the
connected components of G that are mapped to H;. Because |Vg,| = 4B and
every connected component of G contains at least B + 1 vertices, we find that
s < 3. Because GG has 3m connected components, we then find that s = 3. Be-
cause f is injective, a;, + ai, + @iy + 3B = p;i, + pi, + pis = ¢ = 4B. Hence,
a;, + ai, + ai; = B and we let S; = {a;,, ai,, as, }. This means that we obtain
the partition Sy, ...,S,, of A that is a 3-partition.

(iii) and (iv) We use the constructions from the proof of (ii). For (iii), we replace
each path in G and H by a clique of the same size. For (iv), we replace each
path by a clique of the same size. We also add a vertex v in G adjacent to all
other vertices of G, and a vertex = in H adjacent to all other vertices of H. The
resulting graphs are connected cographs. We observe that every homomorphism
maps v to x. To finish the proofs we use the same arguments as the ones used
to prove (ii).

(v) Fori=1,...,n, let p; = a; + B, and let ¢ = 4B. We construct two trees G
and H. We first construct G:

(@) (@)

1 »

e for s =1,...,n, introduce p; vertices u;’,...,up, and a vertex v; adjacent

to u'? MON
1 90 YPis
e add a new vertex w and make it adjacent to vi,...,v,.
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‘We now construct H:
(]) ()

e for j =1,...,m, introduce g vertices z;"’,..., 24  and a vertex y; adjacent
to x(a) x((lj)’
e add a new vertex z and make it adjacent to y1,...,Ym-

The trees G and H are displayed in Figure [l For G we take the path decom-
position with bags {uh , 05, w} to find that pw(G) < 2. Similarly, we find that
pw(H) < 2. We claim that A has a 3-partition if and only if there is a surjective
homomorphism from G to H.

First suppose that Si,...,S5,, is a 3-partition of A. We define f as follows.
We set f(w) = z. Then for j = 1,...,m, we consider the set S; = {a;,, as,, ai; }
We let f map the vertices v;,,v;,,vi, to y;. Then we let f map the vertices

u(il), uz(,zf) consecutively to the first p;, vertices of the set {x(]) (])},

the vertices u( 2) uz(,?) to the next p,, vertices of this set, and ﬁnally, the

vertices ug ), . Uz(%s) to the last p;, vertices of the set. Because p;, +pi, +pi, =

ai, + ai, +ai, + 3B = 4B = ¢, we find that f is a surjective homomorphlsm
from G to H.

Now suppose that f is a surjective homomorphism from G to H. We observe
that f(w) = z, because all vertices of G must be mapped at distance at most
two from f(w). Consequently, f maps every v-vertex to a y-vertex, and every
u-vertex to an z-vertex. The number of u-verticesis p1 + ... +pp =a1 + ...+
an + nB = 4mB, which is equal to the number of z-vertices. Hence f maps
the u-vertices bijectively to the z-vertices. Moreover, if f(v;) = y;, then f maps
the vertices ugi), . .,uz(,? to the vertices from the set {xgj), . .,x((lj)}. For j =
1,...,m, let v;,,...,v;, be the vertices mapped to y;. Because p; > B for all
1 <7 < n, we find that s < 3. Then, because n = 3m, We conclude that s = 3.
Because f maps bijectively {ugil),. uz(,?)}u{u(Z2 ) up72 }U{u (ia) Uz()ti)}
to {xgj), . ,x,(lj)}, we find that a;, + a;, + @iy + 3B = p;, + pi, +pi; = ¢ = 4B,
and consequently, a;, + a;, + a;; = B. We set S; = {a;,, a;,, ai, }. It remains to
observe that Si,..., Sy, is a 3-partition of A. This completes the proof of (v).

The proofs of (vi) and (vii) are based on similar arguments and have been
omitted. O

4 Tractable Cases

By Theorem [l (v), SURJECTIVE HOMOMORPHISM is NP-complete when G and
H are restricted to be trees. Here, we prove that the problem is FPT for trees
when parameterized by the number of leaves in H. We first need some additional
terminology. Let T be a tree. Then we may fix some vertex of T" and call it the root
of T'. We observe that the root defines a parent-child relation between adjacent
vertices. This enables us to define for a vertex u of T the tree G, which is the
subtree of T' that is induced by v and all its descendants in T'; we fix u to be the
root of G,. For a child v of u, we let GG, denote the subtree of G induced by u
and the set of all descendants of v in T'; we fix u to be the root of Gy, .
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Theorem 2. Testing if there is a surjective homomorphism from an n-vertex
tree G to an m-vertex tree H with k leaves can be done in O(2**nm?) time.

Proof. We use dynamic programming. If H has one vertex the claim is trivial.
Assume that H has at least one edge. Let L be the set of the leaves of H. First,
we fix a root r of G. For each vertex u € Vg, we construct a table that contains
a number of records R = (z,S) where z € Vi and S C L. A pair (z,5) is a
record for w if and only if there exists a homomorphism h from G, to H such
that h(u) = z and S C h(Vg,). We also construct a similar table for each edge
uv € Eg. Then a pair (x,5) is a record for uv if and only if there exists a
homomorphism h from G, to H such that h(u) =z and S C h(Vg,,). The key
observation is that a homomorphism f from G to H is surjective if and only if
L C f(Vg), i.e., if and only if the table for  contains at least one record (z, L).

We construct the tables as follows. We start with the leaves in G not equal to
r (should r be a leaf). Their tables are constructed straightforwardly. Suppose
that we have not constructed the table for a vertex u, while we have constructed
the tables for all children vy, ..., v, of u. Then we first determine the table for
each edge uv; by letting it consist of all records (z,.S) such that

e (y,5) with y € Ny(z) is in the table for v;;
e € Land (y,5\ {z}) with y € Ny (z) is in the table for v;.

To construct the table for u, we consecutively construct auxiliary tables for
i =1,...,p. The table for i = 1 is the table for uwv;. The table for i > 2 consists
of the records (z,S) such that S =S"US”, (x,5’) is in the table for i — 1 and
(x,8") is in the table for uv;. The table for u is the table constructed for i = p.

The correctness of the algorithm follows from its description. We observe that
each table contains at most m2* records and can be constructed in O(22* -
m?) time. Because we construct O(n) tables (including the auxiliary ones), our
algorithms runs in O(22%-nm?) time. This completes the proof of TheoremBl O

We now prove that SURJECTIVE HOMOMORPHISM is FPT when parameter-
ized by the vertex cover number of G and H. The following approach has been
successful before [SII0]. The idea is to reduce a problem to an integer linear
programming problem that is FPT when parameterized by the number of vari-
ables. Therefore, we consider the p-VARIABLE INTEGER LINEAR PROGRAMMING
FEASIBILITY problem that has as input a g X p matrix A with integer elements
and an integer vector b € Z9 and that is to decide whether there exists a vector
x € ZP such that A -z <b. Lenstra [I9] showed that this problem is FPT when
parameterized by p. The best running time is due to Frank and Tardos [13].

Lemma 1 ([13]). The p-VARIABLE INTEGER LINEAR PROGRAMMING FEASI-
BILITY problem can be solved using O(p>°P+°®) . L) arithmetic operations and
space polynomial in L, where L is the number of bits of the input.

Theorem 3. Testing if there is a surjective homomorphism from an n-vertex
graph G with ve(G) < k to an m-vertex graph H with vc(H) < k can be done

in 227" (nm)°W) time.
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Fig. 2. The graphs G and H as considered in the proof of Theorem [3

Proof. Let G be an n-vertex graph with a vertex cover S = {uq,...,us} of
size s < k. Then I = Vi \ S is an independent set. For every subset X C S,
we define N(X) as the set of vertices in I that all have neighborhood X, i.e.,
N(X)={uel]|N(u)= X} Note that N(0) is the set of isolated vertices in I.

Let Xi,...,X, C S be the sets with N(X;) # 0. We let p = s + r and
define sets Uy, ...,U, where U; = {w;} for i = 1,...,s and U; = N(X,;_;) for
i=s+1,...,p. We observe that p < k +2* and that Uy, ..., U, is a partition of
Vi, where each U; is an independent set. Moreover, a vertex v € U; is adjacent
to a vertex w € Uj if and only if each vertex of U; is adjacent to each vertex of
U;. In that case, we say that U; is adjacent to U;. We display G in Figure

Let H be an m-vertex graph with a vertex cover T = {vy,...,v:} of size
t < k. Then J = Vy \ T is an independent set, and for each Y C T we define
N(Y)={z€ J|N(z) =Y}. Then we define q < k + 2* sets W7y, ..., W, where
W; = {v;} for j =1,...,t and W; = N(Y;—) for j =t +1,...,q. We also
display H in Figure Pl The observations that we made for the U-sets are also
valid for the W-sets.

Now we introduce integer variables z;; for 1 < i < pand 1 < j < ¢, and
observe that there is a surjective mapping (not necessarily a homomorphism)
f: Vg — Vg such that x;; vertices of U; are mapped to W if and only if the
x;5-variables satisfy the system

zi; 2 0 ie{l,...,p}, je{l,...,q}
Yoz = Ui ie{l,...,p} (1)
Soviwy > Wil jed{l,...q}

The mapping f is a homomorphism from G to H if and only if the following
holds: for each pair of variables z;;, zy/;» such that x;; > 0 and x5 > 0, if U; is
adjacent to Uy, then W; is adjacent to Wj/.

We are now ready to give our algorithm. We first determine the set S and T
We then determine the U-sets and the W-sets. We guess a set R of indices (%, )
and only allow the variables x;; for (i,j) € R to get non-zero value. Hence, we
set x;; = 0 for (4,7) ¢ R. We then check whether for all pairs (4, §), (¢, 5) € R,
if U; is adjacent to Uy, then W is adjacent to Wy . If not, then we discard R
and guess a next one. Else we solve the system (1). If the system has an integer
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solution, then the algorithm returns YES; otherwise we try a next guess of R. If
all guesses fail, then the algorithm returns No.

The correctness of the above algorithm follows from the aforementioned ob-
servations. We now estimate the running time. We can find S and T in time
1.2738%n°M) and 1.2738%mPW) | respectively [3]. Then the sets Uy, ..., U, and
Wi,...,W, can be constructed in time 1.2738%(nm)®™). The number of vari-

ables x;; is pg < (k + 2%)2 = 200" This means that there are at most 227"
possibilities to choose R. By Lemma/[Il system (1) (with some variables x;; set

to be zero) can be solved in time 229" (nm)®™) . Hence, the total running time
is 227 (nm)?M. This completes the proof of Theorem B a

5 Conclusions

Our complexity study shows that the SURJECTIVE HOMOMORPHISM problem
is already NP-complete on a number of very elementary graph classes such as
linear forests, trees of small pathwidth, unions of complete graphs, cographs, split
graphs and proper interval graphs. We conclude that there is not much hope
for finding tractable results in this direction, and consider the computational
complexity classification of the SURJECTIVE (—, H)-HOMOMORPHISM problem
as the main open problem; note that SURJECTIVE (G, —)-HOMOMORPHISM is
trivially polynomial-time solvable for any guest graph G.

As we observed in Section [l the SURJECTIVE (—, H)-HOMOMORPHISM prob-
lem is NP-complete already for any fixed host graph H that is nonbipartite. We
also mentioned the existence of a bipartite graph H for which the problem is NP-
complete [2] and that the problem can be solved in polynomial time whenever
the host graph H is a fixed tree [14]. The paper of Feder et al. [7] on retractions
provides a good starting point for the next step as we explain below.

A pseudoforest is a graph in which each connected component has at most one
cycle. The RETRACTION problem is to test whether a graph G retracts to a graph
H. Feder et al. [7] consider this problem for graphs that may have self-loops.
Applying their result to simple graphs yields the following. For any pseudofor-
est H, the (—, H)-RETRACTION problem is NP-complete if H is nonbipartite or
contains a cycle on at least 6 vertices, and it is polynomial-time solvable other-
wise. It is an interesting open problem to show that (—, H)-RETRACTION and
SURJECTIVE (—, H)-HOMOMORPHISM are polynomially equivalent for any fixed
host graph H. All the evidence so far seems to suggest this.
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Abstract. A broadcast domination on a graph assigns an integer value
f(u) > 0 to each vertex u, such that every vertex u with f(u) = 0 is
within distance f(v) from a vertex v with f(v) > 0. The BROADCAST
DOMINATION problem seeks to compute a broadcast domination where
the sum of the assigned values is minimized. We show that BROADCAST
DOMINATION can be solved in linear time on block graphs. For general
graphs the best known algorithm runs in time O(n®). For trees and
interval graphs, linear-time algorithms are known. As block graphs form
a superclass of trees, our result extends the classes of graphs on which
this problem is solvable in linear time.

1 Introduction

DOMINATING SET and its variations are some of the most studied problems in
graph theory; the number of papers on domination in graphs is in the thousands
and there are several well known surveys and books on the topic, e.g., [7I819]. In
2002, Erwin [6] introduced the notion of broadcast domination. A broadcast on
an undirected unweighted graph is a function from the vertices of the graph to
non-negative integers. Such a function f is a dominating broadcast if each vertex
w either has f(u) > 0 or is at distance at most f(v) from another vertex v. The
problem of computing a dominating broadcast that minimizes the sum of the
function values of all the vertices is referred to as BROADCAST DOMINATION.

A few years after Erwin introduced the problem, it was discovered that it
can be solved in polynomial time on all graphs [10]. However the running time
of the algorithm for arbitrary graphs on n vertices is O(n%). Algorithms for
BROADCAST DOMINATION that run in time linear in the number of vertices and
edges of the graph are known for interval graphs [2] and for trees [4]. Trees are
also studied combinatorially with respect to their optimal dominating broadcast
functions [3II1].

In this paper, we extend the results on trees by presenting a linear-time al-
gorithm for BROADCAST DOMINATION on block graphs. Block graphs are the
graphs in which each cycle is a clique, and they form thus a superclass of trees.
Interestingly, our approach is substantially different and simpler than the one

* This work is supported by the Research Council of Norway.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 172-[83] 2012.
© Springer-Verlag Berlin Heidelberg 2012
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used in the best known algorithm for trees [4]. However, the way to our algo-
rithm goes through a number of new structural results on dominating broadcasts
which we prove first.

2 Definitions and Notation

We work on undirected, unweighted, connected graphs, denoted by G = (V, E).
The set of vertices and the set of edges of a graph G are also denoted by V(G)
and E(G), respectively. Throughout the paper we will use n = |V(G)| and m =
|E(G)|. The distance between two vertices u and v in G, denoted by dg(u, v), is
the minimum number of edges on a path between u and v. The eccentricity of
a vertex v, denoted by eg(v), is the largest distance from v to to any vertex of
G. The radius of G, denoted by rad(G), is the smallest eccentricity in G. The
diameter of G, denoted by diam/(G), is the largest eccentricity in G. The length
of a path is the number of edges it contains. A path is a shortest path in G if its
length is equal to the distance between its end vertices. We define a diametral
path in G to be a shortest path of length diam(G).

Given a vertex v in G and a positive integer k, the ball B (v, k) is the set {x €
V(G) | dg(v,x) < k}. The neighbourhood of a vertex v in G is the set of all the
vertices adjacent to v, denoted by Ng(v). The degree of a vertex v is defined by
dega(v) = |Ng(v)|. We also define Ng[v] = Ng(v)U{v}. The neighbourhood of a
set of vertices S, denoted Ng(5), is the set of all vertices adjacent to vertices of S,
but which are not in S themselves. Thus, Ng(Bg (v, k)) = Bg(v, k+1)\Bg (v, k).
If G is clear from context, we omit the subscript in these definitions. Two sets Sy
and Sy of vertices of a graph G are adjacent if there exists a vertex v; € S; and a
vertex vg € So such that vy and ve are adjacent in G. A set of vertices S C V(QG)
is a separator if G[V(G)\ S| is disconnected. If a single vertex is a separator then
it is called a cut-vertex. If P is a path then z Py refers to the subpath in P from
x to y, i.e., x3Pxs is the path x3, x4, x5 if P = 21,22, 23, 4, T5, T, T7.

A function f:V — {0,1,--- ,diam(G)} is a broadcast on G = (V, E). The set
of broadcast dominators defined by f is the set Vy = {v | f(v) > 0}. A vertex u
is dominated if there is a vertex v € V} such that d(u,v) < f(v). In that case we
say that v is dominated by v. A broadcast on G is dominating if every vertex in
V(G) is dominated. In this case f is also called a broadcast domination. The cost

of a dominating broadcast f on a subset S C Vis o;(S) = > f(v). We denote
veS
o7(V) also as o;(G), and refer to it as the cost of f on G. Note that there is

always a dominating broadcast of cost rad(G).

The broadcast domination number, v,(G) is the smallest cost of a dominating
broadcast on G, and the BROADCAST DOMINATION problem is to compute v, (G).
If 04(G) = 7(G) then we call f an optimal broadcast on G. For a disconnected
graph, an optimal dominating broadcast is the union of optimal dominating
broadcasts of its connected components. This justifies that it is sufficient to study
the problem on connected graphs. A dominating broadcast is efficient if every
vertex is dominated by exactly one vertex. Dunbar et al. [5] proved that for any
non-efficient dominating broadcast f on a graph G = (V, E), there is an efficient
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Fig.1. A block graph G with a sparse broadcast f is shown on the left, where the
broadcast dominators are v and v, with f(u) =1 and f(v) = 2. The balls B(u, 1) and
B(v,2) are indicated on G. On the right G is shown.

dominating broadcast f’ on G such that |Vy/| < |V| and 04/(G) = 04(G). An
efficient dominating broadcast f on G = (V, E) defines a domination graph Gy =
(Vy, Ef) such that there is an edge between two vertices u, v € Vy if and only if
Beg(u, f(u)) is adjacent to Bg (v, f(v)) in G. See Fig. [l for an example. Heggernes
and Lokshtanov [10] proved that for any efficient dominating broadcast f on G,
if G¢ has a vertex of degree more than 2 then there is an efficient dominating
broadcast f’ on G such that |Vy/| < |Vf| and o4 (G) = 04(G).

We define a sparse broadcast on G to be an optimal broadcast f such that
|V¢| is minimized. As a consequence of the above, if a given optimal broadcast
f on G is sparse then f is efficient and G is a path or a cycle.

3 General Properties of Dominating Broadcasts

We start by a simple observation that will allow us to replace the broadcast
dominators of an induced subgraph with others, without affecting the rest of the
broadcast dominators.

Observation 1. Let G = (V, E) be a graph, A CV, and G' = G[A]. If G has
an optimal broadcast [ such that Uaevan B(a, f(a)) = A, and f' is an optimal
broadcast on G', then G has an optimal broadcast f* defined as follows:

sy = (@) fred,
7@ {f(x) if v e V\ A

Proof. All the vertices that were dominated by vertices in V; \ A are dominated
by the same vertices in V-, and all the vertices that were dominated by vertices
in A are dominated by vertices in Vy/(G’). So f* is a dominating broadcast.
Since Uaevan B(a, f(a)) = A, the restriction of f to A is a dominating
broadcast on G’. Since f’ is an optimal dominating broadcast on G’, we have
Yowea (@) < D c4 f(x). Since the function values of the vertices outside of
A did not change, we obtain that o4+ (G) < 0¢(G) and hence f* is an optimal
dominating broadcast on G. g
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The next lemmas and corollaries provide us with tools to decide whether a given
dominating broadcast is sparse.

Lemma 1. Let By = B(v,ky) and Bz = B(u, ky,) be two balls in a graph G. If
ky < ky, then there exists a vertex z in G such that By U Bs C B(z, /) where

ku Zf Bl g 327
t= [W—‘ otherwise.

Proof. If By is a subset of By, then let z = u and observe that By U By C
B(z,¢) = Bs. Otherwise, let z be a vertex on a shortest path from u to v such
that dg(u,z) = [(dg(u,v) + ky — ku)/2]. Then dg(z,2) < ky + dg(z,u) = ¢
for every vertex = in Bs, and hence By C B(z,¥). For every vertex y in By,
da(z,y) < ky +dg(v,2) = ky + dg(v,u) — dg(u, z) < £. Consequently, also
Bl Q B(Z,Z) d

By excluding the cases from the above formula when [W—‘

< kua

we can simplify the result to the following corollary.

Corollary 1. Let By = B(v, k) and By = B(u,k,) be two balls in a graph G.
If ky + ky > da(u,v) + 2k for an integer k < min{k,, k,}, then there exists a
vertex z € G such that By U By C B(z, ky + ky — k).

Lemma 2. Let x,y,z be three vertices in a graph G. Let P, be a shortest path
from x to y in G, and let P, be a shortest path from x to z in G. If P, N P,
contains more vertices than x, and the integers kg, ky, k. are such that B(z, kz)
is adjacent to both B(y,ky) and B(z, k), then there exists a vertex v in G such
that B(x,ky) U B(y, ky) U B(2,k,) C B(v, ky + ky + k).

Proof. 1If there exists any vertex other than z in P, N P,, then any shortest
path from z to that other vertex is a subpath of a shortest path to both y and
z from z. Consequently, the vertex u adjacent to x in P, must be 1 closer to
both z and y than x is. Since u and z are adjacent, we notice that B(z, k,) C
B(u, ks + 2). We observe that B(u,k, + 2) overlaps B(z,k,) in such a way
that we can apply Corollary [II Therefore, there exists a vertex w such that
B(u,ky +2) U B(2,k.) € B(w,k, + k; + 1). And this ball overlaps B(y, ky)
in such a way that, again by Corollary [Il there exists a vertex v such that
B(w, k. + k; + 1)U B(y, ky) € B(v, k. + ky + ky). Hence,

B(z,ky) UB(y, ky) UB(z,k;) C B(y, ky) U B(u, ky + 2) U B(z, k)

C B(y, ky) UB(w, k; + ks + 1)
C B(v, k. + kg + ky). a

Corollary 2. Let f be a sparse broadcast on a graph G = (V,E), and let x,y
and z be distinct vertices in Vy such that y and z are adjacent to x in Gy. Then
the intersection of a shortest path from x to y in G and a shortest path from x
to z in G is exactly the set {z}.
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4 Structural Properties of Dominating Broadcasts on
Block Graphs

A graph is a block graph if the vertices of every cycle form a clique. The following
theorem will be used in our proofs.

Theorem 1 ([112]). Given four vertices x,y,z and w in a block graph G, the
two largest of the following three sums are equal.

1. d(z,y) + d(z,w)
2. d(z,z) 4+ d(y,w)
3. d(x, w) +d(y, 2)

Since every cycle in a block graph is a clique and any shortest path contains at
most two vertices of a clique, it follows that a shortest path between any pair of
vertices is unique in a block graph. In particular, in a block graph, every vertex
on a shortest path between two vertices s and t is a cut-vertex, separating s
from ¢.

Lemma 3. If G is a block graph then rad(G) = [diam(G)/2].

Proof. If G is a complete graph then the statement trivially follows. Assume
that G is not complete and let P = s,...,t be a diametral path in G. Then
there is a vertex € P such that min{d(s,z),d(t,z)} = |diam(G)/2]. Recall
that x is a cut-vertex. We show that e(z) < [diam(G)/2]. Assume for con-
tradiction that there is a vertex y such that d(z,y) > [diam(G)/2]. Since x
disconnects s and t, x must also disconnect y from either s or ¢. Without loss of
generality, let = disconnect y and ¢. In this case, d(y,t) = d(y, z) + d(z,t). Since
d(y,z) > [diam(G)/2] and d(t,z) > |diam(G)/2|, we reach the contradiction
that d(y,t) > diam(G). Hence we conclude that e(z) < [diam(G)/2]. Conse-
quently rad(G) < [diam(G)/2]. Since rad(G) > [diam(G)/2], the radius must
be exactly [diam(G)/2]. O

Lemma 4. Let G be a block graph and s be a vertex of G. Then e(s) = diam(G)
if and only if G has a vertex x such that d(x,s) > d(x,y) for all y € V(QG).

Proof. One direction is trivial as we can take x to be the end vertex of the
diametral path starting from s. For the other direction, let  be a vertex such
that d(z,s) > d(z,y) for all y € V(G). Let P = a,...,b be a diametral path in
G, and let dy = d(a,b) + d(x,s), do = d(a,z) + d(b,s), d3 = d(a,s) + d(b, ).
Since d(z, s) is greater than or equal to both d(a, z) and d(b, z), and since d(a, b)
is greater than or equal to every distance in G, we see that the sum d; can be no
less than either of da or ds. Without loss of generality, let d2 < d3. By Theorem
[ we know dy = ds. Since d(z,s) > d(x,b) we have that d(a,b) < d(a,s).
And since d(a,b) = diam(G), we also have that d(s,a) = diam(G), and hence
e(s) = diam(G). O

Observation 2. Let G be a block graph and let f be a sparse broadcast on G.
Then Gy is a path.
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Proof. As mentioned in the introduction, Gy is either a path or a cycle. Assume
for contradiction that Gy is a cycle. Since f is efficient, V; is an independent
set in G. However, in combination with Corollary Bl this means we must have
an induced cycle of length at least 6 in (G, which contradicts that G is a block
graph. a

Lemma 5. Let G be a block graph and let f be a sparse broadcast on G. For
every clique C of size at least 3, all vertices in C are dominated by the same
broadcast dominator in V.

Proof. Since Gy is a path and f is efficient by the above, the vertices of C' can be
dominated by at most two distinct vertices. C' contains more than two vertices,
therefore at least two vertices x and y in C' must be dominated by the same
vertex z in V. Since the distances in G between the vertices in C are all 1, we
have by Theorem [ that dg(w, z) < dg(z, z) = da(y, 2) for every vertex w € C.
Therefore, every vertex w in C' is dominated by z. o

5 Algorithmic Properties of Dominating Broadcasts on
Block Graphs

Recall that any clique intersects with a diametral path in at most two vertices.
Given a diametral path P, we define C(P) to be the union of all cliques that
intersect with P in exactly two vertices. A set C C V(G) is called a core of G
if C = C(P) for a diametral path P in G. Through the series of lemmas of this
section we will prove that in every block graph G = (V, E) there is an optimal
broadcast f and a core C, such that every dominator in V; belongs to C. Finally
Lemma [I1] will enable us to find the dominators and their respective weights
in f, one by one, as will be described in the resulting algorithm in the next
section. We start by defining two operations. These operations are illustrated in
Fig. 2

Definition 1. Given a ball B = B(ag, k) and a path P = ag,a1,...,ap in a
graph G, and a positive integer | < p, an increase of [ vertices along P for B is
the ball B(ay, k +1). This will also be referred to as the ball INCREASE(B, P,1).

Definition 2. Given a ball B = B(ag,k) and a path P = ag,a1,...,ap in
a graph G, and a positive integer | < min{k — 1,p}, a decrease of | vertices
along P for B is the ball B(a;,k —1). This will also be referred to as the ball
DECREASE(B, P,1).

For all graphs we can make the following observations, the first of which is
immediate.

Observation 3. Given a ball By in a graph, if there is a path aPb such that
By = INCREASE(B1,aPb,l), then B; = DECREASE(B3, bPa,l).

Observation 4. Given a ball B = B(v, k) in a graph G, a path P of length ¢
in G from v to any vertex, and a positive integer | < ¢, B C INCREASE(B, P,1).
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Fig. 2. A ball B; = B(z,1) in green to the left, and the ball INCREASE(B1, (z,y),1) =
B(y,2) in blue to the right in the same graph

Proof. Let B(v', k") = INCREASE(B, P,1). Since dg(v,v') < [, we have that
da(v',x) < dg(v',v) +dg(v,z) <1+ k=F, for every x € B. Thus every vertex
in B is also in B(v', k). O

Lemma 6. Let P be a shortest path between two wvertices s and t in a block
graph G. Let u be a vertex of P and let k1 and ko be two positive integers such
that k1 < ko and k1 < dg(u,s). Given the balls By = B(u,ks) and By =
DECREASE(B1,uPs, k1), if t € By then By N B(s,d(s,t)) = B2 N B(s,d(s,t)).

Proof. Let v’ be the vertex on uPs such that B(u', ks — k1) = Bs. It should be
clear that uPs is the shortest path from u to s. Recall that in this case v’ is a
cut-vertex separating u and s. Thus, there is a set of vertices S C B(s,d(s,t))
such that every path from u to a vertex in S goes through u’, and every path
from s to a vertex in T' = B(s,d(s,t)) \ S goes through u'. The path uPv’ is a
shortest path since it is a sub path of P. Hence, d(u,u’) = k. For every vertex
v € S, we thus have d(v/,v) = d(u,v) — k1. Consequently, every vertex in By NS
is at distance at most ks — ki from «'. Hence By NS C Bs.

Recall that u' is on every path from s to a vertex of T. Since every vertex
v € T is at distance at most d(s,t) from s, we get the following: d(v,u') +
d(u',s) = d(v,s) < d(s,t) =d(s,u') + d(u',t). Thus, each vertex in T is within
distance d(u/,t) < ko — ky from «’. Hence T' C Bs. Hence By N B(s,d(s,t)) =
By N B(s,d(s,1)). O

Lemma 7. Let G be a block graph, let P = s,,...,Sk,...,5p be a diametral
path in G, and let v # si be a vertex of G. If 2k < p and sg € B(v,k) then
B(v, k) C B(sg, k).

Proof. Since sg € B(v, k), we see that d(sg,z) < 2k for any vertex x € B(v, k).
Hence, B(v, k) C B(sg, 2k). Note that the ball B(s, k) is the same as the ball
DECREASE(B(so, 2k), P, k). Since B(sp,p) = V(G), by Lemma [0l we get that
B(sg, k) = B(so,2k). We have thus proved that B(v, k) C B(so, 2k) = B(sk, k).
However, since s, is on the shortest path from sg to so (the path sqPsar), s is
a cut-vertex separating the two vertices. That means sj is on the shortest path
from v to either sy or sgf. Since d(v, s9) < d(sk, So), Sk must be on the path from
v to soi. The distance from v to sof, must therefore be larger than d(sg, sax) = k.
Consequently, B(sg, k) # B(v, k). Combining this with the above, we get that
B(v,k) C B(sg, k). O
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Lemma 8. Let G be a block graph, and let P be a diametral path
80y---s8iy.--,Sp. If fis a sparse broadcast on G, and |Vy| > 1, then s¢ is
dominated by a vertex sy in P such that f(sy) = k.

Proof. Let s’ be the vertex dominating so. Since |Vy| > 1 and f is optimal, the
weight of every dominator must be less than rad(G). So, f(s') < rad(G) —1 =
[p/2] — 1, by Lemma[Bl We have by Lemma [7] that, unless s’ is in P, there exists
a vertex x such that B(s', f(s')) C B(x, f(s’)). However, in that case there must
exist a non-efficient optimal broadcast g such that |V;| = |Vy|. However, this
makes g a sparse broadcast on G, and thus g must be efficient as argued in
the preliminaries. This is a contradiction, and hence s’ = s, for some k, and
flsk) = k. O

Lemma 9. Let G be a block graph and let C be a core of G. If f is a sparse
broadcast on G such that |Vy| > 1, then each vertex in C is dominated by a
dominator in C.

Proof. Let P = s0,51...,5, be a diametral path such that C = C(P). Note
that if each vertex on P is dominated by a vertex in C, then each vertex in
C'\ P must also be dominated by a vertex in C' by Lemma [il By Lemma [8]
vertices so and s, are dominated by vertices in P C C. Let s and s; be the
vertices dominating sg and s,, respectively. Let s;, s;4+1,...,5; be the vertices
on P not dominated by s; or s;, and let x be the vertex dominating a vertex
sq € s;Ps;. Since either of s; and s; (alone) separates s; and s;, the dominators
of the vertices in s; Ps; must be between s and s, in Gy. Therefore, the degree
of z in G ¢ must be exactly 2. Let x; and z, be the vertices in G to the left and
right of x, respectively. Notice that C' forms a union of some maximal cliques.
By the definition of block graphs, each component of G — C' must therefore be
adjacent to only one vertex in C'. So, if x is not in C, then there must exist a
single vertex u € C that disconnects x from C in G. However, then the shortest
path from z to both x; and z, must contain u. By Lemma [2 this implies that
uw and & must be the same vertex, a contradiction. Therefore, if 2 is dominating
a vertex in P, x itself must be in C. a

Lemma 10. Let G be a block graph and let C' be a core of G. If f is a sparse
broadcast on G and |Vy| > 1, then V; C C.

Proof. Recall that since f is sparse, it is efficient and Gy is a path. Let P =
50,81, -+, 5p be a diametral path in G, such that C' = C(P). Let s and s;, be
the vertices dominating so and s, respectively. By Lemma[§ s and s), are on
P, and by Lemma[d the vertices between sf, and s, in Gy are in C. Therefore,
if Vy ¢ C, there must exist a vertex € Vy \ C' which is adjacent to s or
s, in Gy. Without loss of generality, let x be adjacent to s, in Gy. Let y be
the vertex adjacent to s; in G on the path siPs,. We have two possibilities:

dG(yax) < dG(levx) or dg(y,l’) > dG(Slva)
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In the first case y separates s and x in G. However, since y also separates
in G s; and the other neighbour of s{ in Gy, we know by Lemma [ that f
is not sparse, giving a contradiction. In the second case, y separates x and
sp. Note that dg(sp,y) = da(sp,sy) — 1. Since da(sg, so) < f(sp) and f is
efficient, with f(z) > 0, we have da(s), z) = f(s() + f(z) + 1 > da(sg, so) + 1.
This leads to the following contradiction: dg(sp,x) = da(sp,y) + da(y,z) >
da(sp, s¢) + da(sg, so) = diam(G).

Consequently, there can be no vertex z in Vy \ C if f is sparse. O

Lemma 11. Let P = so,51,...,5k,...,Sp be a diametral path in a block graph
G, let f be a sparse broadcast where |Vy| > 1, and assume that all vertices in
B(sk, k) are dominated by the same dominator in Vi for k < p/2.

If both of the following statements are true then there exists an optimal broad-
cast ' on G such that f'(si) =k, and if either of them is false then all vertices
in B(sg+1,k + 1) have the same dominator in Vy.

1. d(sp,z) =2k+1 = == sop41
2. d(sp,x) = d(sp,s2x) +1 = x € N(s21)

Proof. Let s; be the vertex that dominates B(sg, k). Since f is sparse, f(s;) = i.
Consequently, ¢ > k. By Lemmaldl if so; and sa+1 have a neighbour in common,
they must have the same dominator, which implies that ¢ > k, since sop41 &
B(Sk, k)

Assume that (1) is false, i.e., there is a vertex x such that d(sp,z) = 2k + 1
and x # sopy1. If x is a neighbour of sor41 and so, then ¢ > k as argued
above, and hence all vertices in B(sgt1, k+ 1) are dominated by s;. Assume that
x is not adjacent to both of them. Hence sof, separates sox+1 and z, and i = k.
But then the degree of s; in G is larger than 1, which contradicts that G is a
path.

Assume that (2) is false, i.e., there is a vertex x such that d(sp,z) =
d(sp,sor) + 1 and x ¢ N(sax). Let ' € C(P) be the vertex dominating x in
f. We have d(sp,z') +d(z’,x) > d(sp, x) = d(sp, S2k) + 1 > d(sp, z') + d(2', sax).
Hence, sof, is dominated by 2. However, this is also true for sox11, so i > k, as
above.

Assume that both (1) and (2) are true. If i = k then we are done. Assume that
i > k. Let R = B(sp, d(sp, s2r)) and let B = B(s;, ). Note that d(sok, Sitk) =
i — k, and thus, sg;, € B’ = DECREASE(B, s;Psp, k). By Lemma @ this implies
that B'NR = BNR. Since B\ R C B(sg, k), we now see that B = B'U B(sy, k).
We can construct a new broadcast f’ as follows:

k if £ = s

0 ifx=-s
i—k ifx=sk
f(x) otherwise
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By the above arguments, f’ dominates the same vertices as f, and clearly
0/(G) = 07(G). (Observe that now so is dominated by both s, and s;_g, so
f' is not efficient.) O

The above result can be used to construct a simple greedy algorithm for calcu-
lating an optimal broadcast domination on block graphs:

Aslong as v5(G) < rad(G) there will always be a sparse broadcast f such that
[V¢| > 1, and a diametral path sg, s1, ..., s, such that every vertex in B(s1, 1)
are dominated by the same vertex. That creates the basis for Lemma [TIl An al-
gorithm can thus iterate through the possible values of k until both statements
(1) and (2) of Lemma [[T] are satisfied. When this happens, simply remove the
dominated vertices B(sk, k), and repeat. Even though the graph is shrinking for
each iteration, we remove non-overlapping induced subgraphs, and by Observa-
tion [Il all the individual optimal broadcast dominations for the subgraphs add
up to an optimal dominating broadcast for the entire graph.

By the proof of Lemmaf3] finding the optimal broadcast for G’ when ~,(G’) =
rad(G), is as simple as picking the middle vertex in a diametral path. The
knowledge that v,(G’') = rad(G) is obtained when the algorithm reaches a k
such that B(sk, k) = V(G").

6 A Linear-time Algorithm for Optimal Broadcasts on
Block Graphs

We have now all the results we need to present our algorithm.

Theorem 2. BROADCAST DOMINATION can be solved in linear time on block
graphs.

Proof. As explained at the end of the previous section, the algorithm finds the
leftmost dominator in an efficient optimal broadcast for G, according to Lemma
[ITl It then removes all the vertices dominated by this vertex, and finds the left-
most dominator in an efficient optimal broadcast for the remaining subgraph.
This is repeated until there are no vertices left, and thus every vertex is domi-
nated. By Observation [[l and Lemma [IT] the resulting broadcast is optimal.

The algorithm starts by finding a vertex ¢ such that e(t) = diam(G), using
Lemma [l A diametral path between ¢ and a vertex s is used in the algorithm.
However, we do not need to compute every vertex in the path for each iteration.
We can calculate each vertex s; on the path s = sg,s1,--+,58i,--+,5, =t as we
need it without knowing the rest of the path: The vertex s; is equivalent to the
vertex x such that dg(so,z) = and dg(z,sp) =p —i.

We need not change ¢ for each iteration either: each time the graph G changes
into a smaller graph G’, every vertex to the left of a vertex s; in the old diametral
path are removed. However, since diam(G) = d(s,t) = d(s, s;) +d(s;,t) and the
shortest path in G from s to any vertex in G’ goes through s;, no vertex in G’
can be further away from s; than ¢, as that would imply dg(s,t) < diam(G).
Therefore, eg:(t) = diam(G'), by Lemma [l
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Algorithm BLOCK GRAPH BROADCAST
Input: A block graph G = (V, E)
Output: An optimal broadcast f on G

for every v in V do
f(v) <0
end for
T <— an arbitrary vertex in V'
t < a vertex at maximum distance from x

for i+ 0to|V|—1do
T[i] < the set of vertices at distance ¢ from ¢
for v € T[i] do
Dlv] « 1
end for
end for

while V # 0 do
s +— a vertex at maximum distance from ¢ in G
S[0] = {s}
S[1] < N(s)
S[2] « N(S[U)\ {s)
k1
while 2k < D[s] do
S[2k + 1] « the vertices at distance 2k + 1 from s
S[2k + 2] + the vertices at distance 2k + 2 from s
Sk < the vertex in S[2k] such that D[sg] = D[s] — 2k
if |S[2k +1]| =1 and T[D[s] — 2k + 1] C N(s2;) then break
k< k+1
end while
v 4 the vertex in S[k] such that D[v] = D[s] — k, or s if V = {s}
flw) <k
V&V B, f(0)
G + G[V]
end while

return f

The condition of the inner while-loop is for the base case when there is only
one dominator left.

The running time of the algorithm is O(n + m): we start with a loop of O(n)
iterations, initiating the values of f, and then populate T and D in O(n+m) by
a breadth first search. The main loop might look like a bottle neck because of
the time needed to populate entries of S in each iteration. However, each entry
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Si] can be calculated in time proportional to the cardinality of N [S[i — 1]].
Therefore, since each vertex appears in one and only one entry, the total running
time to calculate all sets in S, is no more than O(n+m). Hence, the total running
time of the entire algorithm is O(n 4+ m). a

7 Concluding Remarks

A graph is chordal if it does not contain an induced cycle of length 4 or more.
Although block graphs and interval graphs are unrelated to each other, they
are both subclasses of chordal graphs. It is easy to see that every chordal graph
G has an optimal broadcast domination f such that G is a path. Following
the results of [10], this immediately gives an O(n*)-time algorithm for BROAD-
CAST DOMINATION on chordal graphs. Is there a linear-time or an O(n?)-time
algorithm for BROADCAST DOMINATION on chordal graphs?

We believe that BROADCAST DOMINATION can be solved in general in O(n®)
time. Is there a faster algorithm for BROADCAST DOMINATION on arbitrary
graphs?
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Abstract. We prove a characterization theorem a la van Benthem for a
particular modal system called topologic, which is, among other things,
suitable for specifying the interrelation between knowledge and topology.
The comparison language arising naturally from the relevant semantics
is well-known from the beginnings of topological model theory, and sub-
set space bisimulations provide for the proper notion of invariance of
formulas here.

1 Introduction

Asis known, modal languages constitute a widespread formalism for the purposes
of system specification, e.g., in the case of distributed or multi-agent scenarios.
But once a specification language is to hand, trying to get to the bottom of its
scope is a fundamental issue ever. The classical van Benthem Characterization
Theorem gives a satisfactory answer to this problem in the case of basic modal
logic: the bisimulation-invariant fragment of first-order logic and the entirety
of those properties that can be specified by modal formulas coincide; see [4],
Theorem 2.68. In this paper, we prove an analogous result for Moss and Parikh’s
bimodal language for topological spaces, £, originating from [12] (see also [7]).
Let us take a quick look at the semantics of L. Its basic units are composed of
two ingredients, to wit, the actual state = of the world and an open neighborhood
U of x. In knowledge-theoretic contexts, which serve us as an example here, U
may be viewed as the current epistemic state of an agent under discussion, i.e.,
the set of those states that cannot be distinguished by what the agent topically
knows. The two modalities of the language, K and O, quantify across all ele-
ments of U and ‘downward’ over all open sets contained in U, respectively. Thus
K captures the common notion of knowledge (see []]), and O reflects effort to
acquire knowledge since gaining knowledge goes hand in hand with a shrinkage
of the epistemic state. In fact, knowledge acquisition is reminiscent of a topolog-
ical procedure in this way. The appropriate logic for topological spaces, exactly
topologic, was first determined by Georgatos in his thesis [10]. Meanwhile, a con-
siderable amount of work was involved in the development of a corresponding
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theory; see Ch. 6 of the handbook [2] for a guide to the literature up to 2006.
Summing all this and the more recent achievements up, one may state that the
emerging system embodies a well-established toolkit for specification tasks re-
lated to reasoning about knowledge as well as topological reasoning, with the
two-valued semantics involving both states and ambient open sets making up its
distinctive feature.

Now is the time to explore the expressive power of the language £. A careful
analysis of its semantics will direct us to our goal, viz a preferably comprehensive
description of L-definable properties. To this end, we shall first identify the
right comparison language for £. It shows that this language coincides with the
language Lo for so-called weak structures, introduced by Flum and Ziegler in the
monograph [J]. See that Lo is a first-order language in essence, the machinery
of first-order model theory (see, e.g., [6]) is applicable to our problem, and we
shall make an extensive use of this in due course.

The very topic of Flum and Ziegler’s book is a sublanguage of Lo where quan-
tification over set variables is restricted in a certain manner. This language, L;,
has proven a perfect match for the classic topological interpretation of usual
(mono-)modal logic (see [1]), as the recent paper [5] shows. Unfortunately, we
cannot exploit the expressivity issues obtained in that paper for our purposes,
since the translations of £-formulas do not generally satisfy those syntactic re-
strictions. The prize we have to pay for obtaining the desired characterization by
means of the contemplated methods nevertheless, is to admit arbitrary subset
spaces as semantic structures, as it is the case with the original Moss-Parikh
logic.

The rest of this paper is organized as follows. In the next section, we supply
the basic definitions from [7] needed subsequently, and we define a standard
translation of the set of all L-formulas which is induced by the semantics of L.
Finally in this section, we reason about the image of that translation. In Section
3, the concept of saturated models is revisited. Moreover, the idea of modal
saturation that is relevant to our setting is investigated. Section 4 is devoted to
bisimulations, in fact, subset space bisimulations introduced in [3]. The desired
characterization theorem is then proved in Section 5. At the end of the paper,
we add some concluding remarks.

2 The Languages We Consider

In this section, we first fix the language £ underlying topologic and extract a
translation into first-order logic from that. Afterwards, we recall the language
Ly before connecting L to it.

To begin with, we define the syntax of L. Let Prop = {p, ¢, ...} be a denumer-
ably infinite set of symbols called proposition variables (which should represent
the basic facts about the states of the world). Then, the set Form of all £-formulas
over Prop is defined by the rule @« == T |p| —a | a Aa | Ka | Oa. Later on,
the boolean connectives that are missing here are treated as abbreviations, as
needed. The dual operators of K and [ are denoted by L and <, respectively; K
is called the knowledge operator and O the effort operator.
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We now turn to the semantics of L. For a start, we define the relevant domains.
We let P(X) designate the powerset of a given set X.

Definition 1 (Semantic Domains).

1. Let X be a non-empty set (of states) and O C P(X) a set of subsets of X.
Then, the pair S = (X, O) is called a subset frame.

2. Let 8§ = (X,0) be a subset frame. The set Ns .= {(x,U) |z € U and U €
O} is called the set of neighborhood situations of S.

3. Let S = (X, 0) be a subset frame. An S-valuation is a mapping V : Prop —
P(X).

4. Let & = (X,0) be a subset frame and V an S-valuation. Then, M :=
(X,0,V) is called a subset space (based on S).

The term ‘neighborhood situation’ has been introduced just to denominate the
semantic atoms of our modal language. Note that the first component of such a
situation indicates the actual state of the world while the second indicates the
uncertainty of the respective agent about it. Note also that S-valuations only
depend on states (and are independent of open sets thus). This is in accordance
with the common practice of modelling; cf. [§].

Now, let a subset space M be given. We define the relation of satisfaction,
1, between neighborhood situations of the underlying frame and £-formulas
from Form. In the following, neighborhood situations are often written without
parentheses.

Definition 2 (Satisfaction and Validity). Let M = (X,0,V) be a subset
space based on S = (X, 0), and let x,U € Ns be a neighborhood situation of S.
Then

2, UBEMmT is always true

z,UEMDp <~ e V(p)

2, UbEMma <= 2,UFEMma

2, UbEmaNnB: <= z2,UkEpmaandz,U =M B
z,U Em Ka — VyelU:y,UkEpma

2, UEmOa <= VU €O:(zeclU CU=zU EFpma),

where p € Prop and «, 8 € Form. In case x,U = « is true we say that « holds
in M at the neighborhood situation x,U. Furthermore, an L-formula « is called
valid in M iff it holds in M at every neighborhood situation of S.

Note that the idea of knowledge and effort described in the introduction is made
precise by this definition. In particular, knowledge is defined as validity at all
states that are indistinguishable to the agent; cf. [§].

The defining clauses on the right hand side of the double arrows in Definition
2l give rise to a translation of L-formulas into a two-sorted language of predicate
logic. The target language should obviously contain state variables v, v/, ..., set
variables 7, 7", .. ., a binary relation symbol € of the sort (state, set), and a binary
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relation symbol T of the sort (set, set); moreover, a unary predicate symbol P,
of the sort (state) is associated with every proposition variable p € Prop. Then,
after fixing a state variable v, p is translated to P,(v), and this assignment is
extended to a function #r on the set Form of all £L-formulas in a straightforward
manner. The detailed specification of ¢r, or rather a slight variant thereof, will
be given in a minute.

Before doing so, we recapitulate the language Lo from [9], Part I, §1. The
set At of all atomic Lao-formulas consists of T, all equations v = v/, where v, v’
are state variables, all predicate expressions P,(v), where p is a proposition
variable and v a state variable, and all membership expressions ve?’, where v
is as above and T a set variable. More complex formulas are obtained from At
through (iterated) negation, conjunction, and universal quantification ‘Vv.” and
V7. over state and set variables, respectively. Let Fmly be the resulting set of
formulas. With that, the standard translation announced above is given in the
next definition.

Definition 3 (Standard Translation). Let v be a state variable and T a set
variable. A mapping ST, r : Form — Fmly is defined recursively by

ST, r(T) =T
( Py(v)
( ST, r(a)
STyr(aAB) = STyr(a)ASTyx(B)
(
(

nn
3
=
1=
£
I

) Vo' (v el — STy r(a))
ST, r(Oa) = VY. (vel AVv.(veY —wvel) = STy r(a)),

where p € Prop, «, 8 € Form, and v', T’ are variables that have not been used so
far in applying ST.

Note that we have, for the last clause of Definition [3 taken advantage of the
fact that the subset relation ‘C’ is Lo-definable.

In the following lemma, the intimate correlation between modal and first-order
satisfaction is delineated. For that, note that any subset space M = (X,0,V)
induces an Lo-structure M’ = (X, O, (Vp, )peprop) in an obvious way, namely by
interpreting P, with V (p):

Vp, = V(p),

for every p € Prop. Therefore, we may identify M and M’, and we shall do so
after the lemma.

Lemma 1. Let M = (X,0,V) be a subset space based on S = (X,0), and let
a € Form be a formula. Then we have, for all neighborhood situations x,U € Ns
and all look-up tables] b evaluating v to x and T to U,

2, Ubkma = M E ST, r(a)(b).

! That is, sort-respecting functions mapping variables to values.
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The proof of the lemma can easily be carried out by induction on « (omitted
here).

The language L; mentioned in the introduction is a sublanguage of Lo. The
only difference comes from quantification over set variables, which is now re-
stricted in the way described below. Call an Lo-formula ¢ positive in a set vari-
able T if and only if every free occurrence of 7" in ¢ is within the scope of an
even number of negation signs. Then,

— if v is a state variable and ¢ is positive in 7", then V7. (vel — ¢) is an
L-formula.

The importance of L; lies in the fact that it behaves like a first-order language
even when formulas are interpreted in topological spaces; see [9] for more details.

Inspecting Definition [ for some special cases shows that ST, r(a) may be
an Ls-formula, but not in any case. For example, the standard translation of a
OK-prefixed formula violates the above requirement for quantification. Thus, we
notice at this point that there appears to be no obvious syntactic restriction of
the formulas in the image of ST.

3 Saturation

Saturation is a technique that is useful for proving the characterization result
of Theorem [3] below. Thus, this notion is adapted to the framework of subset
spaces in this section.

We first introduce Lo-saturated models. We follow the usual manner of speak-
ing below. Let M = (X, 0, V) be a subset space (considered as an Lo-structure;
see the statement immediately before Lemmal[ll). Let A C X and Q@ C O be any
subsets of X and O, respectively, and let La[A, Q] be the language obtained by
extending Lo with new constants a for all elements a € A and U for all members
U € Q. The correspondingly expanded structure derived from M is denoted by
My o. Finally, a set $(x) € Fmly of Ly-formulas in which at most the (state or
set) variable x occurs free, is called a type. Then, M is called w-saturated iff, for
every pair (A, Q) of finite sets A C X and Q C O, and every type @(x) that is
consistent with the first-order theory of M 4 o, there exists a realization of ®(x)
in Ma, g, i.e., an element z € X or a subset U € O (depending on the sort of
x) such that M4 o = ¢ (b) for all ¢ € @ and all look-up tables b mapping x to
x respectively U.

Do w-saturated La-models really exist? — Well, it has already been indicated
above that Lo is a first-order rather than a second-order language so that we can
use standard model-theoretic results for answering this question affirmatively.
This is to be made a little more precise in the following. For a start, note that
a subset space M = (X, 0, V) is equivalent to a two-sorted first-order structure
M = ((X,0),V., V). Here, (X,0) is the pair of carrier sets of the respective
sorts, and V. indicates the canonical interpretation of the relation symbol ‘c’;
moreover, ‘equivalent’ means that for every formula ¢ € Fmly having, for some
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n € N, its free (state or set) variables among those from the set {x1,...,xn},
and for all look-up tables b, it is true that

M= ¢lx1, - xn] (0) = M= 6lxa, -, xn (b)

And vice versa, a two-sorted structure M = ((X,Y), V., V) in which V; inter-
prets ‘€’ somehow, gives rise to an equivalent subset space M’ = (X,0,V) by
letting O := {U’ | U € Y'}, where, given a state variable v and a set variable 7,

U':={b(v) € X | b a look-up table mapping 7" to U and M EveT (b)}.

Thus far, we have reduced the Ls-logic of subset spaces to a two-sorted first-
order logic L’ based on the same language. In particular, the above existence
question is thereby shifted to L.

The way many-sorted logics like L correspond to usual (i.e., one-sorted) ones
is well-known; see, e.g., [11], §2.1. When translating formulas involving several
sorts, quantifications must be relativized and the non-emptiness of the respective
carrier sets must be expressed, among other things. And that was about it in
the case under consideration, due to the absence of function symbols. Now,
in the standard case of first-order logic, an w-saturated model M* is obtained
from a given model M in such a way that M is elementarily embeddable into
M*. This means that M is isomorphic to a substructure of M™* via an injective
homomorphism ¢, and, after identifying M and ¢[M], the expanded structures
Myx and My, where X is the carrier set of M, satisfy the same first-order
sentences; see [0], Chap. 6.1, and cf. [4], Chap. 2.6. One usually writes ¢ : M <
M* in this case. As an immediate consequence we obtain, in particular, that w-
saturated L’-models actually exist. Hence w-saturated Lo-models exist as well.
For a given subset space M = (X,0,V), the case t : M g M* = (X*,O*,V*)
with M* w-saturated means, in particular, that O* contains the set {U* | U €
O}, where each U* is obtained from the original U via the ‘detour’ described
above in this passage, thus satisfies ([U] = U* N ([X]. Regarding the semantics
of subset spaces, the neighborhood situation z*, U* is the right image of a given
situation x, U under the elementary embedding therefore, where z* = ¢(x). This
will be used later on.

We now turn to bimodal saturation. This key concept is introduced in the
subsequent definition.

Definition 4 (Bimodal Saturation).

1. Let ¥ C Form be a set of L-formulas, M = (X,0,V) a subset space and

x,U a neighborhood situation of the underlying frame.

(a) X is called satisfiable in U iff there exists an element y € U such that
y, U Em « for all o € X. And X is called finitely satisfiable in U iff
every finite subset of X is satisfiable in U.

(b) X is called satisfiable in the set of subsets of U iff there exists an U’ € O
such that x € U' C U and z,U’ Epm « for all « € X, And X' is called
finitely satisfiable in the set of subsets of U iff every finite subset of X
is satisfiable in the set of subsets of U.
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2. A subset space M = (X,0,V) is called bm-saturated (verbalized bimodally
saturated ), iff the following two conditions are satisfied for all subsets X C
Form and all neighborhood situations x,U of (X,O).

(a) If X is finitely satisfiable in U, then X is satisfiable in U.
(b) If X is finitely satisfiable in the set of subsets of U, then X is satisfiable
in the set of subsets of U.

The first important result of this paper states that w-saturated subset spaces
are bm-saturated.

Theorem 1. Let M = (X,0,V) be an w-saturated subset space. Then, M is
bm-saturated.

Proof. Let X C Form, and let 2, U be a neighborhood situation of (X, 0). We
first establish the requirement from item (a) of Definition @12. Let X' be finitely
satisfiable in U. Fix a state variable v and a set variable 7, and define

Yi={veU}U{STyr(@)[T = U]|ae X},

where ST, r(a)[Y + U] is the Lo-formula resulting from substituting each free
occurrence of 1 in ST, r(a) with U. Since X is finitely satisfiable in U, the type
X" is consistent with the first-order theory of the expanded structure My {4 see
Lemma [Il It follows that X’ is realized in My, thanks to the w-saturatedness
of M. In other words, there exists some y € X such that, for all look-up tables
b mapping v to y,

My EvelU(b) and My = ST, r(a)[T — U] (b) for all a« € X.

Thus, y € U and y,U = « for all a € X' (see Lemma [ again). Consequently,
X’ is satisfiable in U.

Secondly, we approach the condition in @2 (b). Let X be finitely satisfiable in
the set of subsets of U. Fix again variables v and 7" as above. The type to be
considered in this case is a bit more complicated. We let

Yhi=Aze? Vv.(vel = velU)} U{ST,r(a)v—z]|a € X}.

One can see as above that X" is consistent with the first-order theory of the
expanded structure M,. Hence the w-saturatedness of M implies that there is
a realization of X" in M., say U’ € O. Since

Mgy Eze? (b) and M, EVo.(veY —vel)(b)
for all look-up tables b evaluating 7" to U’, we obtain € U’ C U. And from
M, E ST, r(a)v— x](b) for all such b

we conclude that 2, U’ Eaq « for all @ € X, This proves that X is satisfiable in
the set of subsets of U. Added together, it follows that M is bm-saturated.

Theorem 1 will be utilized when providing a necessary and sufficient condition
for modal equivalence of subset spaces in the next section.

2 We write My instead of My (vy; similar abbreviations are used below, too.
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4 Bisimulations

It is well-known that bisimulation is the right concept corresponding to the idea
of invariance of modal formulas with respect to their most common semantics;
cf. @], Ch. 2.2. A respective notion regarding their topological semantics is given
in [I], Definition 2.1. And we know bisimulations also for subset spaces since the
paper [3]@ Clearly, the latter are relations between neighborhood situations, as
these are the basic semantic entities of L. For convenience of the reader, we shall
repeat the definition of subset space bisimulations and state a related lemma.
Then, after introducing some notation, we get on to the main result of this
section.

Definition 5 (Subset Space Bisimulation). Fori = 1,2, let S; = (X;,0;)
be subset frames and M; = (X;,0;,V;) subset spaces based on S;. Moreover, let
R C Ns, x Ns, be a non-empty binary relation. Then R is called a subset space
bisimulation (between M and Ms) iff the following five conditions are satisfied
whenever (z1,U1) R (x2,Us) is valid for any (x1,U1) € Ns, and (z2,Us) € Ns,:

1. For all p € Prop, (21 € Vi(p) <= 2 € Va(p)).

2. For all o} € Uy there exists x4, € Uy such that (27, Ur) R (25, Us).

3. For all x5 € Uy there exists ¢y € Uy such that (2}, Ur) R (25, Uz).

4. If x1 € Uy for any U{ € O1 such that U{ C Uj, then there exists Uj € Oy
satisfying xo € U5 C Uz and (x1,U]) R (22, U)).

5. If xo € UL for any Uy € Oy such that U C Us, then there exists U; € Oy

satisfying x1 € Uy C Uy and (x1,U]) R (22, U)).
We obviously have two so-called forth conditions as well as two back conditions
here, given by items 2,4 and 3,5 of Definition Bl respectively. This is due to the
presence of two modalities, K and .

The next lemma shows that subset space bisimulations really entail the in-
variance of £-formulas.

Lemma 2 (Subset Space Invariance of Formulas). Let M; = (X1,01, V1)
and Mo = (Xa,03, V) be subset spaces based on S = (X1,01) and Sy =
(X2, 02), respectively, and let R C Ns, x Ns, be a subset space bisimula-
tion. Furthermore, assume that (x1,U1) € Ns, and (v2,U2) € Ns, satisfy
(x1,U1) R (x2,Us). Then, for all formulas o € Form, we have that x1,U1 Em, «
iff 22, Uz Fm,

3 The variant of this notion considered in Sect. 2.3 of the paper [7] concerns a class
of bimodal Kripke models associated with subset spaces in a rather obvious way.
In case of these so-called cross axiom models, the canonical comparison language
contains two binary relation symbols belonging to the accessibility relations of the
two modalities, K and [, and is different from Lo thus. Moreover, not every cross
axiom model is induced by a subset space. Therefore, we can admittedly relate the
respective bisimulation classes of models, but the classifications by bisimulation in
the sense of Theorem [ below are incomparable (or, not obviously comparable at
least).
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Proof. The proof is done by an easy induction on the structure of a.

Let &1, S2, M1, Ma, and (z1,U1), (22,Uz), be as in the previous lemma. The
notations stipulated below follow analogous ones from the contexts referred to
at the beginning of this section. A triple like (Mj,z1,U1) is called a situated
subset space. Two situated subset spaces (M1, x1, U ) and (Ma, z2, Us) are called
modally equivalent iff, for all a € Form, it is true that

11, U1 Fam, @ = 12,02 Fug, @

in this case we write (M, 21,U1) e~ (Mo, x2,Us). If there exists a subset
space bisimulation R between M; and M such that (z1,U1) R (z2,Us), then
we write (My, 21,U1) & (Ma, z2,Us). With that, Lemma [ can be reformulated
as follows.

Lemma 3. Let (Mq,21,U1) and (Ma,x2,Us) be situated subset spaces. Then,
(My,x1,U7) o~ (Mg, 9, Us) whenever (My,z1,U1) & (Ma, 29, Us).

A class of models satisfying the opposite assertion, i.e., that (modal) equivalence
implies bisimilarity, is usually called a Hennessy-Milner class; see [4], 2.52[ We
now prove that the class of all w-saturated subset spaces is such a Hennessy-
Milner class.

Theorem 2. Let (My,x1,U1) and (Ma,x2,Us) be situated subset spaces, and
assume that My and My are w-saturated. Then, (My,x1,Uy) e~ (Ma, 22, Us)
implies (My,21,U1) & (Ma, 22, Us).

Proof. Let (My,x1,U1) e~ (Ma,x2,Us) be satisfied, and let M; and Moy
be based on S; and S, respectively. Define a relation R C Ns, x Ns, by
((1‘1, Ul) R(.’L‘Q, Ug) L= (./\/ll,l‘l, U1) e (MQ,.’L‘Q, UQ) ), for all (l‘h U1) € Nsl
and (z2,Us) € Ns,. Then, R # () according to our assumption. We prove that
R is a subset space bisimulation. Only items 2 and 5 of Definition [ are shown
here, because item 1 is clear and the proofs of 3 and 4 are completely anal-
ogous. So let (x1,Ur) R (z2,Us). First, let ©f € Uy. Define X' := {a € Form |
x}, U1 Em, a}. Consider any finite subset I' C X. Then, 1,U; Eam, LAT. Be-
cause of (z1,U1) R (x2,Us) we conclude that xo,Us Ea, LA I'. Consequently,
there exists ya € Us such that ya,Us Em, AI. It follows that X is finitely
satisfiable in Us. Since My is bm-saturated according to Theorem [I, X' is even
satisfiable in Us. Thus, there exists z§, € U, such that 45, Us =, o for all
a € X. Since we have (z,U pm 8 <= z,U Em —f) in any case, this implies
(2}, U1) R (xh,Us).

Second, let U5 € Os be such that xo € Uy C Us. We take a similar approach
as above, letting ¥ := {a € Form | z2,U) Enm, a} here. With the aid of any
finite I' C X, for which 2, Us FEamy, O AT comes about, we conclude that X

4 See also the notes to Chap. 2 of that book, where, beyond the references explaining
the origin of that naming, some hints to further characterization theorems of the
type claimed here can be found.
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is finitely satisfiable in the set of subsets of U;. Now, the bm-saturatedness of
M implies that X' is satisfiable in the set of subsets of U;. It ensues that there
is some U] € Oy such that x; € U} C Uy and z1,U] Em, « for all a € X As
above, we get (x1,U]) R (z2,U}). This is what we wanted to show.

Making use of Lemma [I] and of both listed in Section 3 immediately before
Definition Ml the properties of saturated models and the notations there, we
obtain the characterization of modally equivalent subset spaces announced at

the end of the previous section as an almost immediate consequence of Lemma
and Theorem [2

Corollary 1. Let (My,x1,Ur) and (Ma, z2,Us) be situated subset spaces. Then
the following two conditions are equivalent.

1. My, z1,Ur) e (Mg, 22, Us).

2. There exist w-saturated subset spaces M7 and M35 and elementary em-
beddings v : Mqy < M7 and kK : My = 5 such that x1,U;p (N 1, UY,
22, Us ¥ 25,U3, and (M3, 27,U7) & (M3, 23,U3).

5 The Characterization Theorem

We have nearly finished the preparations for our main result. Only two further
lemmata and one additional definition are needed. In the following, the proceed-
ing is similar to that in [4], Sect. 2.6.

Lemma 4. Let v be a state variable and T a set variable, and let ¢ = ¢p(v,T) €
Fmly be a formula having at most v and T as free variables. Consider the set

modCons(¢) := {STy r(a) | & € Form and ¢p(v,T) = ST, r(a)}

of all ‘modal consequences’ of ¢. If ¢ is a logical consequence of modCons(¢),
then there exists a modal formula 8 € Form such that ¢(v,1) = STy, r(B).

Proof. Assume that modCons(¢) E ¢(v,T). Due to the compactness of the logic
of subset spaces (see the discussion preceding Definition @ and cf. [11], §2.2),
there is a finite subset ¥ C modCons(¢) satisfying ¥ | ¢(v,T). Thus, we get
AP = ¢(v,T). On the other hand, we clearly have ¢(v,7") = A ¥. Consequently,
¢(v,7) = A\V¥. Since each member of ¥ is a standard translation of a formula
from Form, the same is true of A ¥. Hence the claimed formula § really exists.

Lemma 5. Let v,T, and ¢, be as in the previous lemma. Moreover, let M =
(X,0,V) be a subset space, x,U a neighborhood situation of the underlying
frame, and B the set of all look-up tables b mapping v to x and T to U. Assume
that, for all p € modCons(¢p) and all b € B, M = ¢ (b). Then, joining

Z:={8T,r(a) | a € Form, M = ST, r(a) (b) for allb € B}

with {¢(v, 1)} results in a consistent set of La-formulas.
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Proof. Suppose towards a contradiction that this is not the case, i.e., = U
{¢(v,Y)} is inconsistent. Then, there exists even a finite subset @ C = such
that © U {¢(v,T")} is inconsistent. We obtain = ¢(v,7) — - A © from that.
Consequently, ¢(v,T") E = A ©, which implies that = A © € modCons(¢). By
assumption, M |= = A © (b) is valid for all b € B. However, from © C = we infer
that M = A © (b) for all b € B, a contradiction. Thus, the set = U {¢(v,T)} is

consistent.

Tt is intuitively clear that the invariance of £-formulas under bisimulations (see
Lemma 2 or Lemma [3)) extends to their standard translations. But we must still
put in precise terms what is meant by this notion.

Definition 6 (Invariance of Ly-Formulas under Bisimulations). Let ¢ =
d(v,7) € Fmly be a formula as above. Then ¢ is called invariant under bisimu-
lations, iff for all situated subset spaces (M1, x1,Ur) and (Ma,xo,Us) salisfying
(Mlaxla Ul) = (M23x2a U2)7 we have that

MiE¢(b1) <= Mz ¢(b2)

for all look-up tables by, ba mapping v to x1 and T to Uy and, respectively, v to
x9 and T to Us.

The desired result characterizing the set of all properties that can be specified
by L-formulas now reads as follows.

Theorem 3. A formula ¢ = ¢p(v,7") € Fmly is equivalent to the standard trans-
lation of an L-formula if and only if it is invariant under bisimulations.

Proof. In view of Definition [G], the necessity of the condition is evident [ In order
to prove its sufficiency, assume that ¢ is invariant under bisimulations. According
to Lemma [l it suffices to prove that ¢ is a logical consequence of modCons (o).
So let M = (X,0,V) be a subset space, z,U a neighborhood situation of the
underlying frame, B the set of all look-up tables b mapping v to x and 7" to U,
and assume that, for all ¢ € modCons(¢) and all b € B, M = ¢ (b). Lemma [0l
guarantees that the set = U {¢(v,7)} is consistent. Hence there exist a subset
space Mg = (Xo, 0o, Vo) and a neighborhood situation xg, Uy of (X, Op) such
that, in particular, for all ¢ € modCons(¢) and all look-up tables by mapping v
to zo and T to Uy, Mo = ¢ (bg). We have that (M, x,U) «~ (Mg, xo, Up), for
on the one hand z,U = « implies ST, r(«) € =, which yields zo, Uy Enm, @,
and on the other hand z,U [ a, ie., 2, U Epm —a, implies STy, r(—a) € =
so that xo, Uy Fam, —a, thus zo, Uy FEam, @ Taking up Corollary [l (inclusive of
the notations there), we now obtain (M*,z*,U*) & (M, x5, Ug). As we also
have My = ¢ (bg) for all look-up tables by mapping v to zg and 1" to Up, we
get M{ &= ¢ (b§) for all look-up tables b mapping v to z§ and 1" to UF. At
this point, the invariance of ¢ under bisimulations comes into play, forcing that
M* = ¢ (b*) for all look-up tables b* mapping v to * and 7" to U*. It follows
that M = ¢ (b) for all look-up tables b € 9B. In this way, it is established that
¢ is a logical consequence of modCons(¢). Thus, the theorem is proved.

® From now on, we apply Lemma [[l and Lemma 2 without explicit reference.
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6 Concluding Remarks

Inspired by the paper [B], we were looking for a van Benthem style character-
ization of Moss and Parikh’s topologic. The actual outcome of this paper is a
corresponding result for the logic of subset spaces, having the pseudo-monadic
second order language Lo as its natural comparison. More explicitly, the set of
all properties that can be specified by bimodal £-formulas could be classified as
the bisimulation-invariant fragment of Lo.

Being a matter of L-expressivity, our main result prompts a couple of ques-
tions concerning the related field of L-definability. Is it possible to characterize
definable classes of subset spaces in a similar way as it is the case with ordinary
modal logic (see [4], 2.75 and 2.76)? And can a corresponding definability re-
sult be proved for subset frames, i.e., do we have an appropriate version of the
Goldblatt-Thomason Theorem (see [], 3.19) here, too? — These problems will be
tackled by future research.

Acknowledgement. I am grateful to the reviewers for their valuable comments
and suggestions.
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Abstract. The paper shows that the tight bound for the conversion of
alternating finite automata into nondeterministic finite automata with a
single initial state is 2" 4 1. This solves an open problem stated by Fellah
et al. (Intern. J. Computer Math. 35, 1990, 117-132). Then we examine
the complexity of basic operations on languages represented by boolean
and alternating finite automata. We get tight bounds for intersection and
union, and for concatenation and reversal of languages represented by
boolean automata. In the case of star, and of concatenation and reversal
of AFA languages, our upper and lower bounds differ by one.

1 Introduction

Boolean and alternating finite automata [I[2/8[9] are generalizations of nonde-
terministic finite automata. They recognize regular languages, however, they
may be exponentially smaller, in terms of the number of states, than equivalent
nondeterministic automata.

Fellah et al. [3] studied alternating finite automata (AFAs), that is, boolean
automata, in which the initial boolean function is given by a projection. They
proved that every AFA of n states can be simulated by a nondeterministic finite
automaton with a single initial state of at most 2™ 4 1 states, and left as an open
problem the tightness of this upper bound. Our first result provides an answer to
this problem by describing an n-state binary AFA whose equivalent NFAs with
a single initial state have at least 2" + 1 states.

Then we examine the complexity of basic regular operations on languages
represented by boolean and alternating automata. In the case of union and
intersection, we get the tight bounds m + n and m 4+ n + 1 on the boolean and
alternating state complexity, respectively. Next we show that the boolean state
complexity of concatenation is 2™ + n, and of reversal 2. As for the alternating
state complexity of concatenation and reversal, our upper and lower bounds
differ by one. The same is true for star in both boolean and alternating case.

To get the results, we use known results on the state complexity of operations
on regular languages [ABIGITITIITE], as well as the fact that if the reversal of a
language is accepted by the minimal deterministic automaton of n states, than
every boolean automaton for this language has at least logn states.
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2 Preliminaries

This section gives basic definitions and notations. For all unexplained notions,
the reader may refer to [TOIT2/T3].

If ¥ is a non-empty finite alphabet, then X* is the set of all strings over X,
including the empty string €. A language over alphabet X is any subset of X*.

A boolean finite automaton (BFA) is a quintuple A = (Q, X, 9, g5, F'), where @
is a finite non-empty set of states, @ = {q1,...,¢n}, X is an input alphabet, J is
the transition function that maps @) x X' into the set B,, of boolean functions of n
boolean variables g1, ..., qn, gs € By, is the initial boolean function, and F C @
is the set of final states. For example, let A; = ({q1, ¢2}, {a, b}, 9, q1 A g2, {q2}),
where transition function 4 is given in Table [II

Table 1. The transition function of boolean automaton A;

1 a b

q1 | 1V Qq 1

q2 q2 q1 Nq2

The transition function ¢ is extended to the domain B,, x X* as follows: For
all gin B,,, ¢ in X, and w in X*,

5(9,6) =9;
if g=g(q1,...,qn), then §(g,a) = g(6(q1,a),...,8(gn,a));
6(nga) = 6(5(97w)7a)'

Next, let f = (f1,...,fn) be the boolean vector with f; = 1 iff ¢; € F.
The language accepted by BFA A is the set L(A4) = {w € X* | §(gs, w)(f) = 1}.
In our example we have

0(gs,ab) = 6(q1 A g2, ab) = 5(6(q1 A g2,a),b) =3((q1 V q2) A g2, b) =
(V@ AR)AN G AR)=a NG

To determine whether ab € L(A;), we evaluate d(gs,ab) at vector f = (0,1).
We obtain 0, hence ab ¢ L(A;). On the other hand, we have abb € L(A;) since
0(gs,abb) = 6(q1 AN qz2,b) = LA (@1 V q2) = @1 V q2, which gives 1 at (0,1).

A boolean finite automaton A is alternating (AFA) if the initial function is
given by a projection ¢(q1,...,¢n) = ¢;- It is nondeterministic with multiple
initial states (NNFA) if g, and d(qx,a) are of the form \/,_; ¢;. If, moreover,
gs = ¢;, then automaton A is nondeterministic with a single initial state (NFA).
If, moreover, §(qx,a) are of the form ¢;, automaton A is deterministic (DFA).

The reverse A® of NNFA A is obtained from A by swapping the role of
the initial and final states, and by reversing all the transitions. The reverse of
NNFA A accepts language L(A)F = {w® | w € L}; where w’ is the mirror

image of string w defined by £ = ¢ and (wa)?® = aw®.
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3 Optimal Simulation of AFAs by NFAs

This section provides an answer to an open question stated by Fellah et al. [3]
whether or not the upper bound 2™ + 1 on AFA-to-NFA coversion is tight. We
start with conversion of boolean automata to NNFAs. Then we show that every
NNFA of 2™ states whose reverse is deterministic may be represented by an n-
state boolean automaton. This allow us to describe boolean automata by NNFAs
in our worst-case example.

Lemma 1. If a language L is accepted by an n-state boolean automaton, then
L is accepted by an NNFA of at most 2™ states.

Proof. Let A =(Q,X,4,gs, F) be a boolean automaton with @ = {q1,...,qn}-
Like in [3], construct the NNFA A" = ({0,1}", X,0',5,{f}), where for every
w=(ug,...,up) in {0,1}" and every a in X,

8 (u,a) ={u" € {0,1}" | 8(gi,a)(u') = u; for i =1,...,n},
S={be{0,1}" | gs(b) = 1},
f:(f17~-~7fn) S {0,1}” with fzzllfqu e F.

The proof of L(A’") = L(A) is almost the same as in [3, Theorem 4.1]. O

Lemma 2. Let A = (Q,X,6,S,F) be an NNFA such that |Q| = 2™. Let the
reverse of A be deterministic (and complete). Then there exists an n-state boolean
automaton A’ such that L(A) = L(A’). Moreover, if A has 2"~ initial states,
then A" may be taken to be alternating.

Proof. Assume Q = {0,1,...,2" — 1}. Since A% is deterministic, NNFA A has
exactly one final state, and assume F' = {k}. Moreover, for every symbol a in X
and every state 7 in @, there is exactly one state j in @ such that j goes to i by
a in NNFA A.

For a state 7 in @, let bin(é) = (b1,...,b,) be the binary n-tuple such that
b1by - - - by, is the binary notation of ¢ on n digit with leading zeros if necessary.

Define an n-state boolean automaton A" = (Q’, X, 0", gs, F'), where Q' =
{1, qn}, F' ={q¢ | bin(k), = 1}, and for each ¢ in Q and a in X,

(0'(q1,a),-..,0 (gn,a))(bin(i)) = bin(j) where i € §(j,a), and
gs(bin(i)) =1iff i € S.

Then L(A’) = L(A). If A has 2"~ ! initial states, assume S = {21 ... 2" —1}.
Now to get an AFA, let gs = q1, that is gs(b1,...,b,) = 1iff by = 1. O

The next lemma shows that there exists an NNFA of 2" states and 2"~ ! ini-
tial states whose reverse is deterministic, and such that every equivalent NFA
requires at least 2™ + 1 states.

Lemma 3. Let L be the language accepted by 2"-state NNFA of Fig. . Then
every NFA for L has at least 2™ 4+ 1 states.



Complexity of Operations on Alternating and Boolean Automata 199

[ [
(b ab ()

Fig. 1. The NNFA for Lemma [3} m = 2"

Proof. Let m = 2" and L be the language accepted by the NNFA of Fig. [
Let N be an NFA (that is, an NNFA with a single initial state) for L. Consider
the set of m pairs of strings

A={(d,a™ ) ]i=1,2,...,m—1}U{(@™ 'b,e)}.

For every pair in 4, the concatenation of the first part of the pair and its second
part results in string a™ or a™ b, both of which are in L. On the other hand,
for two distinct pairs in A, the concatenation of the first part of one of the two
pairs and the second part of the other pair results in a string in

{a* |m/2 <k <m—1or3m/2 <k <2m—1}U{a™ 'ba’ | m/24+1 < £ < m—1}.

No such string is in L. It follows that A is a fooling set for L.

Now fix accepting computations of N on strings a’a™~% (1 <i < m — 1) and
a™ b, and let p; (1 <i<m—1) and p,, be the states on these computations
that are reached after reading a’ resp. a™'b. Since A is a fooling set for L,
states p1, ..., pm must be pairwise distinct. Now let py be (the sole) initial state
of N. Consider the strings a™/2~1, a, ba™/?~! that are in L, so are accepted from
state pg. Then

Po ¢ {pn} U {pla s apm/Q—l}
since otherwise one of strings a™1p.qm/2=1 or ¥ /271 with 1 < i < m/2—1
would be accepted by N. However, none of these strings is in L. Next,

Po & {Pmy2s -+ s Pm—2}

since otherwise one of strings a’ - a with m/2 < 7 < m — 2 would be accepted
by N. None of them is in L. Finally, py # pm,—1 since otherwise the string
a™ 1. ba™/?~1 that is not in L, would be accepted by N. Therefore, NFA N
must have at least m + 1 states, and the lemma follows. a

The next result gives the optimal simulation of boolean automata by NFAs. The
worst-case language is accepted by an AFA over a two-letter alphabet.
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Theorem 1. Let L be a language accepted by an n-state boolean automaton.
Then 2™ + 1 states are sufficient and necessary in the worst case for nondeter-
ministic finite automata with a single initial state to accept language L. The
upper bound is met by an n-state alternating automaton over a binary alphabet.

Proof. By Lemma [I], language L is accepted by an 2™-state NNFA. By adding
a new initial state going by the empty string to the initial states of the NNFA,
we get an NFA of 2™ + 1 states for L.

For tightness, consider the language L accepted by the 2"-state NNFA of
Fig. [l The NNFA has 2"~ initial states, and its reverse is deterministic. By
Lemma 2 language L is accepted by an n-state AFA. By Lemma [3] every NFA
for L has at least 2 + 1 states. This proves the theorem. a

4 Boolean and Alternating State Complexity
of Basic Regular Operations

This section examines complexity of basic regular operations on languages rep-
resented by boolean and alternating automata.

Recall that the state complexity of a regular language L, sc(L), is the small-
est number of states in any DFA accepting L. Similarly define nondeterminis-
tic, alternating, and boolean state complexity of a regular language L, in short
nsc(L),asc(L), and bsc(L), respectively, as the smallest number of states in any
NFA, AFA, and BFA for L, respectively. The following results are well known.

Lemma 4 ([1J9)3]). If L is accepted by a boolean automaton of n-states, then
L% is accepted by a DFA of 2" states. If L is accepted by an AFA of n-states,
then LT accepted by DFA of 2" states of which 2"~1 are final. If sc(L?) = 27
then bsc(L) > n. If sc(LT) = 2" and minimal dfa for LE has more than 2"~!
or less than 2"~ final states, then asc(L) > n + 1.

We start with union and intersection, and show that the boolean state complexity
of both operations is m +n, while their alternating state complexity is m+mn+1.

Theorem 2 (Union and Intersection on BFAs). Let K and L be languages
over an alphabet X with bsc(K) = m and bsc(L) = n. Then

1) bsc(KUL) <m+n,

2) bsc(KNL)<m+n,
and both bounds are tight if | X| > 2.

Proof. Let languages K and L be accepted by BFAs (Qa, X,04,94,Fa) and
(@B, X,0B,98, FB), respectively. Let |Qa|l =m, |Qp|=n,and Q4 N Qp = <.
Then the languages K U L and K N L are accepted by boolean automata
(QAU QBaEa(sagA\/gBaFAUFB) and (QAUQBazaéagA/\gBaFAUFB)a resp.,
where 0(p,a) = da(p,a) if p € Qa and I(p,a) = dp(p,a) if p € Qp.
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For tightness, consider languages

KT = {we {a,b}* | |w|, = 0 mod 2™}, and
L = {we {a,b}" | |lw|, =0 mod 2"}.

Both languages are accepted by DFAs of 2™ and 2" states, respectively. There-
fore, languages K and L are accepted by boolean automata of m and n states,
respectively. Next we have (K U L) = K®U L and it is known [SITI/T4] that
the minimal DFA for K U LT has 2m*" states. It follows that every boolean
automaton for K U L has at least m + n states. The same argument holds for
intersection. a

Theorem 3 (Union and Intersection on AFAs). Let K and L be languages
over an alphabet X with asc(K) = m and asc(L) =n. Then
1)asc(KUL)<m+n+1,
2)asc(KNL)<m+n+1,
and both bounds are tight if |X| > 2.

Proof. The upper bounds are from [3]. For tightness, consider languages (K')%
and (L')? accepted by DFAs obtained from the DFAs for K¥ and L% in the
previous lemma by making states 2!, ... 2™ —1 in the DFA for K, and states
27=1 ..,2" — 1 in the DFA for L final. Since both DFAs have half of states
final, languages K’ and L’ are accepted by alternating finite automata of m
and n states, respectively. To accept language (K’ U L')f, we still need 2m+"
deterministic states, but this time, the number of final states in the minimal
DFA for (K’ U L')f is more than 2m*+"~1. It follows that the minimal AFA
for (K" U L") has at least m + n + 1 states. In the case of intersection, the
minimal 2™*"-state DFA for (K’ N L')f has less then 27"~ final states, so
asc(K'NLYy>m+n+1. O

Now we consider concatenation. First we show that its boolean state com-
plexity is 2™ + n. In the case of alternating state complexity, we get an upper
bound 2™ 4+ n 4+ 1, and a lower bound 2" + n.

Theorem 4 (Concatenation on BFAs). Let K and L be languages over an
alphabet X with bsc(K) = m and bsc(L) = n. Then bsc(KL) < 2™ +n, and the
bound is tight if | X| > 2.

Proof. To prove the upper bound, first transform the BFA for K into an NNFA
with 2™ states which accepts language K. Then, using idea in [3, Theorem 9.2],
we get a boolean automaton of 2™ + n states for language K L.

We now prove tightness. It is well known that the tight bound on the state
complexity of concatenation is (m —1)2" +2"~! and the bound is met by binary
DFA languages [I1/14]. Now let L® and K ¥ be the Maslov’s [L1] binary witnesses
for concatenation with 2™ and 2™ states, respectively. Then bsc(K) < m and
bsc(L) < n. Moreover, sc(KL)® = sc(LRKT) = (2» — 1) - 22" 4 22"-1 >
gn—l. 92" 4 gn=1 . 92"—1 > 9n—192"(1 1 1/2). Tt follows that bsc(KL) >
[log(2"~122" (1 +1/2))] = 2™ 4 n, and the theorem is proved. O
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Theorem 5 (Concatenation on AFAs). Let K and L be languages over an
alphabet X with asc(K) = m and asc(L) =n. Then asc(KL) < 2™ +n+1. The
bound 2™ + n is met if | 2| > 2.

Proof. The upper bound is from [3]. For tightness, we need L and K with
half of states final. In such a case, the upper bound for concatenation is m/2 -
2" +m/2 2"~ [14] and is met by binary languages [4]. Now let L® and K be
the binary witnesses from [4] with 2™ and 2™ states, respectively, half of which
are final in both DFAs. Then asc(K) < m and asc(L) < n. The minimal DFA
for (KL)? = LEK® has 271 . 22" 4 2771.22"~1 50 asc(K L) > 2™ + n. This
completes the proof. |

The next two results show that the boolean state complexity of reversal is 27,
while its alternating state complexity is at least 2™ and at most 2™ + 1.

Theorem 6 (Reversal on BFAs). Let L be a language over an alphabet X
with bsc(L) = n. Then bsc(L®) < 2", and the bound is tight if |X| > 2.

Proof. If L is accepted by an n-state boolean automaton, then L is accepted
by an 2"-state NNFA. Thus bsc(L*) < 2". The upper bound on the state com-
plexity of reversal of regular languages is 2", and it is known to be tight in the
binary case [7/9]. Let L® be the binary witness from [7, Theorem 5] with 2"
states. Then bsc(L) < n, and sc((L%)®) = 22", Therefore, bsc(L®) > 27, and
our proof is complete. O

Theorem 7 (Reversal on AFAs). Let L be a language over an alphabet X
with asc(L) = n. Then asc(L®) < 2" + 1. The bound 2" is met if || > 2.

Proof. If L is accepted by an n-state AFA, then L is accepted by an (2" + 1)-
state NFA. Thus asc(L®) < 2" + 1. For the lower bound, we need a witness for
reversal with half of states final. Such an example is given in [9, Proposition 2]
with 2™ states. This proves lower bound and completes the proof. a

The last operation under consideration is star operation The following two the-
orems show that both boolean and alternating complexity of star are at least 2™
and at most 2™ + 1.

Theorem 8 (Star on BFAs). Let L be a language over an alphabet X with
bsc(L) = n. Then bsc(L*) < 2™ + 1. The bound 2" is met if | X| > 2.

Proof. If L is accepted by an n-state boolean automaton, then L* is accepted
by an (2" + 1)-state NFA. Thus bsc(L*) < 2"+ 1. The upper bound on the state
complexity of star of regular languages is 2"~ ! 42772, and is known to be tight
in the binary case [I4]. Let L be the binary witness from [I4] with 2" states.
Then bsc(L) < n, and

se((L)) = se((LF)") =271 + 22" 2 = 2% "1 (1 + 27").

Hence bsc(L*) > 2™, and the theorem follows. |
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Theorem 9 (Star on AFAs). Let L be a language over an alphabet X with
asc(L) =n. Then asc(L*) < 2™ + 1. The bound 2" is met if | X| > 2.

Proof. The upper bound follows like in the previous theorem. For the lower
bound, we need LT with half of states final. In such a case, the upper bound
for star is 271 4 27~1~f where ¢ is the number of final states different from
the initial state. Such a bound is met for every ¢ (1 < £ < n — 1) in the binary
case [6]. Let LT be the binary witness from [6, Theorem 5] with 2" states and
¢ = 2"~ final states distinct from the initial state. Then asc(L) < n, and

SC((L*)R) — SC((LR)*) _ 22"—1 + 22”—1—n/2 — 22"—1(1 + 2—n/2).

Thus asc(L*) > 2", which proves the theorem. O

5 Conclusions

We proved the tight bound on the number of states of nondeterministic finite
automaton with a single initial state that are sufficient and necessary in the
worst case to simulate a boolean or alternating finite automaton of n states is
2™ + 1. This solves an open problem from [3].

Then we examined the boolean and alternating state complexity of basic
regular operations. Our results are summarised in the following table. All the
worst-case examples are defined over a binary alphabet. The tightness of the
upper bounds for star of BFAs and AFAs, as well as for concatenation and
reversal of AFAs, remains open.

Table 2. Boolean and alternating state complexity of basic regular operations

union intersection | concatenation | reversal star

BFAs m-+n m-+n 2M™ 4+ n 2" > on
<2m 41

AFAs | m+n+1| m+n+1|>2"+n > 2" > 2"
<2"4n+4+1 | <2"+1 | <2"+1

Acknowledgement. I would like to thank Markus Holzer and Martin Kutrib
for reading a preliminary version of the proof of Theorem [I and for interesting
discussions on the topic.
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Abstract. Multidimensional combinatorial substitutions are rules that
replace symbols by finite patterns of symbols in Z¢. We focus on the
case where the patterns are not necessarily rectangular, which requires
a specific description of the way they are glued together in the image by
a substitution. Two problems can arise when defining a substitution in
such a way: it can fail to be consistent, and the patterns in an image by
the substitution might overlap.

We prove that it is undecidable whether a two-dimensional substitu-
tion is consistent or overlapping, and we provide practical algorithms to
decide these properties in some particular cases.

1 Introduction

One-dimensional substitutions are a classical object of combinatorics on words.
An example is the map o : {1,2,3}* — {1,2,3}* defined by o(1) = 12, 0(2) = 13
and o(3) = 1. The image by o of a word is easy to define, by concatenation:
o(uw) = o(u)o(v) for all u,v € {1,2,3}*. For example, 0(1321) = 1211312. See
[1] for a detailed survey.

A natural generalization of substitutions to higher dimension is the case where
the images of the letters are squares of the same size, as for example in the two-
dimensional Thue-Morse substitution defined by 1 — 12,2 +— 21 which can
be iterated naturally, as shown below.

12212112

21121221

12 2112, 152157112
= 37— 3115~ 15515113
1221 21121221
21121221

12212112

Similar generalizations are possible with rectangular shapes that have compatible
edge lengths; see the survey [2].

We are interested in the more general case where the images of the letters have
arbitrary shapes (not necessarily rectangular), which are a priori not compatible
with concatenation. For example, if o is a substitution defined by:

+—> @ — [ B~ 3.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 205 2012.
© Springer-Verlag Berlin Heidelberg 2012
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how can we define the image by o of patterns that consist of more than one cell?
A natural approach is to give explicit concatenation rules, such as:

Using these rules, we can compute the image of every pattern that can be “cov-
ered” by the two-cell patterns on the left-hand sides of the rules, as shown below.

i

In this paper we study the two problems that can arise when multidimensional
concatenation is defined as above:

1. The resulting substitution is not necessarily consistent: depending on the
sequence of concatenation rules that are used, a pattern might have two
different images.

2. The resulting substitution is not necessarily non-overlapping: the images of
the cells of a pattern can overlap.

The substitutions which are consistent and non-overlapping correspond to “well
defined” substitutions, and we would like to be able to detect them algorith-
mically. We will prove that consistency and non-overlapping are undecidable
properties for two-dimensional combinatorial substitutions (Theorems Bl and
B3), but that these properties are decidable in the case of domino-complete
substitutions, that is, when the concatenation rules are given for every possible
domino (Theorems [EJ] and ). This answers the decidability question raised
in [3].

Combinatorial substitutions as defined in this article were introduced in [4]
under the name “local rules”, to study a particular example in the context of
substitutions of unit faces of discrete planes. They were defined in generality in
[3], and are related to the substitutions found in [5] defined using the dual graph
of a pattern. See [2] for a survey about multidimensional substitutions.

As an application of the methods developed for the decidability results, we
provide combinatorial proofs of the consistency and non-overlapping of some
particular two-dimensional substitutions, using a slightly more general definition
of domino-completeness. Such proofs have been requested in [4)2]. The study of
this particular class of examples will be published in [6], which also contains
additional proofs and examples.

2 Definitions

Cells and Patterns. Let A4 denote a set of symbols. A d-dimensional cell is
a couple ¢ = [v,t], where v € Z¢ is the vector of ¢ and t € A is the type of
c. A d-dimensional pattern is a finite union of d-dimensional cells with distinct
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vectors. Translation P + v of a pattern P by v € Z% is defined in the natural
way. The support of a pattern is supp(P) = {v : [v,t] € P}.

Many of the substitutions we will encounter later use dominoes, which are
two-dimensional patterns that consists of two cells of vectors v and v’ such that
v —wv € {(£1,0),(0,£1))}.

Substitutions. A d-dimensional substitution o on alphabet A is defined by:

— a base rule: an application oy, from A to the set of d-dimensional patterns,
— a finite set of concatenation rules (t,t',u) — v, where t,t' € A and u,v € Z%.

The way to interpret this definition is the following: opase replaces each cell of
a pattern by a pattern, and the concatenation rules describe how to place the
images of the cells relatively to each other. The intuitive meaning of “(¢,t',u) —
v” is: two cells of types ¢t and ¢ separated by u must be mapped by ¢ to the
two patterns opase(t) and opase(t’) separated by v. (A precise definition is given
below.) From now on we only consider deterministic substitutions, which means
that if a rule has a left-hand side (¢,¢',u), then there is no other rule with
left-hand side either (¢,¢',u) or (¥',t, —u).
We will need the following notation:

— We extend opase from A to the set of cells naturally: opage(c) = Opase(t) for
a cell ¢ = [v,t]. (Only the type of ¢ is taken into account by opase.)

— The set of the starting patterns of o is C, = {{[0,¢], [u,t']} : (¢, ¢, u) —
v is a rule of o for some v}. It corresponds to the patterns at the left-hand
sides of the concatenation rules of o. (This set contains only patterns of size
two.)

— If ¢ = [u,t] and ¢ = [u/, '] are cells, we denote

(c,d) = v if (t,t',u' —u) — v isarule of o
TrulelS; € —v if (¢, t,u—u)—visaruleof o’

and opye is not defined otherwise.

A domino substitution is a two-dimensional substitution such that for every rule
(t,t',u) — v, we have u € {£(1,0),£(0,1)}. A domino-to-domino substitution
is a domino substitution such that for every rule (¢,¢',u) — v, we have v €
{#£(1,0),£(0,1)}, and the patterns opase(t) and opase(t’) both consist of a single
cell of vector (0,0).

Example 2.1. The combinatorial substitution given in the introduction is for-
mally defined as follows: it is the two-dimensional substitution defined on the
alphabet {1,2,3} with the following base rule (on the left) and concatenation
rules (on the right).



208 T. Jolivet and J. Kari

Paths, Covers, Image Vectors. Let C be a finite set of patterns that consist
of two cells. A C-path from cell ¢1 to cell ¢, is a finite sequence of cells v =
(c1y...,¢n) such that {c¢;,c;y1} is a translated copy of an element of C for all
1 <i<n-—1,and such that ¢; = ¢; if ¢; and ¢; have the same vector. (Paths are
hence allowed to self-overlap, but the overlapping cells must agree.) If ¢; = ¢,
then  is called a C-loop. A path (or a loop) is simple if it does not self-intersect.
A domino path is a C-path where all the patterns of C are dominoes. Most of the
paths we will consider in this paper will be domino paths (associated with some
domino substitutions).

A C-path of a pattern P is a C-path whose cells are all contained in P. We
say that P is C-covered if for every ¢,c’ € P, there exists a C-path of P from ¢
to c.

Let o be a substitution and v = (cy, . .., ¢,) be a Cy-path. We denote by w, (7)
the image vector of v defined by

n—1

WU(PY) = Zorule(ciaci+1)~
i=1

Consistency and Non-Overlapping. Let o be a substitution and P be a
C,-covered pattern. We say that o is:

— consistent on P if for every cells ¢, ¢’ € P and for every C,-paths v,~" of P
from ¢ to ¢, we have w,(y) = w,(7'), i.e., if the placement of the images
does not depend on the path used.

— non-overlapping on P if for every cells ¢,¢’ € P such that ¢ # ¢/ and for
every Cy-path v of P from c to ¢/, we have supp(opase(c)) N (supp(wes(y) +
Obase(C'))) = @, i.e., if two distinct cells have non-overlapping images.

If o is consistent on every C,-covered pattern, then o is said to be consistent.
(The same goes for non-overlapping.) Examples of inconsistent and overlapping
substitutions will be given in Examples 2.4 and

Proposition 2.2. Let o be a substitution and P be a pattern. The following
statements are equivalent.

1. o is consistent on P.
2. For every C,-loop v of P, we have w,(y) = 0.
3. For every simple Cy-loop v of P, we have wy(y) = 0.

The proof of Proposition is a direct application of the definitions.

Image by a substitution. Let o be a non-overlapping substitution. Let P be
a C,-covered pattern and ¢y be a cell of P. An image of P by o computed from
cp is a pattern

U(Ubase(c) + wo(7e))s

ceP
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where for each ¢ € P, 7. is a C,-path from ¢y to c¢. This union of patterns is
indeed a pattern because the cells have distinct positions (¢ is non-overlapping).

If o is consistent, this pattern is uniquely defined because it does not depend
on the choice of the paths 7., by consistency of o. In this case, the image of
P by o computed from ¢y is denoted by o(P,cg), but because ¢y only affects
by a translation we will use the simpler notation o(P) when the translation is
irrelevant.

To explicitly compute the image of an C,-covered pattern P, we start by
constructing a tree whose vertices are the cells of P, where two cells are connected
if they both belong to a same pattern of C,. (Such a connected tree exists because
P is C,-covered.) We then choose a “root cell” (co in the definition above), and
we construct the image of P incrementally, starting from ¢y and following the
edges in the tree. This is shown in Example below.

Example 2.3. Let o be the two-dimensional substitution defined on the alpha-
bet {1,2,3} with the base rule

1= {[(0,0),2]}  2={[(0,0),3]} 3+~ {[(0,0),1],[(1,0),3]}

and the concatenation rules

(2,3,(1) = (52) (32,(2) = () (1,
G1L(1) = (%) G3.(9) = (51) @

which can also be represented as follows

f f
2 ~ EE B B LI = [ BB = [
‘
G — B3 3 - zm — [

To compute the image of by o, we can use the C,-covering '

213"
o (ghf) = {(0.01.3}

U {[(070)’ 1]v [(1’ 0)73}} + (_Qv 0)

U {[(0,0),2]} + (=2,0) + (0, -1)

U {[(0,0),1],[(1,0), 3]} + (=2,0) 4 (0, 1)

U {[(0,0),1],1(1,0), 3]} + (—2,0) + (0,1) + (2,1)

U {[(0,0),2]} + (=2,0) 4+ (0,1) + (2,1) + (0, —1)

= {[(070)’ 3]’ [(_270)’ 1]v [(_170)’ 3]’ [(_27 _1)7 2]7
[(=2,1),1],[(=1,1),3],[(0,1),2],[(0,2), 1], [(1,2), 3]}
1 3?

= 138

We chose to place the image of the cell [2] first, at position (0,0). This cell and
its image are shown in gray. In this case it is possible to iterate o on its images;
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three iterations are shown below. (The C,-covering is drawn on each pattern.)

3 =3

i | | iz ™
| 2z 7 j‘”"’ = i1
iz 5

Example 2.4. The substitution defined by the base rule 1 — {[(0,0),1}, 2 —
{[(0,0),2} and the concatenation rules — LB = B, — is not
consistent: the C,-loop v = {](0,0),2],[(1,0),2],[(1,1),1],[(0,1),1],[(0,0), 2]}
has a nonzero image vector wy(y) = (1,—1)+(0,1) — (1,0) — (0,1) = (0, —1), so
o in inconsistent by Proposition This is also illustrated by the following:

il B~ g
Example 2.5. The substitution defined by the base rule 1 — {[(0,0), 1} and the
concatenation rules —> , B is overlapping: the images of the cells

[(0,1),1] and [(1,0), 1] overlap in the image of the pattern {[(0,0),1],[(1,0), 1],
[(0,1),1]}:

.—>,

3 Undecidability Results

Wanyg tiles are unit square tiles with colored edges, which are oriented and may
not be rotated. We say that a set of Wang tiles T' admits a valid tiling of a
cycle if there exists a nontrivial sequence (aq,...,a,) of translates of tiles of T
such that a; and a;41 share exactly one edge and their colors agree on it for all
1 < i < n, and such that a,, = a1 (the other tiles a; cannot overlap and are
distinct). Because we require the cycle to be nontrivial, we must have n > 5.

In [7], it is proved that the following problem is undecidable: “Does a given
finite set of Wang tiles admit a valid tiling of a cycle?” This problem is called
the weak cycle tiling problem in [7]. (The strong version of the same problem
requires that any two adjacent tiles in the cycle match in color, and not only
a; and a;11.) We will use the fact that this problem is undecidable in order to
prove Theorems 3.1l and B3]

The undecidability results below are proved for two-dimensional substitutions.
The proofs can easily be modified to get undecidability in higher dimensions, but
dimension 1 has to be ruled out.

3.1 Undecidability of Consistency

Theorem 3.1. It is undecidable whether a substitution is consistent.
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Proof. We are going to reduce the cycle tiling problem for Wang tiles to the
consistency problem for substitutions. Since the former is undecidable, the result
will follow.

Let T be a set of Wang tiles. Let A =T x {—,1,<,{}, and ¢ be the sub-
stitution over alphabet A defined by obase(t) = [(0,0),¢] for all ¢t € A, with the
rules

N [
H-HE H- 0 - HE

=R oy

N
[a’]
for every tiles a,b € T such that the edges match in 4 | and the rules

e el e O e R = R =l gl ==l
fld = ] et o e s o e

for every tiles a,b € T such that the edges match in . By definition of the
above rules, the set C, consists of all the valid dominoes of tiles of T, where in
each domino, exactly one of the two tiles points at the other. The image of a
domino by opase is then the concatenation of the pointing tile and the pointed
tile, from left to right respectively.

We can now finish the proof by showing that T" admits a valid tiling of a cycle
if and only if o is not consistent. Indeed, suppose that T admits a valid tiling of
a cycle (aq,...,a,). To this cycle corresponds a C,-loop v = (¢1,. .., c,) where
the type of each ¢; is (a;, d;) and the arrow d; points at the cell ¢;11, for 1 i <n
(and d,, points at ¢;). However, we have w,(y) = (n — 1,0) # (0,0), so o is not
consistent, by Proposition

Conversely, if T' does not admit a valid tiling of a cycle then there cannot
exist any simple C,-loop, so o is consistent thanks to Proposition 221 a

Remark 3.2. The above proof yields a stronger version of Theorem B.I} con-
sistency is undecidable for two-dimensional domino-to-domino substitutions. It
can be proved that this undecidability result also holds for non-overlapping sub-
stitutions.

3.2 Undecidability of Overlapping

The weak cycle tiling problem can also be used to prove the undecidability of
overlapping for consistent two-dimensional substitutions.

Theorem 3.3. It is undecidable whether a consistent substitution is overlap-
ping.
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Proof. We will reduce the cycle tiling problem. Let T be a set of Wang tiles.
Given two tiles a,b € T whose colors match in [a]b], let 04 be the two-
dimensional substitution defined on the alphabet A = T U {ag,bo} where ag
and by are two new states, with the base rule ¢t — {[(0,0),¢]} for all ¢ € A and
the concatenation rules

H7 - @ [0 nkdn
: t t
Hed ~ 8 M- M Ao
- bo| ., [bol
B~ @ [ B~ & B -

for the ¢,t" € A\ {ao, bo} such that the tiles match in left-hand sides of the above
rules (we require ag and by to match in the same way as a and b). On patterns
without ag or by, the image of a pattern by o, is a copy expanded horizontally
by a factor of two (leaving one horizontal gap between horizontal neighbors).
When ag or by is in the pattern, the action of o, is the same, and in addition it
shifts every occurrence of ag to the right and every occurrence of by to the left,
as illustrated below. Note that the images of ag and by are shifted but that the
images of a and b are not (they are treated like the other cells).

aO|b0| D E
— 7 —
[] L1 00

The rule is hence consistent, and an overlap can happen only between the
images of a cell of type ap and a cell of type by: an overlap occurs if and only if
the image of is computed (as shown in the above picture). It follows that
0, is overlapping if and only if there exists a Wang tile cycle of T" that contains
[a]b]. Indeed, if there exists such a cycle, then the corresponding pattern in
which exactly one occurrence of is replaced by can be computed (is
Co, ,-covered) and will cause an overlap. Conversely, if an overlap exists then we
know that it is because the image of has been computed. This is possible
only if a cycle of T' containing exists, because is not a starting pattern
of Oa,b-

Now we can finish the reduction. Given a set of Wang tiles T', compute o, p
for every tiles a,b whose colors match in [a]b]. One of the substitutions o is
overlapping if and only if T admits a tiling of a cycle. O

Remark 3.4. The above proof yields a stronger version of Theorem B3} non-
overlapping is undecidable for consistent two-dimensional domino substitutions.
One can also prove that this holds even for domino-to-domino substitutions.

4 Decidability Results

In this section we give algorithms to decide the consistency or non-overlapping
of a natural class of substitutions: the substitutions o that are domino-complete,
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that is, such that the set of starting patterns C, is the set of all the possible
dominoes.

4.1 Decidability of Consistency for Domino-Complete Substitutions

Theorem 4.1. It is decidable whether a given two-dimensional domino-complete
substitution is consistent. More precisely, such a substitution is consistent if and
only if it is consistent on every 2 X 2 pattern.

Proof. The “only if” implication is trivial. For the “if” implication, suppose
that o is not consistent. By Proposition 2.2] there exists a simple C,-loop v =
(c1,...,cn) such that w, () # 0. We will prove that there exists a 2 x 2 pattern
on which ¢ is not consistent by “reducing” « inductively.

Let ¢ be the lowest cell on the leftmost column of . Since v does not overlap
itself, there exist two cells d, e € v such that d is above ¢ and e is at the right
of ¢. We suppose, without loss of generality, that d, ¢, e appear in this order in
v, G, vy =(c1,... ¢ d,c,e,Ciya,y ... Cn). Let f=[v+(1,1),t], where v is the
vector of c and t € A is arbitrary (or t agrees with + if v already contains a cell of
vector v+ (1,1)). Let v = (¢, e, f,d,c) and v = (c1,...,¢i,d, f,e,Citay ..., Cn),
as shown below.

/y ,_y//
d f
Y
4
e
C e '

We have we (7)) +ws (7)) = we () # 0, 80w, (7') # 0 or we(v”) # 0, which implies
the existence of a C,-loop (7' or 4”) with nonzero image vector which surrounds
strictly less cells than « (unless «y consists 4 cells already). Now, in the same
way as in the second part of the proof of Proposition 2.2, v’ or 4" must contain
a simple loop with nonzero image vector. Applying this reasoning inductively
eventually leads to a 2 x 2 loop « such that w,(y) # 0, which concludes the
proof. a

Generalization to Domino-Completeness within a Set of Patterns. We
now want to generalize Theorem 1] to substitutions that are domino-complete
only within a particular set of patterns. Let us first state a few definitions. If P
is a set of patterns, we say that o is P-domino-complete if C, is equal to the set
of dominoes that appear in the patterns of P. If S C AZQ, we denote by patt(S)
the set of the patterns that appear in the elements of S. (That is, a pattern is
in patt(S) if it can be extended to an element of S.)

Theorem below gives a simple criterion to determine if a P-domino-
complete substitution is consistent when P is the set of all the 2 x 2 patterns of
some S C A% . Note that to decide this property, we must be able to compute
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the 2 x 2 patterns of S, which is not necessarily possible. Note thzat Theorem [A.1]
can be seen as the particular case of Theorem when S = A% .

Theorem 4.2. Let S C A% and let P = {P1,...,P,} be the list of the 2 x 2
patterns that appear in the elements of S. A P-domino-complete substitution is
consistent on patt(S) if and only if it is consistent on the patterns Py, ..., P,.

Proof. Let P be a pattern of patt(S) that contains a C,-loop 7 such that w,(7y) #
0. We cannot directly reduce the loop as in the proof of Theorem 1] because o
is not domino-complete. However, o is P-domino complete so there exists ¢ € S
that contains P. We can then reduce -« within ¢ to a 2 x 2 loop, as explained in
the proof of Theorem FTl It follows that o is consistent on patt(S) if and only
if it is consistent on Py, ..., P,. a

4.2 Decidability of Overlapping for Consistent Domino-Complete
Substitutions

We now focus on the domino-complete substitutions that are consistent. Propo-
sition 23] below tells us that such substitutions are simple: there exists o, 3 € Z2
such that the image of the cell placed at (x,y) is placed at (zc, yf) in the lattice
oZ x PZ. We will use this proposition to give an algorithm that decides if a
consistent domino-complete is overlapping (Theorem [.4]).

Unfortunately, we are not able to give an analogue of Theorem 2 for the non-
overlapping property, because the associated decision problems seem to become
too difficult to track.

Proposition 4.3. Let o be a consistent two-dimensional domino-complete sub-
stitution. There exist two vectors «, B € Z? and a vector v, € Z? for everyt € A
such that for every Co-path v from a cell [(0,0),t] to a cell [(z,y),t'], we have
wy(7) = za + yB — vy + vy . Moreover, a, B and vy can be obtained effectively.

Proof. Let tg € A be arbitrary, where A is the alphabet of 0. Let a = w,(7) and
B = WU(’}/)v where v = ([(0’0)7t0]’ [(1’0)7t0]) and 7/ = ([(070)’t0]7 [(07 1)’t0])'
For t € A, define v; = wy(y) — a, where v = ([(0,0),%0],[(1,0),%]). We first
prove the theorem for paths of length two. Because o is consistent and domino-
complete, we can use the following patterns

to_.fy t t Lyt to .yt
tO'Qll LLT] tO tO.... -l"to tO'... L1 t
to compute the values
wo([(0,0), %0}, [(0,1),7]) = —a+ f + o+ vy =B+ v
(1,0)
1

o000 4101
[0

wo ([(0,0), 2], [(

which proves the statement for paths of length two. The statement for arbitrary
paths follows directly, by adding the consecutive dominoes along the path. O

) ==B-—v+a+BH+vy =a—v +uvp
ANt]) =—a—v+f+atvy =8 —v oy
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Theorem 4.4. It is decidable whether a given two-dimensional consistent dom-
ino-complete substitution o is overlapping.

Proof. By Proposition E3] we can compute a, 3, vi, v¢ € Z% such that w, (y) =
xa+ yp — vy + vy for every Co-path v from a cell [(0,0),¢] to a cell [(z,y),t].

Denote A; = supp(obase(t)) for t € A. By definition, o is overlapping if and
only if there exists ¢,t’ € A and x,y € Z such that A; N {b+ xa+yS — v + vy :
b€ Ay} # @. This leaves a finite number of linear equations to check: for each
(t, ') € A2, we check if there exists a € A; and b € Ay such that the following
equation has a nonzero solution (z,y) € 2%

a = btzrza+yp— v+ vy

This can be done algorithmically and o is overlapping if and only if such a
solution exists. O

Example 4.5. Let o be the two-dimensional substitution on the alphabet {1}
defined by the base rule

I = {[(0,0),1},[(1,0),1],[(2,0),1},[(1,1),1]} =

and the concatenation rules (1,1,(1,0)) — (3,0) and (1,1, (0,1)) — (0,2). This
substitution is domino-complete and consistent. Proposition applied to o
gives wy () = (3z,0) + (0, 2y) for every C,-path ~ from a cell [(0,0),1] to a cell
[(z,y),1]. Note that in this case, v; = (0,0).

Example 4.6. For n > 0, let 0, be the two-dimensional substitution on the
alphabet {1,2} defined by the base rule 1 — {[(0,0),1]}, 2 — {[(0,0),2]} and
the concatenation rules

nid &
(g 1|2 — k------ I
i

[a] n—-1 n
— 2|1 — k- - — =
[a] 2]

The substitution o,, is domino-complete and consistent for all n. Proposition 3]
applied to o, gives w,(v) = (z,y) — v¢ + vy for every C,-path v from a cell
[(0,0),t] to a cell [(x,y),t'], where v1 = (0,0) and va = (n,0). This gives an
example of a substitution with at least one nonzero v;.

This example is also interesting because it is overlapping, but only on suf-
ficiently large patterns. Indeed, it is non-overlapping on patterns of horizontal
diameter smaller than n, but overlapping on larger patterns such as

P, = r — [(0,0),2] U [(n+1,0), U {[(i,1),1] : 0 < i <n+1}.

This shows that the overlapping property cannot be decided as simply as con-
sistency, where looking at the 2 x 2 patterns was sufficient. The size of the rules
has to be taken into account.
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5 Conclusion and Open Problems

In this article we focused on the consistency and the overlapping of substitutions,
because they are the first properties that one should look at, in order to make
sure that the substitution is “well defined”. There are many other interesting
properties whose decidability status has not been investigated yet. Some of them
are:

— The overlapping property in the consistent and “weakened” domino-complete
case, as we have done for consistency in Theorem

— Iterability: given a substitution ¢ and a pattern P, can o be iterated on the
successive images of P by o? (That is, are the successive images of P by o
all C,-covered?)

— Consistency in the primitive case. A substitution is primitive if for every cell
of any type, there exists n € N such that the pattern o™ ({c}) contain cells
of every type of A. (This presupposes that the substitution can be iterated.)
Is it decidable if a primitive substitution is consistent?

— (Simple) connectedness: given a substitution o and a pattern P, are the
iterates of o on P (simply) connected?

— The “growing squares” property: given a substitution ¢ and a pattern P, do
the iterates of o on P contain arbitrarily large squares?
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Abstract. Let L/poly and NL be the standard complexity classes, of
languages recognizable in logarithmic space by Turing machines which
are deterministic with polynomially-long advice and nondeterministic
without advice, respectively. We recast the question whether L/poly O NL
in terms of deterministic and nondeterministic two-way finite automata
(2DFAs and 2NFAs). We prove it equivalent to the question whether every
s-state unary 2NFA has an equivalent poly(s)-state 2DFA, or whether a
poly(h)-state 2DFA can check accessibility in h-vertex graphs (even under
unary encoding) or check two-way liveness in h-tall, h-column graphs.
This complements two recent improvements of an old theorem of Berman
and Lingas. On the way, we introduce new types of reductions between
regular languages (even unary ones), use them to prove the completeness
of specific languages for two-way nondeterministic polynomial size, and
propose a purely combinatorial conjecture that implies L/poly 2 NL.

1 Introduction

A prominent open question in complexity theory asks whether nondeterminism
is essential in logarithmic-space Turing machines. Formally, this is the question
whether L = NL, for L and NL the standard classes of languages recognizable by
logarithmic-space deterministic and nondeterministic Turing machines.

In the late 70’s, Berman and Lingas [I] connected this question to the compar-
ison between deterministic and nondeterministic two-way finite automata (2DFAs
and 2NFAs), proving that if L = NL, then for every s-state o-symbol 2NFA there
is a poly(so)-state 2DFA which agrees with it on all inputs of length < s. (They
also proved that this implication becomes an equivalence if we require that the
2DFA be constructible from the 2NFA in logarithmic space.)

Recently, two improvements of this theorem have been announced. On the
one hand, Geffert and Pighizzini [5] proved that if L = NL then for every s-state
unary 2NFA there is an equivalent poly(s)-state 2DFA. That is, in the special case
where ¢ = 1, the Berman-Lingas theorem becomes true without any restriction
on input lengths. On the other hand, Kapoutsis [7] proved that L/poly 2 NL
iff for every s-state o-symbol 2NFA there is a poly(s)-state 2DFA which agrees
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with it on all inputs of length <s, where L/poly is the standard class of lan-
guages recognizable by deterministic logarithmic-space Turing machines with
polynomially-long advice. Hence, the Berman-Lingas theorem is true even un-
der the weaker assumption L/poly D NL, even for the stronger conclusion where
the 2DFA size is independent of o, and then even in the converse direction.

A natural question arising from these developments is whether the theorem
of [5] can be strengthened to resemble that of [7]: Does the implication remain
true under the weaker assumption that L/poly O NL? If so, does it then be-
come an equivalence? Indeed, we prove that L/poly 2 NL iff for every s-state
unary 2NFA there is an equivalent poly(s)-state 2DFA. Intuitively, this means
that L/poly O NL is true not only iff ‘small’ 2NFAs can be simulated by ‘small’
2DFAs on ‘short’ inputs (as in [7]), but also iff the same is true for unary inputs.

In this light, a second natural question is whether this common behavior of
‘short’ and unary inputs is accidental or follows from deeper common properties.
Indeed, our analysis reveals two such properties. They are related to outer-
nondeterministic 2FAs (20FAs, which perform nondeterministic choices only on
the end-markers [2]) and to the graph accessibility problem (GAP, the problem of
checking the existence of paths in directed graphs), and use the fact that checking
whether a ‘small’ 20FA M accepts an input x reduces to solving GAP in a ‘small’
graph G s(z). The first common property is that, both on ‘short’ and on unary
inputs, ‘small’ 2NFAs can be simulated by ‘small’ 20FAs (Lemma [I]). The second
common property is that, both on ‘short’ and on unary inputs, it is possible
to encode instances of GAP so that a ‘small’ 2DFA can extract Gps(x) from x
(Lemma [Bl) and simultaneously simulate on it another ‘small’ 2DFA (Lemma []).
For ‘short’ inputs, both properties follow from standard ideas; for unary inputs,
they follow from the analyses of [3I8] and a special unary encoding for graphs.

We work in the complexity-theoretic framework of [9]. We focus on the class
2D of (families of promise) problems solvable by polynomial-size 2DFAs, and
on the corresponding classes 2N /poly and 2N/unary for 2NFAs and for problems
with polynomially-long and with unary instances, respectively. In these terms,
2D D 2N/poly means ‘small’ 2DFAs can simulate ‘small’ 2NFAs on ‘short” inputs;
2D D 2N/unary means the same for unary inputs; the theorem of [7] is that
L/poly O NL < 2D D 2N/poly; the theorem of [5] is the forward implication that
L O NL = 2D 2 2N/unary; and our main contribution is the stronger statement

L/poly D NL <= 2D D 2N/unary. (1)

This we derive from [7] and the equivalence 2D D 2N/poly < 2D D 2N/unary,
obtained by our analysis of the common properties or ‘short’ and unary inputs.

Our approach returns several by-products of independent interest, already an-
ticipated in [0] for enriching the framework of [9]: new types of reductions, based
on ‘small’” two-way deterministic finite transducers; the completeness of binary
and unary versions of GAP (BGAP and UGAP) for 2N/poly and 2N /unary, respec-
tively, under such reductions (Cor. [); the closure of 2D under such reductions
(Cor. B); and the realization of the central role of 20FAs in this framework (as
also recognized in [2]). In the end, our main theorem (Th.[]) is the equivalence
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of L/poly D NL to all these statements (and one more):
2D D 2N/poly 2D D 2N/unary 2D 220 2D > BGAP 2D 3 UGAP

where 20 is the analogue of 2D for 20FAs. Hence, the conjecture L/poly 2 NL is
now the conjecture that all these statements are false. In this context, we also
propose a stronger conjecture, both in algorithmic and in combinatorial terms.

Concluding this introduction, we note that, of course, () can also be derived
by a direct proof of each direction. In such a derivation, the forward implication is
a straightforward strengthening of the proof of [5], but the backward implication
needs the encoding of UGAP and the ideas behind Lemma, [612.

2 Preparation

Ifh > 1, welet [h]:={0,1,..., h—1}, use K}, for the complete directed graph with
vertex set [h], and p, for the h-th smallest prime number. If z is a string, then
|z|, i, and z¢ are its length, its i-th symbol (1 <4 < |x|), and the concatenation
of i copies of it (i > 0). The empty string is denoted by e.

The binary encoding of a subgraph G of K}, denoted as (G)s, is the standard
h2-bit encoding of the adjacency matrix of G: arrow (i,j) is present in G iff
the (i-h+j+1)-th most significant bit of the encoding is 1. The unary encoding
of G, denoted as (G)1, uses the natural correspondence between the bits of (G)2
and the h? smallest prime numbers, where the k-th most significant bit maps
to px, and thus arrow (i, j) maps to the prime number p; jy:=pi.ntj+1. We let
(G)1:=0"¢, where the length n¢ is the product of the primes which correspond
to the 1s of (G)2, and thus to the arrows of K} which are present in G:

ng = e = TIren = ] pineie - (2)

bit k of (G)2 is 1 (i,7) isin G (i,7) isin G

Note that, conversely, every length n > 1 determines the unique subgraph K} (n)
of Kj where each arrow (i, j) is present iff the corresponding prime p; ;) di-
vides n. Easily, G = Kj(ng).

A prime encoding of a length n > 1 is any string #z1#20#% - - - #2,,, € (#X*)*,
where # ¢ Y and each z; encodes one of the m prime powers in the prime
factorization of n. Here, the alphabet X and the encoding scheme for the z; are
arbitrary, but fixed; the order of the z; is arbitrary.

A (promise) problem over X is a pair £ = (L, L) of disjoint subsets of X*. An
instance of £1is any € LUL. If L = ¥*—L then £ is a language. If £ = (£3,)n>1
is a family of problems, its members are short if every instance of every £, has
length <p(h), for some polynomial p. If M = (M},)n>1 is a family of machines,
its members are small if every M} has <p(h) states, for some polynomial p.

2.1 Automata

A two-way nondeterministic finite automaton (2NFA) consists of a finite control
and an end-marked, read-only tape, accessed via a two-way head. Formally, it is a
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tuple M = (S, X, 0, qo, g¢) of a set of states S, an alphabet X, a start state gy € S,
a final state gr € S, and a set of transitions § C .S x (XU {F,4}) x S x {L,r}, for
F,- ¢ X two end-markers and L:=—1 and R:=+1 the two directions. An input
x € X* is presented on the tape as Fx—. The computation starts at ¢y on .
At each step, M uses d on the current state and symbol to decide the possible
next state-move pairs. We assume § never violates an end-marker, except if on -
and the next state is ¢r. A configuration is a state-position pair in Sx[|z|+2] or
the pair (g, |£|4+2). The computation produces a tree of configurations, and z is
accepted if some branch ‘falls off 4 into ¢, i.e., ends in (g, |x|+2). A problem
(L, L) is solved by M if M accepts all z € L but no z € L.

We say M is outer-nondeterministic (20FA [2]) if all nondeterministic choices
are made on the end-markers: formally, for each (g,a) € SxX there is at most
one transition of the form (g, a, ., .); if this holds also for each (¢, a) € Sx{+,4},
then M is deterministic (2DFA). We say M is sweeping (SNFA, SOFA, SDFA) if
the head reverses only on the end-markers: formally, the set of transitions is now
just 6 € S x (X U{F,}) x S and the next position is defined to be always the
adjacent one in the direction of motion; except if the head is on F or if the head
is on - and the next state is not ¢, in which two cases the head reverses. We
say M is rotating (RNFA, ROFA, RDFA) if it is sweeping, but modified so that
its head jumps directly back to F every time it reads 4 and the next state is
not g¢¢: formally, the next position is now always the adjacent one to the right;
except when the head is on 4 and the next state is not g¢, in which case the next
position is on . Restricting the general definition of outer-nondeterminism, we
require that a ROFA makes all nondeterministic choices exclusively on I-.

Lemma 1. For every s-state 2NFA M and length bound [, there is a O(s*1?)-
state ROFA M’ that agrees with M on all inputs of length <I. If M is unary,
then M’ has O(s?) states and agrees with M on all inputs (of any length).

Proof. Pick any 2NFA M = (S, X, 4, qo, gr) and length bound [. To simulate M
on inputs z of length n <1, a ROFA M' = (S’, X, .,(qo,0), qlﬁ) uses the states

S = (S x [142]) U (S x [142] x S x {L,R} x [I+1]) U {g}}.

The event of M being in state ¢ and on tape cell ¢ (where 0 < i < n+1, cell 0
contains xg:=F and cell n+1 contains z,41:=-) is simulated by M’ being in
state (¢,i) and on F. From there, M’ nondeterministically ‘guesses’ among all
(p,d) € Sx{L,R} a ‘correct’ next transition of M out of ¢ and z; (i.e., a transition
leading to acceptance) and goes on to verify that this transition is indeed valid,
by deterministically sweeping the input up to cell ¢ (using states of the form
(¢,4,p,d,j) with 7 < i) and checking that indeed (g, ;,p,d) € §. If the check
fails, then M’ just hangs (in this branch of the computation). Otherwise, it
continues the sweep in state (p,i + d) until it reaches 4 and jumps back to F;
except if z; =4 & p=¢r & d =R, in which case it just falls off 4 into ¢;.

If M is unary, then it can be simulated by a SOFA M with § = O(s?) states [3].
This can then be converted into a ROFA M’ with 25 + 1 states, which simply
replaces backward sweeps with forward ones—a straightforward simulation, since
reversing a unary input does not change it. Hence, M’ is also of size O(s?). O
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e

Fig. 1. (a) Three symbols of I's. (b) Their string as a multi-column graph. (¢) A symbol
(A,L) € As. (d) A symbol (B,R) € Ag. (e) The overlay of the symbols of (c) and (d).
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A family of 2NFAs M = (M})p>1 solves a family of problems £ = (£5)p>1 if
every Mj, solves £,. The class of families of problems that admit small 2NFAs is

2N :={L£ | £ is a family of problems solvable by a family of small 2NFAs} .

Its restrictions to families of short and of unary problems are respectively
2N/poly and 2N/unary. Analogous classes for restricted 2NFAs are named sim-
ilarly: e.g., the class for problems with small 2DFAs is 2D, the class for short
problems with small ROFAs is RO/poly, etc.

Corollary 1. 2N/poly = RO/poly and 2N/unary = RO /unary.

2.2 Problems

The graph accessibility problem on h vertices is: “Given a subgraph G of Ky,
check that G contains a path from 0 to h—1.” Depending on whether G is given
in binary or unary, we get the following two formal variants of the problem:

BCAP, :=({(G)2 | G is subgraph of K}, and has a path 0~ h—1},
{(G)2 | G is subgraph of K} and has no path 0 ~» h—1})
UGAP}, ::({O” | Kp(n) has a path 0 ~» h—1},
{0™ | K, (n) has no path 0 ~» h—1})

and the corresponding families BGAP:=(BGAPp )p>1 and UGAP:=(UGAPp)p>1.

Lemma 2. BGAP;, and UGAPy, are solved by ROFAs with O(h3) and O(h*log h)
states, respectively. Hence BGAP € RO/poly and UGAP € RO /unary.

The two-way liveness problem on height h, defined over the alphabet I} :=
P(([h]x{L,r})?) of all h-tall directed two-column graphs (Fig. [h), is: “Given a
string  of such graphs, check that z is live.” Here, x € I} is live if the multi-
column graph derived from x by identifying adjacent columns (Fig.Ib) contains
‘live’ paths, i.e., paths from the leftmost to the rightmost column; if not, then
x is dead. Formally, this is the language TWLy:={x € I} | z is live}. We focus
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on two restrictions of this problem, in which x is promised to consist of <h or
of exactly 2 graphs. Formally, these are the promise problems and families

SHORT TWL;, := ({x € IE" |z is live}, {z € [=" | 2 is dead} )
COMPACT TWLy, := ( {ab € I'? | ab is live}, {ab € I} | ab is dead} )

and SHORT TWL:=(SHORT TWLp)p>1, COMPACT TWL:=(COMPACT TWLp)p>1.

Lemma 3. TWL, is solved by a 2NFA with 2h states. Hence SHORT TWL and
COMPACT TWL are both in RO /poly.

The relational match problem on [h] is defined over the alphabet Ap:=P([h] x
[h])x{L,R} of all pairs of binary relations on [h] and side tags. A symbol (4,L)
denotes an h-tall two-column graph with rightward arrows chosen by A (Fig.[Ik);
a symbol (B,R) denotes a similar graph with leftward arrows chosen by B
(Fig. [d). If the overlay of these two graphs (Fig. [Ik) contains a cycle, we say
that the symbols match, or just that A, B match. We consider the problem

rRMy, :=( { (A,L)(B,R) | A, B C [h]x[h] & A, B match},
{ (AL)(BR) | A, B C [h]x[h] & A, B do not match} )

of checking that two given relations match, and set REL MATCH:=(RMj,)p>1. We
also let FMy, be the restriction of RMj, to the alphabet A}:=([h]— [h])x{L R},
where all relations are partial functions, and set FUN MATCH:=(FMp,)p>

Lemma 4. FMy, is solved by a 2DFA with h® states. Hence FUN MATCH € 2D.

Finally, REL ZERO-MATCH = (RZMj)p>1 and FUN ZERO-MATCH = (FZMjy)p>1
are the variants where we only check whether the given relations or functions
‘match through 0, i.e., create a cycle through vertex 0 of the left column.

3 Transducers, Reductions, and Completeness

A two-way deterministic finite transducer (2DFT) consists of a finite control, an
end-marked, read-only input tape accessed via a two-way head, and an infinite,
write-only output tape accessed via a one-way head. Formally, it is a tuple T' =
(S, X, T, 6, qo, g) of aset of states S, an input alphabet X', an output alphabet I,
a start state go € S, a final state ¢r € S, and a transition function 6 : S x (X' U
{F,4}) = S x {L,R} x I'*, where -, ¢ . An input x € X* is presented on the
input tape as Fx-. The computation starts at gg with the input head on F and
the output tape empty. At every step, T applies § on the current state and input
symbol to decide the next state, the next input head move, and the next string
to append to the contents of the output tape; if this string is non-empty, the
step is called printing. We assume ¢ never violates an end-marker, except if the
input head is on 4 and the next state is g¢. For y € I'*, we say T outputs y and
write T'(z) = y, if T eventually falls off 4 and then the output tape contains y.
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For f : X*—I™ a partial function, we say T computes f if T(z) = f(z) for
all z € X*. If I' = {0}, then T can also ‘compute’ each unary string f(z) by
printing (not the string itself, but) an encoding of its length; if this is a prime
encoding #z1#zo# - - - #2,, (cf. p. ZI9) and every infix #z; is printed by a single
printing step (possibly together with other infixes), then T' prime-computes f.

Now let £ = (L,L) and £ = (L', L') be two problems over alphabets X
and X’. A function f : X*—(X')* is a (mapping) reduction of £ to £ if it is
computable by a 2DFT and every z € X* satisfies z € L = f(z) € L' and
e L= f(z) e L'.If ¥’ = {0} and f is prime-computable by a 2DFT, then
[ is a prime reduction. If f(x) is always just g(F)g(z1) - - - g(x|5)g(-) for some
homomorphism ¢ : X U {F,~}—=(2")*, then f is a homomorphic reduction. If
such f exists, we say £ (mapping-)/prime-/homomorphically reduces to £, and
write £ <, £ / £ =<, £/ £ <y, £, Easily, £ <, £ implies £ <,,, £'.

Lemma 5. If £ is solved by an s-state 20FA, then £ <,, BGAPgs4+1 and £ =
UGAP2s41 and £ <y TWLgs. The first two reductions are computable and prime-
computable, respectively, by 2DFTs with O(s*) states and O(s*) printing steps
per input; the last reduction maps strings of length n to strings of length n+2.

Proof. Suppose £ = (L, L) is solved by the s-state 20rpA M = (S, X, ., qo, qr)
and let x € X*. It is well-known that £ <;, TWLgs via a reduction f with
|f(z)| = |x|+2 (e.g., see [T, Lemma 3]). So, we focus on the first two claims.

A segment of M on z is a computation of M on x that starts and ends on
an end-marker visiting no end-markers in between, or a single-step computation
that starts on - and falls off into ¢;. The end-points of a segment are its first
and last configurations. The summary of M on x is a subgraph G(x) of Kasi1
that encodes all segments, as follows. The vertices represent segment end-points:
vertex 0 represents (qo, 0); vertices 1,2,...,2s—1 represent the remaining points
of the form (g, 0) and all points of the form (g, |z|+1); and vertex 2s represents
(gt, |z|+2). Hence, each arrow of Ks,11 represents a possible segment. The sum-
mary G(z) contains exactly those arrows which correspond to segments that
M can perform on z. Easily, every accepting branch in the computation of M
on x corresponds to a path in G(z) from vertex 0 to vertex 2s, and vice-versa.

Now let the functions fao(x):=(G(z))2 and fi(x):=(G(z))1 map every = to an
instance of BGAPos41 and of UGAPog41. If © € L, then the computation of M
on z contains an accepting branch, so G(z) contains a path 0 ~ 2s, thus fo(x)
and fi(x) are positive instances. If z € L, then there is no accepting branch,
hence G(z) contains no path 0 ~» 2s, thus fo(z) and f1(z) are negative instances.
So, fo and f; are the desired reductions, if they can be computed appropriately.

To compute f2(x) from & € X% a 2DFT T5 iterates over all arrows of Ko,41; for
each of them, it checks whether M can perform on z the corresponding segment,
and outputs 1 or 0 accordingly. To check a segment, from end-point (p, ¢) to end-
point (g, j), it iterates over all configurations (p’, 7") that are nondeterministically
visited by M right after (p, 7); for each of them, it checks whether M can compute
from (p',4') to (q,7); the segment check succeeds if any of these checks does.
Finally, to check the computation from (p’,i’) to (g, j), the transducer could
simulate M from (p’,4') and up to the first visit to an end-marker. This is indeed
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possible, since M would behave deterministically throughout this simulation.
However, M could also loop, causing T5 to loop as well, which is a problem.

To avoid this, To simulates a halting variant M’ of M, derived as follows.
First, we remove from M all transitions performed on F or -. Second, we add
a fresh start state gj), along with transitions which guarantee that, on its first
transition leaving ¢, the machine will be in state p’ and cell ¢’ (since cell ¢’ is
adjacent to either F or -, this requires either a single step from ¢}, to p’ on - or a
full forward sweep in g, followed by a single backward step on = into p’). Third,
we add a fresh final state ¢;, along with transitions which guarantee that, from
state ¢ reading the end-marker of cell j, the machine sweeps the tape in state g;
until it falls off 4 (since cell j contains either F or , this is either a full forward
sweep followed by a single step off -, or just a single step off ). Now we have a
2DFA which first brings itself into configuration (p’,4’), then simulates M until
the first visit to an end-marker, and eventually accepts only if this simulation
reaches (q,j). So, this is a (2+s)-state 2DFA that accepts x iff M can perform
on z the segment from (p’,¢’) to (g, 7). By [4], this 2DFA has an equivalent halting
2DFA with <4-(2+s) states. This is our M’.

To recap, Ty iterates over all O(s?) arrows of Ko, 1 and then over all O(s) first
steps of M in each corresponding segment, finally simulating a O(s)-state 2DFA
in each iteration. Easily, T needs no more than O(s*) states and O(s?) printing
transitions, each used at most once. This proves our claim for fs.

To prime-compute f1(z) from x € X% a 2DFT T} must print a prime encoding
#21 -+ #2,,, of the length of (G(x)); (making sure no infix #z; is split between
printing steps). By (@), this length is the product of the primes pj for which
the k-th bit of (G(z))2 is 1. So, m must equal the number of 1s in T(z) and
each z; must encode one of the prime powers p; corresponding to those 1s.
Hence, T} simulates T> and, every time T would print a 1 as its k-th ouput bit,
T, performs a printing step with output #z, where z is the encoding of p,le. Easily,
the state diagram of T differs from that of T only in the output strings on the
printing transitions. So, the size and print of T} are also O(s*) and O(s?). O

For two families 7=(T})p>1 of 2DFTs and F=(f5)n>1 of string functions, we
say T (prime-) computes F if every Tj, (prime-)computes f. The members
of T are laconic if every T), performs <p(h) printing steps on each input, for
some polynomial p. The members of F are tight if |f,(z)| < p(h)-|z| for some
polynomial p, all A, and all z.

For two problem families £=(£p,)>1 and L'=(£},)n>1, we say L reduces to L’
in polynomial size (L <,p L') if every £, reduces to 2; h) for some polynomial p,
and the family F of underlying reductions is computed by a family 7 of small
2DFTs; if the problems in £’ are unary and 7 prime-computes F, then £ prime-
reduces to L' in polynomial size (L =<op L'); if the 2DFTs in T are laconic, then
L (prime-) reduces to L' in polynomial size/print (L <% L'or £ <R¢ £). If
every £, homomorphically reduces to 2; ) for some polynomial p, then £ homo-
morphically reduces to L' (L <p L'); if the underlying homomorphisms are tight,
then £ reduces to L' under tight homomorphisms (L <} L').
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As usual, if C is a class of problem families and < a type of reductions, then
a family L is C-complete under < if £ € C and every £’ € C satisfies £’ < L.

Corollary 2. The following statements are true:

1. BGAP is 2N/poly-complete and 20-complete, under polynomial-size/print re-
ductions (<55).

2. UGAP is 2N/unary-complete and 20-complete, under polynomial-size/print
prime reductions (<55).

3. SHORT TWL is 2N/poly-complete under tight homomorphic reductions (<}).

4 Closures

We now prove that 2D is closed under all of the above reductions. As usual, a
class C is closed under a type < of reductions if £ < Lo & L3 € C= L € C.

Lemma 6. Suppose £ is solved by an s-state 2DFA. Then the following hold.

1. If £ < £9 via a reduction which is computable by an r-state 2DFT per-
forming <t printing steps on every input, then £1 is solved by a 2DFA with
O(rst?) states.

2. If £1 =i £2 via a reduction which is prime-computable by an r-state 2DFT,
then £1 is solved by a 2DFA with O(rs?) states.

3. If £1 <y £9, then £1 is solved by a 2DFA with 2s states.

Proof. Part 3 is well-known (e.g., see [7, Lemma 2]), so we focus on the first
two claims, starting with 1. Suppose f : X7 —2X7% reduces £; to £o. Let T =

(S, X1,%s,.,.,.) be a 2DFT that computes f, with |S| = r and <t printing
steps on every input. Let My = (S, X5, ., ., .) be a 2DFA that solves £, with
|S2| = s. We build a 2pFA M7 = (51, X4, ., ., .) for £4.

On input & € X§, M; simulates T on = to compute f(z), then simulates Mo
on f(x) and copies its decision. (By the choice of f, this is clearly a correct
algorithm for £;.) Of course, M; cannot store f(z) in between the two simula-
tions. So, it performs them simultaneously: it simulates 7' on x and, every time
T would print a string z (an infix of f(x)), M7 resumes the simulation of Ms
from where it was last interrupted and for as long as it stays within z.

The only problem (a classic, from space complexity) is that T prints f(z)
by a one-way head but Ms reads f(x) by a two-way head. So, whenever the
simulation of Ms falls off the left boundary of an infix z, the simulation of T
should not continue unaffected to return the next infix after z, but should return
again the infix before z. The solution (also a classic) is to restart the simulation
of T', continue until the desired infix is ready to be output, and then resume the
simulation of Ms. This is possible exactly because of the bound ¢, which implies
that f(z) = z122- - z;m where m <t and z; is the infix output by T in its i-th
printing step. Thus M; keeps track of the index ¢ of the infix currently read by
the simulation of My, and uses it to request z;_1 from the next simulation of T'.

Easily, M; can implement this algorithm with S1:=Sox{L,R}x[t]xSx[t],
where state (¢,d,i,p,j) ‘means’ the simulation of M is ready to resume from
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state ¢ on the d-most symbol of z;11, and the simulation of T' (to output z;11) is
in state p and past the printing steps for z1,...,z;. As claimed, |S;| = O(rst?).

Now suppose Xo={0} and T prime-computes f. Then M; implements a mod-
ification of the above algorithm. Now every string returned by the simulation
of T' is an infix not of f(x) but of a prime encoding #z1#zo# - - - #2,,, of n:=|f(z)]|.
So, we need to change the way these infixes are treated by the simulation of Ms.

By the analyses of [8I3], it follows that there exist a length bound [ = O(s)
and a O(s)-state RDFA My = (Sg, {0}, 5, do, G¢) such that M, agrees with My
on all lengths > [, and is in the following ‘normal form’. The states So \ {Go,d¢}
can be partitioned into a number of cycles Cq,Csy, ..., Cy. Every rotation on an
input y starts on - with a transition into a state ¢ of some C}, and finishes on -
in the state p of the same C; that is uniquely determined by the entry state g,
the cycle length |C}|, and the input length |y|. From there, the next transition is
either off 4 into gr to accept, or back to - and again in p to start a new rotation.
Our modified M; will use this M, for checking whether M, accepts f(x).

In a first stage, My checks whether n = |T'(x)| is one of the lengths < I,
where My and M, may disagree; if so, then it halts, accepting iff Ms accepts 0™;
otherwise, it continues to the second stage below. To check whether n < [, it
iterates over all 7 € [I], checking for each of them whether n = 7. To check n = 7,
it checks whether the prime factorizations of the two numbers contain the same
prime powers. This needs 1+m simulations of T' on z, for m < logn the number
of prime powers in the factorization of 7: during the 0-th simulation, M; checks
that every infix #z; of every string output by T encodes some prime power of 7;
during the j-th simulation (1 < j < ), My checks that the j-th prime power
of 7 (under some fixed ordering of prime powers) is encoded by some infix #z;
of some string output by T'. Overall, this first stage can be implemented on the
state set [I] x [1 4+ logl] x S, where state (71, j, ¢) ‘means’ that the j-th simulation
of T for checking n = 7 is currently in state q.

In the second stage, n > [ is guaranteed, so M; can simulate Mg instead
of M. This is done one rotation at a time. Starting the simulation of a single
rotation, M; knows the entry state ¢ and cycle C; to be used; the goal is to
compute the state p of C; when the rotation reaches . Clearly, this reduces to
computing the remainder n mod [;, where [;:=|C}| is the cycle length. If n; is
the prime power encoded by the infix #z; of T'(x), then n mod [; equals

(H;Zl nz) mod I; = ((-++ ((n1 mod I;) -ng) mod l; ) - ny) mod I;.  (3)

So, to compute the value p of this remainder, M; simulates T on z, building p as
in @): p < 1 at start, and p < (p - n;) mod [; for every infix #z; inside a string
printed by 7. When the simulation of 7" halts, M; finds p in C; at distance p
from ¢. From there, if (5(p7 ) = ¢ then M2 accepts, and so does Mj; otherwise,
M starts a new rotation from state &(3(p,),+), and M, goes on to simulate it,
too. Overall, the second stage can be implemented on the state set Sy xS x [ |Ss] ],
where state (g, q, p) ‘means’ that the simulation of T for simulating a rotation
of M, from state § is currently in state ¢ and the remainder is currently p.
Overall, Sy:=([l] x [1+1logl] x S)U(S2 x S x [|Sa|]). Hence |S;| = O(rs?). O
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Corollary 3. 2D is closed under polynomial-size/print reductions (<%S), under
polynomial-size prime reductions (Xap), and under homomorphic reductions (<y).

5 Characterizations and Conjectures

Our main theorem is now a direct consequence of [7] and Corollaries 2] and [3

Theorem 1. The following statements are equivalent to L/poly D NL:
1. 2D D 2N/poly 3. 2D D 2N/unary 5. 2D D 20
2. 2D > BGAP 4. 2D > vcar 6. 2D > SHORT TWL

Proof. We have L/poly D NL iff (1), by [7]; (1)<(2)<(5), by Cor. 21 and the
closure of 2D under polynomial-size/print reductions; (3)<(4)<(5) by Cor. 22
and the closure of 2D under polynomial-size prime reductions; and (1)< (6) by
Cor. 213 and the closure of 2D under homomorphic reductions. a

The statements of Th. [l are believed to be false. In particular (statement 6), it is
conjectured that no poly(h)-state 2DFA can check liveness on inputs of height h
and length <h. It is thus natural to study shorter inputs. In fact, even inputs
of length 2 are interesting: How large need a 2DFA be to solve COMPACT TWLp, ?
Although it can be shown (by Savitch’s algorithm) that 20U08” h) gtates are
enough, it is not known whether this can be reduced to poly(h). We conjecture
that it cannot. In other words, we conjecture that L/poly 2 NL because already:

Conjecture A. 2D Z COMPACT TWL.

We find this conjecture quite appealing, because of its simple and symmetric
setup: just one 2DFA working on just two symbols. Still, this is an algorithmic
statement (it claims the inexistence of an algorithm), engaging our algorithmic
intuitions. These are surely welcome when we need to discover an algorithm,
but may be unfavorable when we need to prove that no algorithm exists. It
could thus be advantageous to complement this statement with an equivalent
one which is purely combinatorial. Indeed, such a statement exists: it says that
we cannot homomorphically reduce relational to functional match (cf. p. 222)).

Conjecture B. REL MATCH £}, FUN MATCH.

To get a feel of this conjecture, it is useful to note first that RMp <y, FM,2,
and then that this does not imply REL MATCH <} FUN MATCH, because of the
super-polynomial blow-up. So, Conjecture B claims that this blow-up cannot
be made poly(h) or, more intuitively, that no systematic way of replacing h-tall
relations with poly(h)-tall functions respects the existence of cycles.

To prove the equivalence of the two conjectures, we first show that checking
for cycles is <p-equivalent to checking for cycles through the top left vertex.

Lemma 7. The following reductions hold:
1. REL ZERO-MATCH <p REL MATCH and REL MATCH <j REL ZERO-MATCH.
2. FUN ZERO-MATCH <} FUN MATCH and FUN MATCH <y FUN ZERO-MATCH.
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Using this, we then prove that COMPACT TWL and REL MATCH reduce to each
other in such a way that small 2DFAs can solve either both or neither, and that
REL MATCH is solvable by small 2DFAs iff it <j-reduces to FUN MATCH.

Lemma 8. The following statements hold:
1. COMPACT TWL glzag REL MATCH and REL MATCH <} COMPACT TWL.
2. 2D 5 REL MATCH iff REL MATCH <} FUN MATCH.

Combining the two facts, we see that Conjectures A and B are indeed equivalent.

6 Conclusion

We proved several characterizations of L /poly versus NL in terms of unary, binary,
or general 2FAs. Our main theorem complements two recent improvements [5l/7]
of an old theorem [I], and our approach introduced some of the concepts and
tools that had been asked for in [6] for enriching the framework of [9].

It would be interesting to see similar characterizations in terms of unary 2FAs
for the uniform variant of the question (L versus NL), or for variants for other
bounds for space and advice length (e.g., LL/polylog versus NLL [7]). Another
interesting direction is to elaborate further on the comparison between 2FA com-
putations on short and on unary inputs; for example, using the ideas of this
article, one can show that for every £ € 2N/poly there is £’ € 2N/unary such
that £ <5¢ £, Finally, further work is needed to fully understand the capabili-
ties and limitations of the reductions introduced in this article.
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Cutting through Regular Post Embedding Problems*
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Abstract. The Regular Post Embedding Problem extended with partial (co)di-
rectness is shown decidable. This extends to universal and/or counting versions.
It is also shown that combining directness and codirectness in Post Embedding
problems leads to undecidability.

1 Introduction

The Regular Post Embedding Problem. (PEP for short, named by analogy with Post’s
Correspondence Problem) is the problem of deciding, given two morphisms on words
u,v: X* — I'* and a regular language R € Reg(X), whether there is 6 € R such that
u(o) is a (scattered) subword of v(G). The subword ordering, also called embedding, is

denoted “C": (o) C v(0) =4 u(o) can be obtained by erasing some letters from v(c),
possibly all of them, possibly none. Equivalently, PEP is the question whether a rational
relation, or a transduction, 7 C I'* x I'* intersects non-vacuously the subword relation,
hence is a special case of the intersection problem for two rational relations.

This problem is new and quite remarkable: it is decidable [2] but surprisingly hard
since it is not primitive-recursive and not even multiply-recursive. In fact, it is at level
Fuwo (and not below) in the Fast-Growing Hierarchy [8/12]].

A variant problem, PEPg;;, asks for the existence of direct solutions, i.e., solutions
G € R such that u(t) C v(t) for every prefix T of 6. The two problems are inter-
reducible [4], hence have the same complexity: decidability of PEP entails decidability
of PEPy;;, while hardness of PEPy;; entails hardness for PEP.

Our contribution. We introduce PEPgiﬁrrt lal, or “PEP with partial directness”, a new
problem that generalizes both PEP and PEPg;;, and prove its decidability. The proof
combines two ideas. Firstly, by Higman’s Lemma, a long solution must eventually con-
tain “comparable” so-called cutting points, from which one deduces that the solution
is not minimal (or unique, or ...). Secondly, the above notion of “eventually”, that
comes from Higman’s Lemma, can be turned into an effective upper bound thanks to a
Length Function Theorem. The cutting technique described above was first used in [7]
for reducing 3”PEP to PEP. In this paper we use it to obtain a decidability proof for
PEPg?rrt @l that is not only more general but also more direct than the earlier proofs for
PEP or PEPg;;. It also immediately provides an o complexity upper bound. We also

* Supported by ARCUS 2008-11 {le de France-Inde and Grant ANR-11-BS02-001. The first
author was partially funded by Tata Consultancy Services.

E. Hirsch et al. (Eds.): CSR 2012, LNCS 7353, pp. 229-240] 2012.
(© Springer-Verlag Berlin Heidelberg 2012
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show the decidability of universal and/or counting versions of the extended PEPg?rmle
problem, and explain how our attempts at further generalisation, most notably by con-
sidering the combination of directness and codirectness in a same instance, lead to un-
decidability.

Applications to channel machines. Beyond the tantalizing decidability questions, our
interest in PEP and its variants comes from their close connection with fifo channel
machines [11]], a family of computational models that are a central tool in several areas
of program and system verification (see [5] and the references therein). Here, PEP and
its variants provide abstract versions of verification problems for channel machines [4],
bringing greater clarity and versatility in both decidability and undecidability (more
generally, hardness) proofs.

Beyond providing a uniform and simpler proof for the decidability of PEP and
PEPgi;, our motivation for considering PEP,™ il is that it allows solving the decid-
ability of UCST, i.e., unidirectional channel systems (with one reliable and one lossy
channel) extended with the possibility of testing the contents of channels [10]. We re-
call that PEP was introduced for UCS, unidirectional channel systems where tests on
channels are not supported [43]], and that PEP g, corresponds to LCS, i.e., lossy channel
systems, for which verification is decidable using techniques from WSTS theory [1L95]].
The following figure illustrates the resulting situation.

UCST o PEPRI ™ < cuttings (this paper)
e PR PO . (‘)@% """" N IR
decidability » decidability by

i}_via blockers [2]35 e&\é

. WSTS theory [119]

UCs ~ PEP -« tWO-Way reductions [4]] > PEPg;, ~ LCS ‘,;;;'_-;""'

Outline of the paper. Section 2] recalls basic notations and definitions. In particular,
it explains the Length Function Theorem for Higman’s Lemma, and lists basic results
where the subword relation interacts with concatenations and factorization. Section [3]
contains our main result, a direct decidability proof for PEPP"™ a problem subsuming

both PEP and PEPg;.. Section [] builds on this result and shows the decidability of

counting problems on PEPg?rr HalSection [§ further shows the decidability of universal
variants of these questions. Section[6] contains our undecidability results for extensions
of PEPg?rmal. Proofs omitted for lack of space can be found in the full version of this

paper, available at/larxiv.org/abs/1109.1691|

2 Basic Notation and Definitions

Words. Concatenation of words is denoted multiplicatively, with € denoting the empty
word. If s is a prefix of a word ¢, 51t denotes the unique word s’ such that t = ss’, and
s~ 1t is not defined if s is not a prefix of ¢. Similarly, when s is a suffix of 7, zs~! is t with

. def . .
the s suffix removed. For a word x = ag...a,_1, X = a,,_1...ag is the mirrored word.
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The mirror of a language R is R & {% | x € R}. We write s C ¢ when s is a subword
(subsequence) of 7.

Lemma 2.1 (Subwords and concatenation). For all words y,z,s,t:

1. IfyzC st theny CsorzCt.

2. Ifyz C st and z C t and x is the longest suffix of y such that xz C t, then yx~' C s.

3. Ifyz C st and 7 L t and x is the shortest prefix of z such that x 'z C t, then yx C s.
4. If yz C st and z C t and x is the longest prefix of t such that z C x~'t, then y C sx.

5. Ifyz C st and z Z t and x is the shortest suffix of s such that z C xt, then y C sx~ 1.
6. If sx C yt and t T s, then sx* T y*t for all k > 1.

7. Ifxs Cty andt C s, then x*s C ty* for all k > 1.

With a language R one associates a congruence (wrt concatenation) given by s ~g

t & Vx,y(xsy € R < xty € R) and called the syntactic congruence (also, the syntac-
tic monoid). This congruence has finite index if (and only if) R is regular. For regular
R, let ng denote this index: ng < m™ when R is recognized by a m-state complete DFA.

Higman’s Lemma. 1t is well-known that for words over a finite alphabet, C is a well-
quasi-ordering, that is, any infinite sequence of words x1,x7,x3,... contains an infinite
increasing subsequence x;; E x;, £ x;;  ---. This result is called Higman’s Lemma.

For n € N, we say that a sequence (finite or infinite) of words is n-good if it has an
increasing subsequence of length #. It is n-bad otherwise. Higman’s Lemma tells us that
every infinite sequence is n-good for every n. Hence every n-bad sequence is finite.

It is often said that Higman’s Lemma is “non-effective” since it does not give any
explicit information on the maximal length of bad sequences. Consequently, when one
uses Higman’s Lemma to prove that an algorithm terminates, no meaningful upper-
bound on the algorithm’s running time is derived from the proof. However, complexity
upper-bound can be derived if the complexity of the sequences (or more precisely of the
process that generates bad sequences) is taken into account. The interested reader can
consult [[12] for more details. Here we only need the simplest version of these results,
i.e., the statement that the maximal length of bad sequences is computable.

A sequence of words xy,...,x; is k-controlled (k € N) if |x;| < ik foralli=1,...,I.

Length Function Theorem. There exists a computable function H : N3 — N such that
any n-bad k-controlled sequences of words in T has length at most H(n,k,|T'|). Fur-
thermore, H is monotonic in all three arguments.

Thus, a sequence with more than H (n, k,|T’|) words is n-good or is not k-controlled. We
refer to [12] for the complexity of H. Here it is enough to know that H is computable.

3 Deciding PEPP"™ or PEP with Partial Directness

We introduce PEPS?}“MI, a problem generalizing both PEP and PEPg;,, and show its
decidability. This is proved by showing that if a PEPg?rrt @l instance has a solution, then
it has a solution whose length is bounded by a computable function of the input. This

proof is simpler and more direct than the proof (for PEP only) based on blockers [2].
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Definition 3.1. PEPg?rmal is the problem of deciding, given morphisms u,v : ¥* — I'*
and regular languages R, R' € Reg(X), whether there is 6 € R such that u(c) C v(o) and
u(t) Cv(t) for all prefixes T of ¢ belonging to R’ (in which case G is called a solution).
PEPPYM js the variant problem of deciding whether there is 6 € R such that u(c) C

codir

v(0) and u(t) C v(1) for all suffixes of T of © that belong to R'.

Both PEP and PEPy;; are special cases of PEPg?rrt @l obtained by taking R’ = @ and R’ =

¥ respectively. Obviously PEngrrt @l and PEPEggilra ! are two equivalent presentations,

. . . tial rtialy -
modulo mirroring, of a same problem. Given a PEPY™ (or PEPY (™) instance, we

let K, & max,ex |#(a)| denote the expansion factor of u and say that 6 € * is long if
|o| > 2H (ngngr + 1,K,,|T|), otherwise it is short (recall that H(n,k,|T'|) was defined
with the Length Function Theorem). In this section we prove:

Theorem 3.2. A PEPg?rmal or PEPgsgilra Vinstance has a solution if, and only if, it has a

short solution. This entails that PEPg?rrt @l nd PEPCpggilf ! are decidable.

Decidability is an obvious consequence since the maximal length for short solutions
is computable, and since it is easy to check whether a candidate G is a solution. Fur-
thermore, one derives an upper bound on the complexity of PEP" 2l Since the Length
Function H is bounded in Fyo [12]].

For the proof of Theorem 3.2} we find it easier to reason on the codirect version.
Pick an arbitrary PEPEggilfl instance (X,T,u,v,R,R’) and a solution 6. Write N = |0
for its length, 6[0,7) and ol[i, N) for, respectively, its prefix of length i and its suffix of
length N —i. Two indices i, j € [0, N] are congruent if 6[i,N) ~g 6[j,N) and 6[i,N) ~g
G[j,N). When o is fixed, as in the rest of this section, we use shorthand notations like
uo,; and v; ; to denote the images, here u(c[0,7)) and v(c[i, j)), of factors of G.

We prove two “cutting lemmas” giving sufficient conditions for “cutting” a solution
6 = 0[0,N) along certain indices a < b, yielding a shorter solution 6’ = 6[0,a)c[b,N).
Here the following notation is useful. We associate, with every suffix T of ¢’, a corre-
sponding suffix, denoted S(t), of 6: if T is a suffix of 6[b,N), then S(t) def T, otherwise,
T = oli,a)o[b,N) for some i < a and we let S(T) déf(S[i,N). In particular S(0’) = o.

An index i € [0,N] is said to be blue if u; y T v; , it is red otherwise. In particular,
N is blue trivially, O is blue since G is a solution, and i is blue whenever 6[i,N) € R'. If
i is a blue index, let /; € I'* be the longest suffix of uq; such that /;u; y C v; y and call it
the left margin at i.

Lemma 3.3 (Cutting lemma for blue indices). Let a < b be two congruent and blue
indices. If I, C I, then 6’ = ©[0,a)0[b,N) is a solution (shorter than G).

Proof. Clearly ¢’ € R since 6 € R and a and b are congruent. Also, for all suffixes T of
o,S(t)eR iffterR.

We claim that, for any suffix T of ¢, if #(S(t)) C v(S(t)) then u(t) C v(t). This is
obvious when T = (1), so we assume T # S(1), i.e., T = 6[i,a)c[b,N) and S(t) = G[i,N)
for some i < a. Assume u(S(1)) C v(S(1)), i.e., uiy C v; y. Now at least one of u; , and

I is a suffix of the other, which gives two cases. If u; , is a suffix of /,, then

u(t) = uiqupn T laup n T Lpup v Tvpy T (T).
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V(G) : Vo,i Via Va,b Vb, N
| | |
(rightmost embedding) / A !
” 4 J/ I A 1
7 1 , Pid P // I
u(o): | EEN ] |
I Uo,i I Uia | Uab | up N I
0 i a b N

Fig. 1. Schematics for Lemma[33] with [, C [,

Otherwise, u; , = xl, for some x (see Fig.[I). Then u; v T v; y rewrites as u;quqn =
Xlguan © vigven. Now, and since [, is the longest suffix for which lyu,n C van,
Lemma[2.1]2 entails x C v; ,. Combining with /, T [}, (assumption of the Lemma) gives:

u(t) = ui qUp N = Xlaup N E Viglpup v Evigvpny = v(T).

This shows that 6’ is a solution (which completes the proof) since we can infer u(t) C
v(1) for any suffix T € R’ (or for T = ¢’) from the corresponding u(S(1)) Cv(S(t)). O

If i is a red index, let 7; € I'* be the shortest prefix of u; y such that r;” lui’N Cvin
(equivalently u; y T r;v; y) and call it the right margin at i.

Lemma 3.4 (Cutting lemma for red indices). Let a < b be two congruent and red
indices. If rp C rq, then 6 = 6[0,a)0[b,N) is a solution (shorter than G).

Proof. Write up y under the form rpx so that x C vj, y. We proceed as for Lemma [3.3]
and show that u(S(t)) E v(S(t)) implies u(t) C v(t) for all suffixes T of ¢’. Assume
u(S(t)) C v(S(t)) for some t. The only interesting case is when T # S(1) and T =
o[i,a)o[b,N) for some i < a (see Fig.[2).

V(G)Z Vo,i Via Va,b Vb.N

| | |

i

(rightmost embedding) x AN . X |
/// /f \\\ \\\ \\\ \\\ :

u(o): l | | Ta | b | X |

up.;i Ujq Ug, Up,

I 0. l | b | b.N I
0 i a b N

Fig. 2. Schematics for Lemma[3.4] with r;, C 1,

From u; n = u; quta N C ViaVan = VinN, 1., M(S("C)) C V(S(T)), and u, n £ van (since
a is a red index), the definition of r, entails u; 47, C v; , (Lemma[2.113). Then

u(T) = tiqUp N = Ui atpX T Ui alqVh N C Vigvpny = Vv(T). a
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We now conclude the proof of Theorem Let g1 < g2 < --- < gn, be the blue
indices in ©, let by < by < --- < by, be the red indices, and look at the corresponding

sequences (lg;)i—1,... n, of left margins and (7p,)i—1,... n, of right margins.
Lemma 3.5. |l,,| < (i—1)x Ky, foralli=1,... Ny, and |ry,| < (N2 —i+1) X K, for all
i=1,...,Ny. In other words, the sequence on left margins and the reversed sequence of

right margins are K,-controlled.

Now, let N, défanR/ +1land L défH(NC,Ku, IT'|) and assume N > 2L. Since Ny + N, =

N + 1, either ¢ has at least L+ 1 blue indices and, by definition of L and H, there
exist N blue indices a; < ap <--- <an, withl,; Cl,, E--- C laN(.’ or G has at least
L+ 1 red indices and there exist N, red indices a} < a} < --- < aj\,r with rg, £ C
Td, C rd, (since it is the reversed sequence of right margins that is controlleé). Out of
N. = 1+ ngng indices, two must be congruent, fulfilling the assumptions of Lemmal[3.3]
or Lemma[3.4] Therefore G is not the shortest solution, proving Theorem 3.2

4 Counting the Number of Solutions

We consider two counting questions: EI""PEnglrrt 4l is the question whether a PEPE?Ir tal

instance has infinitely many solutions (a decision problem), while #PEP," @l is the
problem of computing the number of solutions of the instance (a number in NU {eo}).
For technical convenience, we often deal with the (equivalent) codirected versions,
3=PEPP and #PEPPYI!,

codir codir
. def
For an instance (Z,T,u,v,R,R’), we let K, = max,cs |v(a)| and define

L H(mgng +1,K |0 L H (oLt 1)) Vg 1,K, 1)

We say that a solution ¢ € £* is long if |G| > 2L and very long if |o| > 2L’ (note that
“long” is slightly different from “not short” from Section [3). In this section we prove:

Theorem 4.1. Fora PEPS?rrt @l o PEPCpggilf Vinstance, the following are equivalent:
(a). It has infinitely many solutions.

(b). It has a long solution.

(c). It has a solution that is long but not very long.

From this, it will be easy to count the number of solutions:

Corollary 4.2. 3°PE Pg?rmal and 3”PE Pgsg:: ! are decidable, #PE Pg?rmal and #PE Pzggiif !
are computable.

Proof. Decidability for the decision problems is clear since L and L’ are computable.
For actually counting the solutions, we check whether the number of solutions is
finite or not using the decision problems. If infinite, we are done. If finite, we first com-

. . . tial
pute an upper bound on the length of the longest solution. For this we build PEP§™

(resp. PEPES;? 1) instances where R is replaced by R ~ =M (which is regular when R
is) for increasing values of M € N. When eventually M is large enough, the instance is
negative and this can be detected (by Theorem [3.2). Once we know that there are no

solutions longer than M, counting solutions is done by finite enumeration. O
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We now prove Theorem ]l First observe that if the instance has a long solution, it
has a solution with R replaced by RN X>?L. This language has a DFA with ng(2L + 1)
states, thus the associated congruence has index at most (ng(2L + 1))*® 41, From
Theorem[3.2] the instance has a solution which is long but not very long. Hence (b) and
(c) are equivalent.

It remains to show (b) implies (a) since obviously (a) implies (b). For this we fix an
arbitrary PEPgﬁgilra !instance (Z,T,u,v,R,R") and consider a solution o, of length N. We
develop two so-called “iteration lemmas” that are similar to the cutting lemmas from
Section 3] with the difference that they expand o instead of reducing it.

As before, an index i € [0, N] is said to be blue if u; y C v; n, and red otherwise. With
blue and red indices we associate words analogous to the /;’s and r;’s from Section 3
however now they are factors of v(G), not u(c) (hence the different definition for L).
The terms “left margin” and “right margin” will be reused here for these factors.

We start with blue indices. For a blue index i € [0,N], let s; be the longest prefix of
vin such that u; y & sf] vin (equivalently s;u; y C v; ) and call it the right margin at i.

Lemma 4.3. Suppose a < b are two blue indices with s, C s,. Then for all k > 1,
Sa(ua,b)k C (va,b)ksb-

Proof. squtan T va N expands as (sqitg p)up N © Ve pvp y. Since up xy C vp v, Lemma2. 114
yields squtqp C vq psp. One concludes with Lemma[2.116, using s, T s,. a

Lemma 4.4 (Iteration lemma for blue indices). Let a < b be two congruent and blue
indices. If sp C 5,4, then for every k > 1, 6’ = 6[0,a).0[a,b)*.6[b,N) is a solution.

Now to red indices. For a red index i € [0,N], let #; be the shortest suffix of vo; such
that u; y C t;v; y. This is called the left margin at i. Thus, for a blue j such that j < i,
ujn Cvjy implies u;t; T v;; by Lemma[Z1]5.

Lemma 4.5 (Iteration lemma for red indices). Let a < b be two congruent and red
indices. If t, C ty, then for every k > 1, ¢ = 6[0,a).0[a,b)*.c[b,N) is a solution.

We now conclude the proof of Theorem 4.1l We first prove that the PEPEggiira ! instance

has infinitely many solutions iff it has a long solution. Obviously, only the right-to-left
implication has to be proven.

Suppose there are Ny blue indices in o, say g1 < g2 < --- < gn;; and N, red indices,
say by < by <--- < by,.

Lemma 4.6. |s,,| < (N1 —i+1) XK, foralli=1,...,Ny, and |t,| < (i— 1) x K, for
alli=1,...,N>. That is, the reversed sequence of right margins and the sequence of
left margins are K, -controlled.

Assume that ¢ is a long solution of length N > 2L+ 1. At least L+ 1 indices among
[0,N] are blue, or at least L+ 1 are red. We apply one of the two above claims, and from
either Sgny >+ 581 (N >L+1orty,... oy, @if N, > L+ 1) we get an increasing
subsequence of length ngng + 1. Among these there must be two congruent indices.
Then we get infinitely many solutions by Lemma . 4] or Lemmal[4.3]
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5 Universal Variants of PEP)"

We consider universal variants of PEPg?rnial (or rather PEPCp;‘giirZl ! for the sake of unifor-
mity). Formally, given instances (X,T,u,v,R,R’) as usual, VPEPCpggilfl is the question
whether every ¢ € R is a solution, i.e., satisfies both #(c) C v(o) and u(t) C v(t) for

all suffixes T that belong to R'. Similarly, VmPEPCpggiif !is the question whether “almost

all”, i.e., all but finitely many, ¢ in R are solutions, and #ﬂPEPgsgilra ! is the associated
counting problem that asks how many ¢ € R are not solutions.

The special cases YPEP and V°PEP (where R’ = @) have been shown decidable
in [[7]] where it appears that, at least for Post Embedding, universal questions are simpler
than existential ones. We now observe that VP EPg?rrt @l and V<P Engrmal are easy to solve
too: partial codirectness constraints can be eliminated since universal quantifications
commute with conjunctions (and since the codirectness constraint is universal itself).

Lemma 5.1. YPEPPYU g4 > pEpPartial many-one reduce to Y°PEP.

codir codir

Corollary 5.2. YPEPP™ ! 4,10 v=PEPP™ ! yre decidable, #-PEPP™ is computable.

codir codir codir

We now prove Lemma[5.1] First, VP EPgigiira ! easily reduces to V= PEPEggiif : add an extra

letter z to X with u(z) = v(z) = € and replace R and R’ with R.z* and R".z*. Hence the
second half of the lemma entails its first half by transitivity of reductions.

For reducing V""PEPE;’:E: 1, it is easier to start with the negation of our question:

3”6 €R: (u(0) Z v(o) or 6 has a suffix Tin R’ with u(t) Z v(1)) . (%)

Call 6 € R a type 1 witness if u(c) IZ v(0), and a type 2 witness if it has a suffix T € R’
with u(t) £ v(t). Statement @) holds if, and only if, there are infinitely many type 1
witnesses or infinitely many type 2 witnesses. The existence of infinitely many type 1
witnesses (call that “case 1) is the negation of a V”PEP question. Now suppose that
there are infinitely many type 2 witnesses, say 61,02, ... For each i, pick a suffix T; of
o; such that T; € R" and u(t;) Z v(1;). The set {t; | i =1,2,...} of these suffixes can be
finite or infinite. If it is infinite (“‘case 2a”), then

u(t) Z v(7) for infinitely many t € (ﬁ NR'), (%)
where K is short for ZT;? and for k € N, ZTIE & {y | 3x: (Jx| > kand xy € R)} is the
set of the suffixes of words from R one obtains by removing at least & letters. Observe
that, conversely, @) implies the existence of infinitely many type 2 witnesses (for a
proof, pick T; € R NR' satisfying the above, choose 61 € R of which T is a suffix.
Then choose T, such that |T2| > |o1], and proceed similarly).

On the other hand, if {t; | i =1,2,...} is finite (“case 2b”), then there is a T € R’ such
that u(t) Z v(1) and 6’1 € R for infinitely many ¢’. By a standard pumping argument,
the second point is equivalent to the existence of some such ¢’ with also |0/ >_k1§,

where kg, is the size of a NFA for R (taking kg = ng also works). Write now R for >*&R:
if {t; | i=1,2,...} is finite, then u(t) [Z v(t) for some T in (R’ NR), and conversely this
implies the existence of infinitely many type 2 witnesses.
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To summarize, and since ? and R are regular and effectively computable from R,

we have just reduced V=PEPP1! o the following conjunction

¥o € R:u(0) Cv(o) AVt e (RNR):u(t) Cv(t) \Vr e (RNR) : u(t) Cv(x).

not case 1 not case 2a not case 2b

This is now reduced to a single V*°PEP instance by rewriting the VPEP into a V°PEP
(as said in the beginning of this proof) and relying on distributivity:

=

[V°x € X;:... some property...| =Vxe | JX;:... same ... .
1 i=1

6 Undecidability for PEP_,g4ir and Other Extensions

The decidability of PEPg?rmle is a non-trivial generalization of previous results for PEP.
It is a natural question whether one can further generalize the idea of partial direct-
ness and maintain decidability. In this section we describe two attempts that lead to
undecidability, even though they remain inside the regular PEP framework [

Allowing non-regular R'. One direction for extending PEP}" il i to allow more ex-

pressive R’ sets for partial (co)directness. Let PEPEggiira IIDCFL] and PEPES;?:‘ 1IPres] e Jike

PEPgsgiira ! except that R’ can be any deterministic context-free R’ € DCFL(Z) (respec-
tively, any Presburger-definable R’ € Pres(X), i.e., a language whose Parikh image is a
Presburger, or semilinear, subset of N IE‘). Note that R € Reg(X) is still required.
Theorem 6.1 (Undecidability). pEpPutallDCFL] g pgpPatiallPres] Z(l)—complete.

codir codir

Since both problems clearly are in X0, one only has to prove hardness by reduction, e.g.,
from PCP, Post’s Correspondence Problem. Let (X,T,u,v) be a PCP instance (where
the question is whether there exists x € £ such that u(x) = v(x)). Extend ¥ and T
with new symbols: ¥’ & > U {1,2} and ' & T'U {#}. Now define u’,v/ : '* — T"*
by extending u,v on the new symbols with #'(1) =V (2) =€ and ¥'(2) =V/(1) = #.
Define now R = 125" and R’ = {127 | 1,7 € £* and |u(t7')| # |v(t7')|}. Note that R’
is deterministic context-free and Presburger-definable.

Lemma 6.2. The PCP instance (X,T,u,v) has a solution if and only if the PEPE:::S? [Pres|
and PEPESS;: IIDCEL] G stance (2,14’ V' ,R,R') has a solution.

Combining directness and codirectness. Another direction is to allow combining direct-
ness and codirectness constraints. Formally, PEP,g4ir is the problem of deciding, given
%, T, u, v, and R € Reg(X) as usual, whether there exists 6 € R such that u(t) C v(1)
and u(t') C v(7') for all decompositions 6 = 7.7’ In other words, G is both a direct and
a codirect solution.

' PEP is undecidable if we allow constraint sets R outside Reg(Z) [2]]. Other extensions, like
Ix € Ry : Vy € Ry 1 u(xy) C v(xy), for Ry, Ry € Reg(Z), have been shown undecidable [6].
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Note that PEP o&4ir has no R’ parameter (or, equivalently, has R’ = *) and requires
directness and codirectness at all positions. However, this restricted combination is al-
ready undecidable:

Theorem 6.3 (Undecidability). PEP ,gqir is 2(1)—c0mplete.

Membership in 2(1) is clear and we prove hardness by reducing from the Reachability
Problem for length-preserving semi-Thue systems. The undecidability is linked to re-
lying on different embeddings of u(c) in v(c) for the directness and codirectness. In
contrast, for PEPY™ we need to consider only the leftmost embedding of () in
v(0).

A semi-Thue system S = (Y,A) has a finite set A C Y™ x Y* of string rewrite rules
over some alphabet Y, written A = {l; — ry,...,lx — ri}. The one-step rewrite relation

—A CY* x Y* is defined as usual with x—ay g x =zI7 and y = zr7 for some rule
[ — rin A and strings z,Z in Y*. We write x—>Ay and x—,y when x can be rewritten
into y by a sequence of m (respectively, any number, possibly zero) rewrite steps.

The Reachability Problem for semi-Thue systems is “Given S = (Y,A) and two reg-
ular languages P;, P> € Reg(Y), is therex € Py and y € P s.t. xi>Ay?”. It is well-known
(or easy to see by encoding Turing machines in semi-Thue systems) that this problem is
undecidable (in fact, Z?—complete) even when restricted to length-preserving systems,
i.e., systems where |I| = |r| for all rules | — r € A.

We now construct a many-one reduction to PEPoggir- Let S = (Y,A), P, P> be a
length-preserving instance of the Reachability Problem. W.l.o.g., we assume € ¢€ Py and
we restrict to reachability via an even and non-zero number of rewrite steps. With any
such instance we associate a PEP ogqir instance u,v : £* — I'* with R € Reg(X) such
that the following correctness property holds:

dx e P, dy e Py, dms.t. xﬁmy (and m > 0 is even) (CP)
iff 3o € Rs.t. u(t) Cv(t) and u(t') C v(1') for all decompositions ¢ = T7'.

The reduction uses letters like a, b and c taken from Y, and adds | as an extra letter.
We use six copies of each such “plain” letter. These copies are obtained by priming and
double-priming letters, and by overlining. Hence the six copies of aare a,a’,a”, 7, a’,a".
As expected, for a “plain” word (or alphabet) x, we write ¥’ and X to denote a version of
x obtained by priming (respectively, overlining) all its letters. Formally, letting Y; being
short for YU {t}, one has X = FdéfY} UY; UY/UY: UYL UYY.

We define and explain the reduction by running it on the following example:

Y ={a,b,c} and A = {ab — bc, cc — aa}. (Sexmp)

Assume that abc € P; and baa € P>. Then P i>AP2 since abcimbaa as witnessed
by the following (even-length) derivation T = “abc—pbcc—pbaa”. In our reduction,
a rewrite step like “abc—abcc” appears in the PEP solution G as the letter-by-letter
interleaving abbccc, denoted abc Liibcc, of a plain string and an overlined copy of a
same-length string.
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Write Ty (A), or just Ty for short, for the set of all xLLIy such that x—4y. Obviously,
and since we are dealing with length-preserving systems, 7). is a regular language, as
seen by writing it as Ty = (Syevaa) {Iwr |1 — r € A}.(Zyeyaa)’, where {ILL
r| 1 — r € A} is a finite, hence regular, language.

T, accounts for odd-numbered steps. For even-numbered steps like bcc—pbaa in T

o= def .
above, we use the symmetric bbacag, i.e., baallibcc. Here too Tq = {yLUx | x—ay} is

. L. def
regular. Finally, a derivation & of the general form xg—ax;—aX> ... —>aX2x, Where K =

|xo| = =pPoC1P102 - - - P2k—102%P2%
that alternates between the encodings of steps (the 6;’s) in Ty U Ty, and fillers, (the p;’s)
defined as follows:

. def .
“def [ xi—1x; foroddi,  po = xpui’k, “def [ 7% L] for odd i,
! x;Wx;_ foreveni, Pk def KW K ! X W 'K for even i # 0,2k.

Note that the extremal fillers po and p;; use double-primed letters, when the internal
fillers use primed letters. Continuing our example, the G associated with the derivation
abc—abcc—pbaais

Waly Il Il ol Nt Il
or=a f'b abbcce 1'b/1'c/t'c’ bbacat b a’'t".
T e 7o' Tratral T

a”b”c”uﬁ”?”’i‘” abclllbcc T’T’T’Lub/c’c/ baalllbcc b”a”a”LLIT”T”?”

The point with primed and double-primed copies is that 1 and v associate them with
different images. Precisely, we define

u(a) =a u(a/) =1, M(T/) =1, u( //) €, M(TN) =g

v(a) =1, v(d) =a, v(1') = wry, v(d") =a, v(i") = wy,

where a is any letter in Y, and where wy is a word listing all letters in Y. E.g., wi, 1, ¢} =
abc in our running example. The extremal fillers use special double-primed letters be-
cause we want u(po) = u(pax) = € (while v behaves the same on primed and double-
primed letters). Finally, overlining is preserved by u and v: u(x) difﬁ and v(X) déf@.

This ensures that, for i > 0, u(c;) C v(p;—1) and u(p;) C v(o;), so that a 6 con-
structed as above is a direct solution. It also ensures u(c;) C v(p;) and u(p;—1) C v(c;)
for all i > 0, so that oy is also a codirect solution. One can check it on our running
example by writing u(cr) and v(or) alongside:

Po o) P1 ) P2
—_—— s /Y A
Gn — a.// //b”T//CNT// abbECE le/T/C/T/C/ bbaEaE bNT//aHT//aNTN
u(oy) = abbccc \AREARE bbacac

v(oz) = aabcbabccabe T1f1if abcbabcTabcT fi{fi babcaabcaabc

There remains to define R. Since pg € (Y” W)i since o; € T, for odd i, etc., we let

def (YNT”) ﬁPl (T/W)+.<T4‘(T/?)+‘T>.(T/F) ) ﬁPz (YNT”) (1)
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where 7" &f {xwy | x=ayAxePi} =T N{xWy | x € P A|x| = |y|} is clearly

regular when P; is, and similarly for TDPz def {yWwx | x=>ayAy € P»}. Since 6 € R
when 7 is an even-length derivation from P; to P>, we deduce that the left-to-right
implication in (CP) holds.

We refer to the full version of this paper atlarxiv.org/abs/1109.1691] for a proof
that the right-to-left implication also holds, which concludes the proof of Theorem[6.3]

7 Concluding Remarks

We introduced partial directness in Post Embedding Problems and proved the decid-
ability of PEPg?rmal by showing that an instance has a solution if, and only if, it has
a solution of length bounded by a computable function of the input. This generalizes
and simplifies earlier proofs for PEP and PEPg;,. The added generality is non-trivial
and leads to decidability for UCST, or UCS (that is, unidirectional channel systems)
extended with tests [10]. The simplification lets us deal smoothly with counting or
universal versions of the problem. Finally, we showed that combining directness and
codirectness constraints leads to undecidability.
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Abstract. Recently, a new approach to get a deeper understanding of
online computation has been introduced: the study of the advice complex-
ity of online problems. The idea is to measure the information that online
algorithms need to be supplied with to compute high-quality solutions
and to overcome the drawback of not knowing future input requests. In
this paper, we study the advice complexity of an online version of the
well-known set cover problem introduced by Alon et al.: for a ground
set of size n and a set family of m subsets of the ground set, we obtain
bounds in both n and m. We prove that a linear number of advice bits
is both sufficient and necessary to perform optimally. Furthermore, for
any constant ¢, we prove that n — ¢ bits are enough to construct a c-
competitive online algorithm and this bound is tight up to a constant
factor (only depending on ¢). Moreover, we show that a linear number
of advice bits is both necessary and sufficient to be optimal with respect
to m, as well. We further show lower and upper bounds for achieving
c-competitiveness also in m.

1 Introduction and Preliminaries

The idea of online algorithms is both a natural concept in practical applications
and of great theoretical interest. In this model, the algorithm designer faces the
problem that an algorithm A has to read the input instance of some problem
piecewise and has to create parts of the output before knowing the whole input
string. Furthermore, A is not allowed to revoke any pieces of submitted output.

Online scenarios and online algorithms have been studied extensively (for an
overview, we refer the reader to the standard literature [II7TIIT3]). Similar to
the concept of the approximation ratio of algorithms dealing with (hard) offline
problems, competitive analysis (introduced in 1985 by Sleator and Tarjan [17])
is usually used to measure the quality of online algorithms (ignoring the runtime
of the algorithm): for any instance I of some online minimization problem, we
define the competitive ratio of A on I as the fraction of the cost of A on I and
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the cost of an optimal solution 0pT(I). Here, OpT is an offline algorithm that
sees the whole input in advance. Clearly, we may see the competitive ratio as
a value that tells us what we forfeit for not knowing the future. When dealing
with the advice complexity of an online problem, we are interested in getting a
deeper understanding of what it is we pay for. A straightforward answer to this
question is “the remainder of the instance”, but we want to measure the essence
of what makes the problem hard with respect to online computation.

In the model used throughout this paper, we consider online algorithms that
are able to receive extra information from some advice tape that is being created
by an oracle 0 that knows the whole input. In every time step, an online algorithm
A may sequentially read some piece of information from this tape together with
the input. More formally, we are dealing with the following model.

Definition 1 (Online Algorithm with Advice). Consider an input sequence
I = (z1,...,2,). An online algorithm A with advice computes the output se-
quence A® = A?(I) = (y1,...,yn) such that y; is computed from é,z1,...,7;,
where ¢ is the content of the advice tape, i.e., an infinite binary sequence. A
is c-competitive with advice complexity s(n) if there exists a constant a such
that, for every n and for each input sequence I of length at most n, there ex-
ists some ¢ such that cost(A®(I)) < c - cost(OpT(I)) + o and at most the first
s(n) bits of ¢ have been accessed during the computation of A®(I). Moreover, if
a =0, A is called strictly c-competitive. An algorithm is optimal if it is strictly
1-competitive.

In this paper, we consider strictly competitive algorithms only, when talking
about both lower and upper bounds.

The advice complexity was introduced by Dobrev, Pardubska, and Kralovic [9]
in 2008 and since then a revised version was used to study various online prob-
lems. For a detailed survey on this topic we refer to Hromkovi¢, Kralovi¢, and
Kralovic [12]. Previous to this paper, the advice complexity of various problems
was analyzed: the paging problem and the disjoint path allocation problem [5],
the job shop scheduling problem [5I14], metrical task systems [I0], the k-server
problem [3II0], and the knapsack problem []. There are interesting connections
between computing with advice and randomization [3J14].

The study of advice complexity has an interesting connection to recent de-
velopments in the field of dynamic data structures, where the use of advice bits
was proposed as a lower bound technique [I6/8].

A Note on the Model

As usual, in order to construct hard instances for the online algorithms stud-
ied, we consider an adversary Apv that constructs the input in a malicious
way [BI7TTIT3]. As mentioned, we add another player to the game that is clas-
sically played between an online algorithm A and Apv: the oracle 0 that col-
laborates with A by giving help using the advice tape. Note that, similar to
randomized online algorithms, we can think of an online algorithm A with ad-
vice as an algorithm that chooses, depending on the advice it is given, from a set



On the Advice Complexity of the Set Cover Problem 243

of deterministic strategies denoted by Alg(A). Another view we might impose on
computations with advice is that an optimal random choice is supplied by 0 for
every input.

Observation 1 [14]. Let A be an online algorithm that uses b bits of advice.
Then Apv can handle A as 2° different deterministic online algorithms without
advice. In particular, Abv knows each of the 2° algorithms.

This observation enables us to use two different techniques to show lower bounds
on the number of advice bits required to obtain a certain output quality; for in-
stance, Bockenhauer at al. [5] proved the hardness by a combinatorial argument:
suppose that there is an online algorithm A that uses b bits of advice. Then there
must be an advice tape such that reading the first b bits enables A to distinguish
a class of relevant inputs sufficiently for the required properties of A. The goal
is then to show that there are different inputs that cannot be distinguished
sufficiently. Using Observation [Il we are able to design an adversary Apv that
creates an input instance such that all deterministic algorithms from Alg(A) fail
to meet all required properties. We assume that each of the 2° choices leads to a
valid algorithm for the considered input. Otherwise the number of valid choices
decreases, which can only strengthen the hardness results.

In the following, we introduce some observations that are crucial for techniques
to prove lower bounds on the number of advice bits necessary to achieve some
specific competitive ratio. Ben-David et al. [6] introduced three different types of
adversaries that are all equally powerful when considering deterministic online
algorithms, but are variably powerful for randomized online algorithms: (i) the
oblivious adversary, (ii) the adaptive online adversary, and (iii) the adaptive
offline adversary. Originally, a model was introduced that implies that Abv knows
0 [B13]; thus, we are dealing with a highly powerful adversary. When proving
lower bounds, it was usually shown that, for some advice string of some fixed
length, there exist different inputs within one class of inputs that cannot be
distinguished sufficiently to achieve some specific competitive ratio. However,
Apv must know the (at least) two inputs that correspond to one advice string
causing A to fail being given one of them, i.e., Abv has to know how 0 prepares
the advice strings to select the concrete input. Formally, it was shown that

YV (A,0) 3 Apv creating I such that cost(A®(I)) > ¢ - cost(0pT(I)). (1)

So here, the oracle is fixed (known to Abv) and we show that for every algorithm
and oracle such an adversary exists.

Interestingly, some of the statements we make throughout this paper are for-
mulated in a way such that Apv does not have to know which advice string is
given; it is sufficient if it knows how A behaves on all possible advice strings (i. e.,
this is indeed an oblivious adversary). Thus, we show that

V A 3 Apv creating I such that V 0 we have cost(A?(I)) > ¢ - cost(0pT(I)). (2)

While it seems obvious that (2)) is stronger than (), both models are indeed
equally powerful. Suppose that Abv merely knows A. It then may learn which one
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is the strongest oracle for all inputs [I5]. There must exist one such oracle that is
never worse than the other possible ones on every input (towards contradiction,
suppose that there exist I; and I> such that 0; gives a strictly stronger advice
for I; while 05 gives a better advice for I, for a fixed algorithm A. Then, we can
construct an oracle 0 that simulates 0; on I; and 03 on I3). This way, ADv can
determine the worst input for the best oracle. We therefore can safely say that
Apv, as we used it in this paper, is really oblivious (with the restriction that it
knows the number b of advice bits A uses).

Throughout this paper, for any set Y, by P(Y) we denote the power set of
Y'; by logx we denote the logarithm of z with base 2. Note that, due to space
constraints, we have to omit some proofs, which can be found in the technical
report [15].

The Set Cover Problem

In the following, we consider an online version of the set cover problem, SET-
COVER for short, introduced by Alon et al. [2].

Definition 2 (SetCover). Given a ground set X of size n, a set of requests
X' C X, and a family S C P(X) of size m, a feasible solution for SETCOVER
is any subset {S1,...,Sk} of S such that

k
Jsiox.
=1

The aim is to minimize k, i.e., to use as few sets as possible. In the online
version of this problem, the elements of X' arrive successively one by one in
consecutive time steps. An online algorithm A solves SETCOVER if, immediately
after each yet uncovered request j, it specifies a set S; such that j € S;.

Note that Alon et al. constructed a deterministic O(logm logn)-competitive
algorithm that even works for the weighted version of SETCOVERY [2]. In the
following, we give bounds on the advice complexity in both the size of the ground
set X and the size of the family S. Obviously, n = |X| is an upper bound on
the number of requests. Furthermore, note that we may assume that S does not
contain any sets that are subsets of any other set from S (if not, sets that are
contained in other sets may be removed from the input by a preprocessing step;
since the sets are unweighted, it is never worse to prefer supersets). From this,
it directly follows, due to Sperner’s theorem [I8], that we have

18] < (L§J> = V),

which trivially implies that m may be exponential in n. However, due to the
hardness of the vertex cover problem (which is a sub-problem of SETCOVER) we

! Here, every member of S has a non-negative weight, and the objective is to minimize
the sum of the weights of all items chosen.
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know that also instances where m € O(n) may be hard in the offline case. This
motivates the study of advice depending on both n and m.

Sometimes, when we need to communicate a number z in a self-delimiting way,
we use a well-known technique that enables us to use at most 2[log [logz]] +
[log x] bits (see, e.g., [5]).

Organization of this Paper

In Section 2] we measure the advice complexity as a function of the size of the
set of elements to cover, that is, n = |X|. We show that linear advice is both
sufficient and necessary to create optimal output. As for the trade-off between
an achievable constant competitive ratio ¢ and the number of advice bits, we
show an upper bound of n — ¢+ 2 and a lower bound that matches up to some
factor depending on c. In Section [3] we give bounds in the size m of S. Here,
we also show that linear advice is necessary and sufficient to be optimal; this
is tight up to a factor of (log3)/3. We prove a lower bound of logm/c — 1 for
achieving c-competitiveness and an upper bound of roughly m — ¢ - m/logm.

2 Bounds Measured in the Size of X

First, let us analyze the information complexity of the problem, that is, the
advice complexity for calculating an optimal solution [12]. In the following, we
show that a number of advice bits linear in |X| is sufficient to create an optimal
output by a very easy argument.

Theorem 1. There exists an optimal online algorithm A with advice that uses
n — 1 advice bits.

We omit the proof due to a lack of space; see [15]. Although the above algorithm
is trivial, it is interesting to note that we are able to complement this result with
an almost matching lower bound to show that a linear number of advice bits is
also necessary to be optimal.

Theorem 2. At least log (N(n —1)) > n — 1log(n— 1) — 3 bits are necessary
for any online algorithm A with advice to achieve optimality, for any even n.

Proof. Let n be even. Consider the set S that contains all subsets of X of size
exactly n/2. Clearly, there are exactly N(n) such sets. Now ADpv requests n/2
items, starting with one fixed item z; (after which A has to start with choosing
a set from §). Clearly, one single set from S is sufficient to cover all requests.
Since A knows that z; is included in the set it has to choose, there are

n—1
n/2—1
remaining candidate sets. Observe that, since n is even, it holds that n/2 — 1 =

[(n—1)/2]. Consequently, there are exactly N(n — 1) sets left from which A has
to select one.
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Therefore, A needs to distinguish between N(n — 1) different advices to dis-
tinguish this many sets and if it reads strictly less than log (N (n — 1)) bits, this
merely enables A to choose among strictly less than N(n — 1) strategies which,
by Observation [Il is equivalent to choosing among this many deterministic al-
gorithms.

By the pigeonhole principle, there exist two distinct sets S and Ss (i. e., inputs
which both contain z1, but differ in at least one element) for which A chooses the
same deterministic strategy A € Alg(A). Clearly, A cannot be optimal in both
cases. Using Stirling’s approximation, we get

4(n—1)/2
2/ (n—1)m/2
which finishes the proof. (]

log(N(n—l))Zlog< >>n—%log(n—1)—3,

The next question we are dealing with is how many bits are necessary and
sufficient to achieve c-competitiveness.

Theorem 3. There exists a c-competitive online algorithm A with advice that
uses at most n — ((c — )k + 1) + [logk]| + 2[log [log k|| bits of advice where k
the size of an optimal solution.

Proof. Suppose that an optimal solution Opt covers all |X’| requests with k
elements from S. The number k can be communicated to A in a self-delimiting
way using [logk] + 2[log[logk]|] advice bits. Note that A may use at most
¢ - cost(Opt) = cost(Opt) + (¢ — 1)k sets to be c-competitive.

As in the proof of Theorem [l 0 writes the characteristic function of X’ onto
the advice tape. Recall that A knows the first element from X' that is requested
before it has to make any decision. Since A may use (¢ — 1)k additional sets in
comparison to Opt, it only needs to read the first n — (¢ — 1)k — 1 bits of advice,
compute the optimal solution Opt* for this sub-instance (which, of course, has a
smaller cost than Opt) and take one additional set for every requested element
not covered by Opt*. (]

Note that, for any k > 5, ¢ < ck +1—k — [logk] — 2[log[log k1] follows from

. k +logk + 2loglog k + 2
- k _ 1 b
which is true for any ¢ > 3. Together with Theorem [3] this implies the following
corollary.

Corollary 1. For any ¢ > 3, there exists a c-competitive online algorithm A
with advice for SETCOVER that uses at most n — c bits of advice and an optimal
solution that uses more than five sets. O

Next, generalizing the idea from the proof of Theorem [2 we show a lower bound
on the number of advice bits required for any online algorithm that achieves c-
competitiveness. To do so, we again consider an adversary Apv that plays against
some online algorithm A with advice, i. e., against 2° deterministic algorithms at
once (see Observation [I).
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Theorem 4. Any deterministic online algorithm with advice that reads at most
+1
log(<:)

2
(n—c c )c2 .

)

bits of advice is guaranteed to be strictly worse than c-competitive.

Proof. Let n be a multiple of ¢ + 1. In the following, for any given ¢, S consists
of all possible sets of size n/(c+ 1) in P(X). Similar to the previous discussion,
an adversary Apv chooses exactly n/(c+1) items such that there exists a unique
optimal solution that consists of exactly one set. Thus, a c-competitive algorithm
is allowed to choose ¢ sets at most.

Let A be an online algorithm that uses b bits of advice. We will determine a
number b such that all algorithms in Alg(A) fail to be c-competitive, that is, are
forced to choose at least ¢ + 1 sets. To this end, Abv proceeds in rounds, where
in each round all algorithms from Alg(A) are forced to choose an additional set
whereas there is an optimal solution that consists of only one single set for the
whole instance.

There are ¢ 4+ 1 rounds numbered 0,...,c. At the end of round 7, Abv has to
ensure that all algorithms have chosen at least ¢ + 1 sets so far. In each time
step, the algorithms in Alg(A) are partitioned into those that already chose an
additional set in the current round (these algorithms are said to be out for this
round) and those that did not yet choose an additional set.

Apv creates an input instance I = (i1, ...,y /(c+1)) that corresponds to exactly
one set in S. As in the proof of Theorem ] the item #; is fixed as z; (in round
0, i.e., before A produces any output) such that each algorithm in Alg(A) has to
choose a set containing x;. Subsequently, Abv enters round 1 and it chooses an
item such that as many algorithms from Alg(A) as possible are out for this round,
because they do not have the corresponding item covered yet. ADv continues in
this fashion until, eventually, round 1 is finished since all algorithms are out for
this round. The remaining rounds work analogously.

Let pg be 1 and py,...,p. be natural numbers such that Apv chooses p; el-
ements to finish round i, i.e., Abv chooses p; — p;—1 many items to force all
algorithms in Alg(A) to be out for round i. At the beginning of round r, there
are, in total, 2 subsets of S that were determined by the algorithms from Alg(A)
each of which contains the items of the earlier rounds. We can assume that there
is no uncovered item; otherwise, ADv requests exactly this one thus finishing
round 7. Clearly, we do not have to consider any algorithms that already chose
r + 1 sets in previous rounds. Therefore, Abv only deals with algorithms that
have chosen a total number of exactly r sets and, thus, at most rn/(c+1) items.
From these items, p,._1 are fixed already, because they were requested in previ-
ous rounds. Thus, there are rn/(c 4+ 1) — p,.—1 items that may be requested to
make one particular algorithm out for round r. Summing over all 2° algorithms,
the number of occurrences of all not yet requested items is at most

™
2b —pr_1 ).
<c—|—1 p 1)
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On the other hand, in the first time step of round r, Abv can choose from n—p,_1
items from X . It follows that the average number of occurrences of one selectable

item is at most
2b (CTl _pr—l)
n—=Ppr-1 .

Therefore, the least frequently covered item has already been covered by at most
that number of different algorithms in Alg(A). This is exactly the item i, 41
that Abpv chooses in this time step. Since any algorithm is out for this round if
it has chosen a family of sets not containing this item, in the subsequent steps,
we only have to focus on the remaining algorithms in Alg(A).

More generally, Abv can reduce the number of algorithms that are not out for
round 7 by a fraction of

™n

c+1_j
_ 3

or more, for j > p,_1, when taking the (j + 1)-th element of the instance I.
Hence, let s <rn/(c+ 1)+ 1 be a natural number such that

s—1 ™ —j
2" 1] % <1 (4)
J=pr—1 J

Then, it follows that p, < s. Note that, since r < c+1,n >rn/(c+1)>s—1
holds in (@), thus the fraction is well-defined. Moreover, there exists s such that
) holds, e.g., s =rn/(c+ 1) + 1. Therefore, the value of (@) is at most

s—1 'rnl r S—Ppr_1
2t ] C; —2b<c+1) : (5)

J=pr—1

Hence, to satisfy (@), it is sufficient to choose s such that

ot (L o <l &= s-— >b !
c+1 pr= log (c+1) —logr

Following this, we can choose

b
= 1 _1.
s Log (c+1)— long NERE e (6)

Clearly, Abv succeeds if it uses no more than n/(c + 1) items in total, which

means that .

LY (= pr) < (7)

1+§Q@J+l) Sczl
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which is implied by

n—c*—2c—1 1
n—c’—2c—1 log( e+l
b< ﬁz(n_(ﬁ_%_l)w
¢ c2+c
log( c-{l:l)

Hence, if b is smaller than claimed in the statement of the theorem, Apv can
make sure that any algorithm is worse than c-competitive, finishing the
proof. O

Note that, for the instances we constructed in the proof of Theorem [ there exists
a very easy deterministic online algorithm that achieves (¢+ 1)-competitiveness.
Indeed, it is sufficient to use ¢ + 1 disjoint sets from S to cover all items from
X . This means that, for such instances, we observe a very interesting threshold:
For being a little better, we have to pay with using a linear number of advice
bits instead of using no advice at all. Since

c+1

log (<)
~arc <

(n—c®—2c—1)

for any constant ¢, we immediately obtain the following statement.

Corollary 2. Any online algorithm with advice that achieves a constant com-
petitive ratio ¢, is required to use a number of advice bits linear in n. Therefore,
the upper bound of Theorem [3 is tight up to a constant factor.

3 Bounds Measured in the Size of S

In the previous section, we measured the advice complexity in the number of
elements, |X|. Now we look at the online SETCOVER problem from a different
perspective by measuring the advice in the number of sets given, |S|. As we
discuss at the end of this section, we obtain bounds that are not comparable
with those presented in the previous section.

At first, let us consider the advice needed to create an optimal output. Encod-
ing the characteristic function of the sets that are used by an optimal solution
immediately gives the following result.

Theorem 5. There exists an optimal online algorithm A that uses m bits of
advice.

As in the previous section, this very naive approach is asymptotically the best
we can hope for.
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Theorem 6. Any online algorithm A with advice needs at least (mlog3)/3 — 2
advice bits to be optimal.

Proof. For any m, let m’ be the largest number that is smaller than or equal
to m and that is a multiple of 3, i.e., m’ > m — 2. Moreover, let n := 4m’/3.
Apv chooses X such that there are n/4 items yi,...,¥,,4 and 3n/4 items z; ;,
1€ {1,2,3}, 5 € {1,...,n/4}. After that, Apv sets S to contain exactly the
following sets. For k € {1,...,n/4}, there are three sets {yx, 1,5}, {Uk, 2,1},
and {yx, z3k}. Since S has to be of size m, Abv adds m —m’ many dummy sets
to S that each contain one unique item y; only; these sets are never considered
by any optimal solution (which A may assume, because they are subsets of other
sets).

Next, Apv requests all items y;; hence, since each request has to be satisfied,
A has to fix n/4 sets to cover all items. After that, for every i, ADV requests
one of the three items x; ;, z2;, and z3;. Note that any combination leads to
a distinct optimal solution that consists of exactly m'/3 sets. This way, A has
to correctly choose one of 3™/3 possible families as answers for the first m’ /3
requests. If, however, A uses less than log 3™'/3 advice bits, then, by applying
the pigeonhole principle, there must be two identical advices for two different
sequences of correct answers. Thus, Abv can choose the one not chosen by the
algorithm. Consequently, a lower bound on the advice complexity is

2

log3’”//3 > mT—Q log 3 > ml§g3 —

which is larger than m/2 for m tending to infinity. |
Let us now consider algorithms that aim at achieving c-competitiveness.
Theorem 7. For any ¢ < logm + 1,

(c—1)m

SR LR |
[logm]—i—c—l—i—

bits are sufficient to achieve c-competitiveness.

The proof is omitted due to space constraints, see [I5]. We now show a lower
bound on yielding c-competitiveness measured in m. This way, we obtain a
slightly better lower bound than that one that is directly implied by the lower
bound measured in n from the previous section.

Theorem 8. Any online algorithm A with advice needs to read at least [logm/c—
17 bits of advice to be c-competitive.

This proof is also omitted due to space constraints [I5]; the lower bound on the
trade-off between ¢ and b is shown in Figure [l

Compare these results to the ones measured in n from the previous section. As
for optimality, in Theorem [6 we had 4m/3 > n > 4(m — 2)/3, and thus m <
(3n + 8)/4 yielding a lower bound of less than (n + 3) log 3/4, which is worse than
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Number of advice bits

4000  Number of sets

Fig. 1. The competitive ratio ¢ > 1 and the advice bits b required depending on m

the one of Theorem[2l On the other hand, in the proof of Theorem[2] we had m =
N (n) which means that it merely gives a logarithmic lower bound in m, whereas
Theorem[@lgives a linear lower bound. If we look at the trade-off between the advice
bits and the competitive ratio, in Theorem[8, we clearly have m = (« + 1)¢ and

n=>y.i,(a+1) = % Thus, Theorem Rl yields a lower bound that is
logarithmic in n and is therefore worse than the one of Theorem Ml Furthermore,
inspecting this theorem, we observe that here m = (n/(Z+1)) > (c+1)7/(e+1) and

the bound of Theorem Rlis better with respect to m and c.

4 Conclusion

In Section Bl we encoded information about the input on the advice tape such
that A still had to compute the solution itself. Therefore, it was left with solv-
ing an A'P-hard problem. As common in online computation, this concept of
unconditional hardness is used to analyze the algorithm’s output quality while
neglecting its runtime.

On the other hand, the upper bounds with respect to the size of |S| pre-
sented in Section [B] encode information about the solution; thus, the resulting
algorithms run in polynomial time. In general, it makes sense to analyze the
advice complexity of efficient online algorithms. Almost nothing is known about
the comparison of online algorithms with advice with unrestricted and restricted
runtime, opening an interesting field for further research.
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Abstract. We initiate the study of constraint satisfaction problems
(CSPs) in the presence of counting quantifiers, which may be seen as
variants of CSPs in the mould of quantified CSPs (QCSPs).

We show that a single counting quantifier strictly between 32! := 3
and 32" :=V (the domain being of size n) already affords the maximal
possible complexity of QCSPs (which have both 3 and V), being Pspace-
complete for a suitably chosen template.

Next, we focus on the complexity of subsets of counting quantifiers
on clique and cycle templates. For cycles we give a full trichotomy — all
such problems are in L, NP-complete or Pspace-complete. For cliques we
come close to a similar trichotomy, but one class remains outstanding.

Afterwards, we consider the generalisation of CSPs in which we
augment the extant quantifier 32 := 3 with the quantifier 327 (5 # 1).
Such a CSP is already NP-hard on non-bipartite graph templates. We
explore the situation of this generalised CSP on bipartite templates,
giving various conditions for both tractability and hardness — culminating
in a classification theorem for general graphs.

Finally, we use counting quantifiers to solve the complexity of a
concrete QCSP whose complexity was previously open.

1 Introduction

The constraint satisfaction problem CSP(B), much studied in artificial intelli-
gence, is known to admit several equivalent formulations, two of the best known
of which are the query evaluation of primitive positive (pp) sentences — those
involving only existential quantification and conjunction — on B, and the homo-
morphism problem to B (see, e.g., [I8]). The problem CSP(B) is NP-complete in
general, and a great deal of effort has been expended in classifying its complexity
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for certain restricted cases. Notably it is conjectured [I5lJ6] that for all fixed B,
the problem CSP(B) is in P or NP-complete. While this has not been settled in
general, a number of partial results are known — e.g. over structures of size at
most three [25/5] and over smooth digraphs [T6/I].

A popular generalisation of the CSP involves considering the query evaluation
problem for positive Horn logic — involving only the two quantifiers, 3 and V,
together with conjunction. The resulting quantified constraint satisfaction prob-
lems QCSP(B) allow for a broader class, used in artificial intelligence to capture
non-monotonic reasoning, whose complexities rise to Pspace-completeness.

In this paper, we study counting quantifiers of the form 327, which allow one
to assert the existence of at least j elements such that the ensuing property
holds. Thus on a structure B with domain of size n, the quantifiers 32! and 32"
are precisely 3 and V, respectively. Counting quantifiers have been extensively
studied in finite model theory (see [11122]), where the focus is on supplementing
the descriptive power of various logics. Of more general interest is the majority
quantifier 327/2 (on a structure of domain size n), which sits broadly midway
between 3 and V. Majority quantifiers are studied across diverse fields of logic and
have various practical applications, e.g. in cognitive appraisal and voting theory
[10]. They have also been studied in computational complexity, e.g., in [19].

We study variants of CSP(B) in which the input sentence to be evaluated
on B (of size |B|) remains positive conjunctive in its quantifier-free part, but is
quantified by various counting quantifiers.

For X C {1,...,|B|}, X # 0, the X-CSP(B) takes as input a sentence given
by a conjunction of atoms quantified by quantifiers of the form 327 for j € X.
It then asks whether this sentence is true on B. The idea to study {1,...,|B|}-
CSP(B) is originally due to Andrei Krokhin.

In Section Bl we consider the power of a single quantifier 327. We prove that
for each n > 3, there is a template B,, of size n, such that 327 (1 < j < n)
already has the full complexity of QCSP, i.e., {j}-CSP(B,,) is Pspace-complete.

In Section @ we go on to study the complexity of subsets of our quantifiers
on clique and cycle templates, IC,, and C,,, respectively. We derive the following
classification theorems.

Theorem 1. Forn € N and X C {1,...,n}:
(i) X-CSP(Ky) isin Lifn<2or XN{1,...,|n/2]} =0.
(ii) X-CSP(K,) is NP-complete if n > 2 and X = {1}.
(iii) X-CSP(K,,) is Pspace-complete if n > 2 and either j € X for1 < j<n/2
or {1,j} C X forj € {[n/2],...,n}.

This is a near trichotomy — only the cases where n is even and we have the
quantifier 32™/2 remain open. For cycles, however, the trichotomy is complete.

Theorem 2. Forn > 3 and X C {1,...,n}, the problem X-CSP(C,,) is either
in L, is NP-complete or is Pspace-complete. Namely:
(i) X-CSP(C,) eLifn=4, or1 ¢ X, ornis even and XN{2,...,n/2} = 0.
(i1) X-CSP(C,,) is NP-complete if n is odd and X = {1}.
(i1i) X-CSP(Cy,) is Pspace-complete in all other cases.
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In Section Bl we consider {1,j}-CSP(H), for j # 1 on graphs. The CSP is
already NP-hard on non-bipartite graph templates. We explore the situation of
this generalised CSP on bipartite graph templates, giving various conditions for
both tractability and hardness, using and extending results of Section @l We are
most interested here in the distinction between P and NP-hard. To understand
which of these cases are Pspace-complete would include as a subclassification
the Pspace-complete cases of QCSP(H), a question which has remained open
for five years [21I]. We give a classification theorem for graphs in fragments of
the logic involving bounded use of 322 followed by unbounded use of 3. In the
case of QCSP (32" instead of 322), this is perfectly natural and is explored with
bounded alternations in, e.g., [SJ9/17], and with bounded use of ¥ = 32" in [7].
We prove that either there exists such a fragment in which the problem is NP-
hard or for all such fragments the problem is in P.

Afterwards in Section [, we use counting quantifiers to solve the complexity
of QCSP(C}), where Cj is the reflexive 4-cycle, whose complexity was previously
open. Finally, in Section [1, we give some closing remarks and open problems.

2 Preliminaries

Let B be a finite structure over a finite signature ¢ whose domain B is of car-
dinality |B|. For 1 < j < |B|, the formula 329z ¢(x) with counting quantifier
should be interpreted on B as stating that there exist at least j distinct elements
b € B such that B = ¢(b). Counting quantifiers generalise existential (3 := 3=1),
universal (V := 32151) and (weak) majority (32181/2) quantifiers. Counting quan-
tifiers do not in general commute with themselves, viz 327 x327y #£ F2iy3I2iy
(in contrast, 3 and V do commute with themselves, but not with one another).

For ) # X C {1,...,|B|}, the X-CSP(B) takes as input a sentence of the
form ¢ = Q121Q222 ... QmTm &(x1,22,...,2Tm), where ¢ is a conjunction of
positive atoms of o and each Q; is of the form 327 for some j € X. The set of
such sentences forms the logic X-pp (recall the pp is primitive positive). The
yes-instances are those for which B | @. Note that all problems X-CSP(B) are
trivially in Pspace, by cycling through all possible evaluations for the variables.

The problem {1}-CSP(B) is better-known as just CSP(B), and {1,|B|}-
CSP(B) is better-known as QCSP(B). We will consider also the logic [2™1*]-pp
and restricted problem [2™1*]-CSP(B), in which the input {1,2}-pp sentence
has prefix consisting of no more than m 322 quantifiers followed by any number
of 3 quantifiers (and nothing else).

A homomorphism from A to B, both o-structures, is a function h : A — B
such that (ai,...,a,) € RA implies (h(a;),...,h(a,)) € RB, for all relations
R of 0. A frequent role will be played by the retraction problem Ret(B) in
which one is given a structure A containing B, and one is asked if there is a
homomorphism from A to A that is the identity on B. It is well-known that
retraction problems are special instances of CSPs in which the constants of the
template are all named [12].

In line with convention we consider the notion of hardness reduction in proofs
to be polynomial many-to-one (though logspace is sufficient for our results).
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2.1 Game Characterisation

There is a simple game characterisation for the truth of sentences of the logic X-
pp on a structure B. Given a sentence ¥ of X-pp, and a structure B, we define
the following game 4 (¥,B). Let ¥ := Q121Q2%2 ... QmTm V(x1,T2, ..., Tm).
Working from the outside in, coming to a quantified variable 327z, the Prover
(female) picks a subset B, of j elements of B as witnesses for x, and an Adversary
(male) chooses one of these, say by, to be the value of z. Prover wins iff B =
Y(bgy,bayy .., bz, ). The following comes immediately from the definitions.

Lemma 1. Prover has a winning strategy in the game 4 (W, B) iff B =W.

We will often move seemlessly between the two characterisations of Lemmalll
One may alternatively view the game in the language of homomorphisms. There
is an obvious bijection between o-structures with domain {1,...,m} and con-
junctions of positive atoms in variables {v1,..., vy, . From a structure B build
the conjunction ¢g listing the tuples that hold on B in which element ¢ corre-
sponds to variable v;. Likewise, for a conjunction of positive atoms v, let Dy, be
the structure whose relation tuples are listed by 1, where variable v; corresponds
to element i. The relationship of B to ¢ and ¢ to Dy is very similar to that
of canonical query and canonical database (see [18]), except there we consider
the conjunctions of atoms to be existentially quantified. For example, K3 on do-
main {1,2,3} gives rise to ¢ic, := vy, v2,vs E(v1,v2) A E(ve,v1) A E(va,v3)A
E(vs,v2) A E(vs,v1) A E(vs,v1). The Prover-Adversary game ¢(¥, B) may be
seen as Prover giving j potential maps for element x in Dy, (¢ is quantifier-
free part of ¥) and Adversary choosing one of them. The winning condition for
Prover is now that the map given from D, to B is a homomorphism.

In the case of QCSP, i.e. {1,|B]|}-pp, each move of a game ¢ (¥, B) is trivial
for one of the players. For 32! quantifiers, Prover gives a singleton set, so Adver-
sary’s choice is forced. In the case of 328! quantifiers, Prover must advance all
of B. Thus, essentially, Prover alone plays 32! quantifiers and Adversary alone
plays 318! quantifiers.

3 Complexity of a Single Quantifier

In this section we consider the complexity of evaluating X-pp sentences when X
is a singleton, i.e., we have at our disposal only a single quantifier.

Theorem 3.

(1) {1}-CSP(B) (i.e. CSP(B)) is in NP for all B. For each n > 2, there exists
a template By, of size n such that {1}-CSP(B,,) is NP-complete.

(2) {|B|}-CSP(B) is in L for all B.

(3) For each n > 3, there exists a template By, of size n such that {j}-CSP(B,,)
is Pspace-complete for all 1 < j < n.

Proof. Parts (1) and (2) are well-known (see [23], resp. [20]). For (3), let Bxar
be the Boolean structure on domain {0,1} with a single ternary not-all-equal
relation Ryag := {0,1}3\ {(0,0,0),(1,1,1)}. To show Pspace-completeness, we
reduce from QCSP(Byag), the quantified not-all-equal-3-satisfiability (see [23]).
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We distinguish two cases.

Case I: j < |n/2]. Define B,, on domain {0,...,n — 1} with a single unary
relation U and a single ternary relation R. Set U :={0,...,j — 1} and set

R:={0,....,n—1}3\ {(a,b,¢) : a,b,c either all odd or all even}.

The even numbers will play the role of false 0 and odd numbers the role of true 1.

Case II: j > [n/2]. Define B,, on domain {0,...,n — 1} with a single unary
relation U and a single ternary relation R. Set U := {0,...,j — 1} and set
R:=1{0,...,n—1}*\ {(a,b,¢) : a,b,c <n— j and either all odd or all even}.
In this case even numbers < n — j play the role of false 0 and odd numbers
< n — j play the role of true 1. The j — 1 numbers n — j + 1,...,n — 1 are
somehow universal and will always satisfy any R relation.

The reduction we use is the same for Cases I and II. We reduce QCSP(Bnag)
to {j}-CSP(B,,). Given an input ¥ := Q121Q2%2 . .. QmTm Y(z1, T2, ..., Tm) tO
the former (i.e. each @; is 3 or V) we build an instance ¥’ for the latter. From
the outside in, we convert quantifiers 3z to 3272. For quantifiers Yz, we convert
also to 3272, but we add the conjunct U(xz) to the quantifier-free part .

We claim Byag E ¥ iff B,, | ¥’'. For the 3 variables of ¥, we can see that
any j witnesses from the domain B,, for 327 must include some element playing
the role of either false 0 or true 1 (and the other j — 1 may always be found
somewhere). For the V variables of ¥, U forces us to choose both 0 and 1 among
the 327 (and the other j — 2 will come from 2,...,j — 1). The result follows. (J

4 Counting Quantifiers on Cliques and Cycles

4.1 Cliques: Proof of Theorem [

Recall that K, is the complete irreflexive graph on n vertices.

Fig. 1. The gadget G;

Proposition 1. If 1 < j, then {j}-CSP(Kgj11) is Pspace-complete.
Proof. By reduction from QCSP (K(2jj—1)), quantified (2jj+1> -colouring, which is
Pspace-complete by [4]. The key part of our proof involves the gadget G;, in Fig-

ure[l] having vertices z1, ..., %;,Y1,-- -, Y;, 21, - - - , Zj, w and all possible edges be-
tween {z1,...,z;} and {z1,...,2;}, and between w and {y1,...,y;,21,...,2}
The left 25 vertices represent free variables x1,...,2;, y1,...,y;. Observe that

Elzjzl,...,zj,w ¢g,; is true on Kojp1 iff [{z1,..., 25} 0 {ys,...,y;}| < j. If
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Hz1,...,z;} = {v1,---,y;}| = J, this is equivalent to {z1...2;} # {y1...y;}
Thus this gadget will help us to encode the edge relation on KC/2;+1\ where we
represent vertices by sets {a1,...,a;} C {1,...,25 + 1} with |{a1,g. ait =7

Consider an instance ¥ of QCSP (’C(2j]—_l—1)>. We construct the instance ¥’ of
{j}-CSP(K2;+1) as follows. From the graph Dy, build Dy by transforming each
vertex v into an independent set of j vertices {v!,...,v7}, and each edge uv of
Dy to an instance of the gadget G; in which the 2j free variables correspond to
ul, ... uf vl ... v7. The other variables of the gadget {21, ..., zj, w} are unique
to each edge and are quantified innermost in ¥’ in the order z1, ..., z;, w.

It remains to explain the quantification of the variables of the form ol 00
We follow the quantlﬁer order of ¥. Existentially quantified variables 311 of ¥

are quantified as 329v!,... v/ in ¥'. Universally quantified variables Vv of ¥
are also quantified 327v',...,v7 in ¥/, but we introduce additional variables
obl oot B3It before vl ..., 07 in the quantifier order of
¥’  and for each i € {1,... ,]} we join v®1, ..., v *! into a clique with v’

It is now not difficult to verify that K(ij-l) Eiff Kojpq V. O

Corollary 1. If 1 < j <n/2, then {j}-CSP(K,,) is Pspace-complete.

Proof. We reduce from {j}-CSP(K3;41) and appeal to Proposition [Il Given
an input ¥ for {j}-CSP(K2j4+1), we build an instance ¥’ for {j}-CSP(K,,) by
adding an (n — 2j — 1)-clique on new variables, quantified outermost in ¥’, and
link by an edge each variable of this clique to every other variable. Adversary
chooses n — 2j — 1 elements of the domain for this clique, effectively reducing
the domain size to 25 + 1 for the rest. Thus KC,, = ¥’ iff Cg;41 = ¥ follows. O

Proposition 2. If1 < j <n, then {1, j}-CSP(K,,) is Pspace-complete.

Proof. By reduction from QCSP(/C,,). We simulate existential quantification Jv
by itself, and universal quantification Vv by the introduction of (n — j 4+ 1) new
variables v', ..., 0", joined in a clique with v, and quantified by 327 before v
(which is also quantified by 327). The argument follows as in Proposition [l [J

Define the n-star K, to be the graph on vertices {0,1,...,n} with edges
{(0,7),(4,0) : j > 1} where 0 is called the centre and the remainder are leaves.

Proposition 3. If X N{1,...,|[n/2]} =0, then X-CSP(K,,) is in L.

Proof. Instance ¥ of X-CSP(K,,) of the form 32M gy ... 32 g, h(2y, ..., 2m)
induces the graph D,,, which we may consider totally ordered (the order is given
left-to-right ascending by the quantifiers). We claim that KC,, = & iff D, does
not contain as a subgraph (not necessarily induced) a (n — A; + 1)-star in which
the n — A; + 1 leaves all come before the centre x; in the ordering.

(=) If Dy contains such a star, then ¥ is a no-instance, as we may give a
winning strategy for Adversary in the game ¢ (¥, K,,). Adversary should choose
distinct values for the variables associated with the n — \; + 1 leaves of the star
(can always be done as each of the possible quantifiers assert existence of > n/2
elements and n — \; < n/2), whereupon there is no possibility for Prover to
choose \; witnesses to the variable z; associated with the centre.
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(<) If Dy does not contain such a star, then we give the following winning
strategy for Prover in the game 4 (¥, K,,). Whenever a new variable comes up, its
corresponding vertex in Dy, has | < n—\; +1 adjacent predecessors, which were
answered with b1, ..., ;. Prover suggests any set of size A; from B\ {b1,...,b;}
(which always exists) and the result follows. O

Proof of Theorem [Il For n < 2 see [21], and for (ii) see [16]. The remainder
of (i) is proved as Proposition [l while Corollary [[land Proposition 2l give (iii). O

4.2 Cycles: Proof of Theorem

Recall that C,, denotes the irreflexive symmetric cycle on n vertices. We consider

Cn to have vertices {0,1,...,n — 1} and edges {(i,7) : |i —j| € {1,n—1}}.
In the forthcoming proof, we use the following elementary observation from

additive combinatorics. Let n > 2, 7 > 1, and A, B be sets of integers. Define:

. A—i—,LB:{(a—I—b) modn|a€A,b€B} o X, A=A+,...+, A
—_———

Lemma 2. Letn >3 and 2 < j < n. Then J times
]jxn{—1,+1}]_{3+1 n is odd

min {3 + 1,n/2} n is even
‘”Xn{—1,+1}’—‘nxn{_Q’o,_,_Q}‘_{n n is odd

n/2 mnis even

Proposition 4. Ifn > 3, then X-CSP(C,,) isin L ifn=4, or 1 € X, orn is
even and X N{2,3...,n/2} =0,

Proof. Let ¥ be an instance of X-CSP(C,). Recall that D, is the graph corre-
sponding to the quantifier-free part of ¥. We write x < y if x,y are vertices of
Dy (i.e., variables of 1) such that z is quantified before y in ¥. For an edge zy of
Dy where x < y, we say that x is a predecessor of y. Note that a vertex can have
several predecessors. The following restricts the yes-instances of X-CSP(C,,).

Let x be a vertex of Dy quantified in W by 327 for some j. If C,, = ¥ then

(1a) if j > 3, then © has no predecessors,

(1b) if n is even and j > n/2, then x is the first vertex (w.r.t. <) of some
connected component of Dy, and

(1c) if n # 4 and j = 2, then all predecessors of x except for its first predecessor
(w.r.t. <) are quantified by 3=*.

Using these we prove the proposition. First, we consider the case n = 4. We show
that {1,2,3,4}-CSP(Cy) is in L. This will imply that X-CSP(C,) is in L for every
X . Observe that if Dy, contains a vertex  quantified by 323 or 324, then by (1b)
this vertex is the first in its component (if ¥ is not a trivial no-instance). Thus
by symmetry replacing its quantification by 32! does not change the truth of ¥.
So we may assume that ¥ is an instance of {1,2}-CSP(C,). We now claim that
C4 E ¥ if and only if Dy, is bipartite. Clearly, if Dy is not bipartite, it has no
homomorphism to C4 and hence Cy j= ¥. Conversely, assume that Dy, is bipartite
with bipartition (A, B). Our strategy for Prover offers the set {0, 2} or its subsets
for the vertices in A and offers {1, 3} or its subsets for every vertex in B. It is easy
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to verify that this is a winning strategy for Prover. Thus C4 |= ¥. The complexity
now follows as checking (1b) and checking if a graph is bipartite is in L by [24].

Now, we may assume n # 4, and next we consider the case 1 ¢ X. If also
2 ¢ X, then by (1la) the graph D, contains no edges (otherwise ¥ is a trivial
no-instance). This is clearly easy to check in L. Thus 2 € X. We claim that if we
satisfy (1la) and (1lc), then C,, &= ¥. We provide a winning strategy for Prover.
Namely, for a vertex x, if z has no predecessors, offer any set for x. If z has a
unique predecessor y for which the value i was chosen, then x is quantified by
322 (or 3) by (1a) and we offer {i — 1,7+ 1} (mod n) for . There are no other
cases by (la) and (1c). It follows that Prover always wins with this strategy. In
terms of complexity, it suffices to check (1a) and (1c) which is in L.

Finally, suppose that n is even and XN{2...n/2} = (). Note that every vertex
of Dy is either quantified by 32! or by 32/ where j > n/2. Thus, using (1b),
unless ¥ is a trivial no-instance, we can again replace every 327 in ¥ by 32!
without changing the truth of ¥. Hence, we may assume that ¥ is an instance
of {1}-CSP(C,). Thus, as n is even, C,, = ¥ if and only if Dy, is bipartite. The
complexity again follows from [24]. That concludes the proof. O

Proposition 5. Let n > 3. Then X-CSP(C,,) is Pspace-complete if n # 4 and
{1,j} C X: where j € {2,...,n} if n is odd and j € {2,...,n/2} if n is even.

Proof. By reduction, namely a reduction from QCSP(C,,) for odd n, and from
QCSP(K,,/2) for even n. Both problems are known to be Pspace-hard [4].
First, consider the case of odd n. Let ¥ be an instance of QCSP(C,,). In other
words, ¥ is an instance of {1, n}-CSP(C,). Clearly, j < n otherwise we are done.
We modify ¥ by replacing each universally-quantified variable z of ¥ by a
path. Namely, let 7, denote the pp-formula that encodes that

1 ,.1 1 2 .2 2 n ,.n n
Ty Lgy e Tjqy BT 85wy Tigy oo HE], LY, T, &
is a path in that order (all but = are new variables). We replace Va by
— 32j.1 3252 >j,n 327 >1,.1 >1,.1 >1,..n >1,.n
Qe = Iy Iy, Iy I I= ey Iy L I ay T

and append 7, to the quantifier-free part of the formula. Let ¥’ denote the final
formula after considering all universally quantified variables. Note that ¥’ is an
instance of {1, j}-CSP(C,,). We claim that C,, = ¥ if and only if C,, = ¥'.

To do this, it suffices to show that ¥’ correctly simulates the universal quan-
tifiers of ¥. Namely, that C,, = Q,7,, and for each £ € {0...n — 1}, Adversary
has a strategy on @, 7, that evaluates x to £. (We omit further details.)

It remains to investigate the case of even n. Recall that n > 6 and j < n/2.
We show a reduction from QCSP(K,, /2) to {1,j}-QCSP(C,). The reduction is a
variant of the construction from [13] for the problem of retraction to even cycles.

Let ¥ be an instance of QCSP(K,,/2), and define r = (—n/2 —2) mod (j —1).
We construct a formula ¥’ from ¥ as follows. First, we modify ¥ by replacing
universal quantifiers exactly as in the case of odd n. Namely, we define @,
and 7, as before, replace each Yz by @Q,, and append 7, to the quantifier-free
part of the formula. After this, we append to the formula a cycle on n vertices
Vo, V1,-..,Un—1 with a path on r + 1 vertices wq,wn,...,w,. (See the black
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n/2—2
e N wy wy wo
o—Oo— - ° —e .
x Un—1 J.UO

3n/2 copies of Cp,

Fig. 2. The gadget for the case of even n where r = (—n/2 — 2) mod (j — 1)

vertices in Figure P1) Then, for each edge zy of D, we replace E(z,y) in ¥
by the gadget depicted in Figure 2] (consisting of the cartesian product of C,
and a path on 3n/2 vertices together with two attached paths on n/2 — 2, resp.
r + 1 vertices). The vertices = and y represent the variables  and y while all
other white vertices are new variables, and the black vertices are identified with
VQy v v ey Un_1,W0,...,w, introduced in the previous step.

Finally, we prepend the following quantification to the formula:

Hzl’wo szvj_r_z szvgj_r_g N szv(k-jfrfkfl) N szvn/ngl

followed by 32! quantification of all the remaining variables of the gadgets.

We prove that K, /, = ¥ if and only if C,, = ¥'. First, we show that ¥’
correctly simulates the universal quantification of ¥. The argument for this is
essentially the same as in the case of odd n. Next, we need to analyse possible
assignments to the vertices vy, ..., v,—1. There are two cases: either the values
chosen for vy, ..., v,—1 are all distinct, or not. In the former, we show that Prover
can complete the homomorphism to C, if and only if K, /o = ¥. All other cases
are degenerate and have to be addressed separately. (We omit the details.) O

Proof of Theorem [2I The case (i) is proved as Proposition @l and the case
(ii) follows from [I6]. Finally, the case (iii) is proved as Proposition [l O

5 Extensions of the CSP

In this section we consider single-quantifier extensions of the classical CSP(B),
i.e., the evaluation of X-pp sentences, where X := {1, ;} for some 1 < j < |B].

5.1 Bipartite Graphs

In the case of (irreflexive, undirected) graphs, it is known that {1}-CSP(#H) =
CSP(H) is in L if H is bipartite and is NP-complete otherwise [16] (for mem-
bership in L, one needs also [24]). It is also known that something similar holds
for {1, |H|}-CSP(H) = QCSP(H) — this problem is in L if # is bipartite and is
NP-hard otherwise [2I]. Of course, the fact that {1, j}-CSP(#) is hard on non-
bipartite H is clear, but we will see that it is not always easy on bipartite .
First, we look at complete bipartite graphs (in a more general statement).
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Proposition 6. Let Ky ; be the complete bipartite graph with partite sets of size
k and 1. Then {1,...,k+1}-CSP(Ky,) is in L.

Proof. We reduce to QCSP (K1), where K3 indicates Kz with one vertex named
by a constant, say 1. QCSP(K3) is equivalent to QCSP(K2) (identify instances
of 1 to a single vertex) and both are well-known to be in L (see, e.g., [2I]). Let
¥ be input to {1,...,k 4+ I}-CSP(Kk,;). Produce ¥’ by substituting quantifiers
327 with 3, if j < min{k, [}, or with V, if j > max{k,}. Variables quantified by
327 for min{k,(} < j < max{k,[} should be replaced by the constant 1. It is
easy to see that Kp; = ¥ iff Ko =¥/, and the result follows. O

Proposition 7. For each j, there exists m s.t. [21*]-CSP(Cq;) is NP-complete.

Proof. Membership in NP follows because m is bounded — one may try all
possible evaluations to the 322 variables. NP-hardness follows as in the proof of
case (iii) of Theorem 2} but we are reducing from CSP(K,, /2) not QCSP(K,, /2).
As a consequence, the only instances of 322 we need to consider are those used
to isolate the cycle Ca; (one may take m := j + 3). O

Corollary 2. If H is bipartite and (for j > 3) contains some Ca; but no smaller
cycle, then exists m s.t. [2M1*]-CSP(H) is NP-complete.

Proof. Membership and reductions for hardness follow similarly to Proposi-
tion [l The key part is in isolating a copy of the cycle, but we can not do this
as easily as before. If d is the diameter of H (the maximum of the minimal
distances between two vertices) then we begin the sentence ¥’ of the reduc-
tion with 322v1,...,v411, and then, for each i € {1,...,d — j + 1} we add
3222, 2}, ..., 2" (j — 1 dashes) and join v;, ..., vitj, 24, ..., 2; in a 2i-cycle
(with E(x;,v;) also). For each of these d — j + 1 cycles Cy; we build a separate
copy of the rest of the reduction. We can not be sure which of these cycles is
evaluated truly on some Cy;, but at least one of them must be. O

In passing, we note the following simple propositions.

Proposition 8. If j € {2,...,n— 3} then one may exhibit a bipartite H; of size
n such that {1,j}-CSP(H;) is Pspace-complete.

Proof. The case j = 2 follows from Theorem [2} assume j > 3. Take the graph
Cs and construct H; as follows. Augment Cs with j —3 independent vertices each
with an edge to vertices 1, 3 and 5 of Cg. Apply the proof of Theorem[with #;. O

Proposition 9. Let ‘H be bipartite with largest partition in a connected compo-
nent of size < j. Then {1, j}-CSP(H) is in L.

Proof. We will consider an input ¥ to {1, j}-CSP(H) of the form Q121 Q22 ...
QmTm Y(x1,T2,...,7my). An instance of an 327 variable is called trivial if it has
neither a path to another (distinct) 327 variable, nor a path to an 3 variable
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that precedes it in the natural order on Dy. The key observation here is that
any non-trivial 327 variable must be evaluated on more than one partition of a
connected component. If in ¥ there is a non-trivial 327 variable, then ¥ must
be a no-instance (as 32/s must be evaluated on more than one partition of a
connected component, and a path can not be both even and odd in length).
All other instances are readily seen to be satisfiable. Detecting if ¥ contains a
non-trivial 327 variable is in L by [24], and the result follows. O

We note that Proposition B is tight, namely in that {1,;j}-CSP(#) is in L if
je{1,|H|-2,|H|—1,|H|}. (For space restrictions, we omit the details.)

Proposition 10. If H is bipartite and contains C4, then ¥ € {1,2}-CSP(C4) iff
the underlying graph Dy of ¥ is bipartite. In particular, {1,2}-CSP(H) is in L.

Proof. Necessity is clear; sufficiency follows by the canonical evaluation of 321
and 322 on a fixed copy of C4 in H. Membership in L follows from [24]. |

Proposition 11. Let H be a forest, then [2™1*|-CSP(H) is in P for all m.

Proof. We evaluate each of the m variables bound by 322 to all possible pairs,
and what we obtain in each case is an instance of CSP(H') where H’' is an
expansion of H by some constants, i.e., equivalent to the retraction problem. It
is known that Ret(#) is in P for all forests H [14], and the result follows. O

We bring together some previous results into a classification theorem.

Theorem 4. Let H be a graph. Then
- [2™1*]-CSP(H) € P for allm, if H is a forest or a bipartite graph containing Cy
- [2™1*]-CSP(H) is NP-complete from some m, if otherwise.

Proof. Membership of NP follows since m is fixed. The cases in P follow from
Propositions [Tl and [[0}] Hardness for non-bipartite graphs follows from [16] and
for the remaining bipartite graphs it follows from Corollary (]

6 The Complexity of QCSP(C})

Let C; be the reflexive 4-cycle. The complexities of Ret(Cg) and Ret(Cy) are
both hard (NP-complete) [I3I12], and retraction is recognised to be a “cousin”
of QCSP (see [2]). The problem QCSP(Cs) is known to be in L (see [21]), but the
complexity of QCSP(C}) was hitherto unknown. Perhaps surprisingly, we show
that is is markedly different from that of QCSP(Cg), being Pspace-complete.

Proposition 12. {1,2,3,4}-CSP(C}) is Pspace-complete.
Corollary 3. QCSP(Cy) is Pspace-complete.

The proofs of these claims are based on the hardness of the retraction problem to
reflexive cycles [12] and are similar to our proof of the even case of Proposition[fl
While QCSP(Cy) has different complexity from QCSP(Cs), we remark that the
better analog of the retraction complexities is perhaps that {1,|Cj|}-CSP(C})
and {1, |Cs|/2}-CSP(Cs) do have the same complexities (recall the reductions
to Ret(C}) and Ret(Cg) involved CSP(K|cx|) and CSP(K|cq)/2), respectively.
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7 Conclusion

We have taken first important steps to understanding the complexity of CSPs
with counting quantifiers, even though several interesting questions have resisted
solution. We would like to close the paper with some open problems.

In Section [T, the case n = 2j remains. When j = 1 and n = 2, we have
{1}-CSP(K3)=CSP(K2) which is in L by [24]. For higher j, the question of the
complexity of {j}-CSP(Kq;) is both challenging and open.

We would like to prove the following more natural variants of Theorem [l
whose involved combinatorics appear to be much harder.

Conjecture 1. Let ‘H be a graph. Then
— [2*1*]-CSP(H) is in P, if H is a forest or a bipartite graph containing Cy,
— [2*1*]-CSP(#) is NP-hard, if otherwise.

Congecture 2. Let H be a graph. Then
— {1,2}-CSP(H) is in P, if H is a forest or a bipartite graph containing Cy,
— {1,2}-CSP(H) is NP-hard, if otherwise.
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Abstract. An extractor is a function that receives some randomness
and either “improves” it or produces “new” randomness. There are sta-
tistical and algorithmical specifications of this notion. We study an al-
gorithmical one called Kolmogorov extractors and modify it to resource-
bounded version of Kolmogorov complexity. Following Zimand we prove
the existence of such objects with certain parameters. The utilized tech-
nique is “naive” derandomization: we replace random constructions em-
ployed by Zimand by pseudo-random ones obtained by Nisan-Wigderson
generator.

1 Introduction

An extractor is a deterministic procedure that extracts randomness from weak ran-
dom sources. Concerning finite strings there are two concepts of specifying this no-
tion: statistical and algorithmical. The statistical one considers probability distri-
butions on inputs and outputs of such procedure in terms of min-entropy. Loosely
speaking, to extract randomness means to produce a distribution with higher min-
entropy than any input has. This notion was invented by Nisan and Zuckerman
in early 90s and was deeply examined by many researchers through the last two
decades. An introduction to the field is presented by Shaltiel in [7].

An algorithmic counterpart, i.e. the notion of Kolmogorov extractors, was
invented in the last several years (see [2], [3] and [12]). Roughly speaking, a
Kolmogorov extractor is a function that receives two strings with sufficiently
large Kolmogorov complexity and sufficiently small dependency and outputs a
sufficiently long string having complexity closer to its length than any input
has. It was shown in [3] that there exists a deep connection between ordinary
and Kolmogorov extractors. Namely, each ordinary extractor is a Kolmogorov
extractor with a bit worse parameters and vice versa. As shown in [10] and [I1],
there also exist strong Kolmogorov extractors in a sense that the output is rather
complex even being conditioned on any single input.

The notion of Kolmogorov extractors may be naturally expanded to space-
bounded complexity, it was done already in the original paper [2]. The existence
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results of that paper hold both for common and space-bounded Kolmogorov ex-
tractors. For the unbounded case these resuts were improved by Zimand in [10]
and [II]. In this paper we convert Zimand’s results to the space-bounded case
and hence improve the respective results of Fortnow et al. Since Zimand’s con-
struction is not efficient, this conversion cannot be done straightforwardly. The
technique we employ is the “naive derandomization” method introduced in [6]
and [4] and later used in [I3] and [I4]. Originally, Zimand have characterized
Kolmogorov extractors by some combinatorial properties. The existence of an
object with such properties was proven implicitly. We show that such an object
may be found in the output of Nisan-Wigderson pseudo-random generator. That
is, to find a required object one does not need to search through all possible ob-
jects but needs only to check all seeds of the generator. This crucially decreases
the required space from exponential to polynomial.

The rest of the paper is organized as follows. In Sect. 2] we give formal def-
initions of all involved objects and formulate necessary results. In Sect. B we
give formal definitions for space-bounded Kolmogorov extractors, formulate our
existence theorems, outline the proof idea and present detailed proofs.

2 Preliminaries

2.1 Kolmogorov Complexity

Let V be a two-argument Turing machine. We refer to the first argument as
to the “program” and to the second argument as to the “argument”. (Plain)
Kolmogorov complexity of a string x conditioned on y with respect to V is the
length of a minimal V-program p that transforms y to x, i.e.

Cy(x | y) = min{p: V(p,y) = =}

There exists an optimal machine U/ that gives the smallest complexity up to an
additive term. Specifically, VV3cVa, y Cy(z|y) < Cy(z|y) + ¢. We employ such
a machine U, drop the subscript and formulate all theorems up to a constant
additive term. The unconditional complexity C(x) is the complexity with empty
condition C(z | €), or the length of a shortest program producing x.

The next notion to be defined is resource-bounded Kolmogorov complexity.
Loosely speaking, it is the length of a minimal program that transforms y to x effi-
ciently. Formally, Kolmogorov complexity of a string « conditioned on y in time ¢
and space s with respect to V is the length of a shortest program p such that V(p, y)
outputs x, works in ¢ steps and uses s cells of memory. This complexity is denoted
by Cﬁ}s(x | y). Here the choice of V alters not only complexity, but also time and
space bounds. Specifically, the following theorem holds:

Theorem 1. There exist a machineU such that for any machine V there exists a
constant ¢ such that for all z, y, s and t it is true that Cyj' (z | y) < C5 18 (1 |
y)+c.

In our paper we deal only with space bounds, so we drop the time-bound super-
script in all notations.
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2.2 Extractors

A k-weak random source of length n is a random variable distributed on {0,1}"
that has min-entropy not less than k, that is, any particular string occurs with
probability not greater than 27%. The statistical distance between two random-
ness distributions ¢ and 7 on the same set T' is maxgcr [£(S) — n(5)].

Loosely speaking, a randomness extractor is a procedure that converts weak
random sources to nearly uniform random sources. There are two common spec-
ifications of this notion: seeded extractor that gets a weak random source and
a (small) truly random source and multi-source extractor that gets two weak
random sources. The latter one is relevant to our paper, so we define it for-
mally. A multi-source extractor with parameters (n, m, k, €) is a function
Ext: {0,1}™ x {0,1}" — {0,1}™ such that for any two independent k-weak
random sources z and y the induced distribution Ext(z,y) is e-close to uniform.
A multi-source extractor may be considered as a 2™ x 2" table with each cell
coloured in one of 2™ colours. It may be proven that the extractor property is
equivalent to the following: for any set of colours (“palette”) A C {0,1}™ in any
rectangle S; x Sz, where S; C {0,1}" and |S;| > 2* the fraction of cells coloured
in a colour from A differs from |A|/2™ by at most €. Yet another equivalent
definition is the following: for any @ € [1,2™] and any S x Ss the fraction of
cells coloured in @ most popular colours does not exceed Q/2™ + ¢.

2.3 Balanced Tables

A balanced table is a combinatorial object considered by Zimand in papers [9], [10]
and [I1]. In the last paper he has also introduced a slightly different object called
rainbow balanced table. In some sense they are similar to multi-source extractors
but use another notion of closeness of distributions. Here we present alternative
definitions that seem more comprehensive though equivalent to original ones.

A (K ,Q)-balanced table is a function BT: {0,1}"x{0,1}" — {0, 1} with the
following property: in any rectangle Sy x Sz, where S; C {0,1}" and |S;| > K
the fraction of cells coloured in @ most popular colours is less than 2Q/2™.
Contrasting to multi-source extractors, this property is less restrictive for big
palettes (|A| > €2™) and more restrictive for small ones (|A] < 2™).

In [I1] Zimand introduces a variation of the above-defined object named rain-
bow balanced table. Here we present a bit different though equivalent definition
of it. A (K,Q)-rainbow balanced table is a function RBT: {0,1}" x {0,1}" —
{0,1}™ with the following property. Consider a rectangle S; x So where S; C
{0,1}™ and |S;| > K. Let us mark in each row all cells coloured in one of Q) most
popular colours of this row. Call the table row-rainbow-balanced if the fraction
of marked cells in any rectangle is less than 2Q)/2™. Then do the same with
columns and call the table column-rainbow-balaced if the fraction of marked
cells is again less than 2Q)/2™. Finally, call the table rainbow-balanced if it is
both row- and column-rainbow-balaced.

It was shown by the probabilistic argument that there exist balanced tables
with K > v/M poly(n) and Q > /M poly(n) and rainbow balanced tables with
K > M poly(n) and any Q.
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2.4 Nisan-Wigderson Generators

The Nisan-Wigderson pseudo-random generator is a deterministic polynomal-
time function that generates n pseudo-random bits from polylog(n) truly random
bits. The output of such generator cannot be distinguished from truly random
string by small circuits. Specifically, we exploit the following theorem from [5]:

Theorem 2. For any constant d there exists a family of functions G, : {0, 1}F —
{0,1}", where k = O(logzd‘”'6 n), such that two properties hold:

Computability: G is computable in workspace poly(k) (that is, any particular
bit of G(x) may be found in this space);

Indistinguishability: For any family of circuits C,, of size poly(n) and depth
d for any positive polynomial p for all large enough n it holds that:

|Prob, {C,, (G, (z)) = 1} — Prob,{C,(y) = 1}| < ]ﬁ,

where z is distributed uniformly in {0,1}* and y — in {0,1}".
By rescaling parameters we get the following

Corollary 1. For any constant d there exists a family of functions G, : {0,1}F —
{0,1}V, where k = poly(n) and N = 2P°¥(") such that two properties hold:

— G is computable in polynomial workspace;
— For any family of circuits Cy, of size 2°°%("™) and depth d, for any constant
c and for all large enough n it holds that:

[Prob,{Cy(Gn(z)) = 1} — Prob,{Cy(y) = 1}| < 27"
The last corollary implies the following basic principle:

Lemma 1. LetC, be some set of combinatorial objects encoded by boolean strings
of length 2°™) . Let P be some property satisfied for fraction at least o of objects
in Cy, that can be tested by a family of circuits of size 2°™ and constant depth.
Then for sufficiently large n the property P is satisfied for fraction at least /2
of values of G,,, where G,, is the function from the previous corollary.

2.5 Constant-depth Circuits for Approximate Counting

It is well-known that constant-depth circuits cannot compute the majority func-
tion. All the more they cannot compute a general threshold function that equals
1 if and only if the fraction of 1’s in its input exceeds some threshold a.. Neverthe-
less, one can build such circuits that compute threshold functions approximately.
Namely, the following theorem holds:

Theorem 3 ([I], [8]). Let o € (0,1). Then for any (constant) € there exists a
constant-depth and polynomial-size circuit C such that C(x) = 0 if the fraction
of 1’s in x is less than o — € and C(x) = 1 if the fraction of 1’s in x is greater
than o + €.
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Note that nothing is promised if the fraction of 1’s is between o — ¢ and o + €.
So, the fact that C(s) = 0 guarantees only that the fraction of 1’s is at most
a+e¢,and C(s) =1 — that it is at least o — €.

3 Main Result

3.1 Overview

In this section we give all necessary definitions, observe existing results and
formulate our theorem.

Let us formally define a Kolmogorov extractor. Dependency between x and
y is defined as dep(z,y) = C(z) + C(y) — C(x,y). A computable function
KExt: {0,1}™ x {0,1}™ — {0,1}™ is a (k, §)-Kolmogorov extractor if for any x
and y of length n if C(z) > k, C(y) > k and dep(z,y) < d then C(KExt(x,y)) >
m—3—0(logn). Say that KExt is a strong (k, §)-Kolmogorov extractor if, more-
over, C(KExt(z,y)|z) > m—35—0O(logn) and C(KExt(z, y)|y) > m—35—O(logn).

Zimand has proven that there exist Kolmogorov extractors with parameters
close to optimal:

Theorem 4 ([10], [11]). Let k(n) and §(n) be computable functions, such that
1< k(n)<nandl <d(n) < k(n)—O(ogn). Then there exists a (k(n), 6(n))-
Kolmogorov extractor for m = 2k(n) — O(logn) and a strong (k(n), 6(n))-
Kolmogorov extractor for m = k(n) — O(logn).

We rewrite the definitions and the theorem in the case of space-bounded com-
plexity. Since the difference C*(x) — C*(z|y) is not monotone in s, we get rid
of explicit usage of the term “dependency”. Instead we say that a computable
function KExt is a (k, 0)-Kolmogorov extractor with a space bound s = s(n) if
KExt is computable in space O(s(n)) and for some constant p > 1 (not depen-
dent on z, y, k, s, but possibly dependent on KExt) if C*(z) > k, C*(y) > k,
and C"*(z,y) > C*(x) + C°(y) —  then C*(KExt(z,y)) > m — J — O(logn).
If, moreover, C*(KExt(z,y)|z) > m — J — O(logn) and C*(KExt(z,y)|y) >
m—3—0(logn) then the Kolmogorov extractor is strong We increase the space
limit from s to us in the definition of “dependency” since the space limit is de-
termined up to a multiplicative constant dependent on the description method.
We prove the following;:

Theorem 5. There exists a polynomial p(n) such that for any space-constructible
function s(n) > p(n) and any computable in space s(n) functions 1 < k(n) <n
and 1 < d(n) < k(n)—O(logn) there exists a (k(n), 6(n))-Kolmogorov extractor
with space bound s(n) for m = 2k(n) — O(logn) and a strong (k(n), 6(n))-
Kolmogorov extractor for m = k(n) — O(logn).

! Fortnow et al. do use the term “dependency” in [2] but define it for two distinct
space bounds that correspond to s and ps in our definition.
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3.2 Proof Idea

In this section we retell Zimand’s argument in space-bounded environment and
emphasize what must be added to complete the proof.

We show that a certain balanced table is in fact a Kolmogorov extractor. The
main idea is to obtain a contradiction between the hardness of (z, y) and the sim-
plicity of T'(x,y) by employing the balancing property. Let us come to more de-
tails. Let d = § + clogn, where c is a constant to be determined later. Take a (2F,
2m=d)_halanced table T': {0,1}" x {0,1}" — {0,1}™. Let B, = {2 | C°(2) <
C(z)}, By = {#z | C°(2) < C*(y)} and A = {w | C*(w) < m — d}. Obviously,
(x,y) € By x By. By the balancing property, the set B, x B, contains less than
2. 207 (@)+19C% (W) +1 /9d cells coloured in a colour from A, that is, in a colour with
complexity less than m — d. (If necessary, expand B,, B, and A arbitrarily to ob-
tain sets of required size and apply the balancing property). Hence, (x, y) may be
described by the table T', the sets B, By, and A, and the ordinal number of (z,y)
among cells in B, x By, coloured in a colour from A. By the balancing property the
last number requires at most C*(x) + C*(y) — d + 3 bits. The sets B, B, and A
are described completely by n, C*(x) and C*(y) and may be enumerated in space
O(s). If we obtain a table T' that has complexity O(logn) and may be evaluated in
space O(s) then we have C%) () < C%(z) + C*(y) — d + O(log n) that contra-
dicts the assumption C**(z,y) > C°(z) + C*(y) — ¢ for 1 and ¢ large enough. So,
the crucial missing component is a simple and space-efficiently computable bal-
anced table. Without a space bound the existence of such table is proven by the
probabilistic method and a simple table may be found by an exhaustive search:
the first table in some canonical order has small complexity. Having a space bound
added the construction should be derandomized.

To get the strong Kolmogorov extractor property we need to replace a bal-
anced table by a rainbow balanced one with parameters (2,Q = 2™~9) where
again d = 0 + clogn. Let A, be the set {w | C*(wlv) < m — d}. Obviously,
|Ay| < Q. Call a string v bad if the fraction of cells in the row B, x {v} coloured
in a colour from A, is greater than 2 x 27 The fraction of cells coloured in
one of (Q most popular colours is even greater, so there are less than K bad
rows, since otherwise the colouring of the rectangle B, x {bad rows} contradicts
the rainbow balancing property. If one could enumerate bad rows in space s
then all bad rows would have complexity at most k and so y would be a good
row. If T(z,y) € A, and y is known then x may be described by the table
T, sets B, and A, and the ordinal number of x among all cells in the row y
coloured in a colour from A,. Since y is good the last number requires less than
C*(z) —d+1 bits. The sets B, and A, are described completely by n and C*(z)
and may be enumerated in space O(s). Finally, if T has complexity O(logn) and
may be evaluated in space O(s) then we obtain a contradiction similar to the
previous one. The whole argument may be repeated symmetrically for the com-
plexity conditioned on x. As before, the crucial missing component is a simple
and space-efficiently computable rainbow balanced table that also allows to enu-
merate space-efficiently “bad” rows and columns. We now turn to a high-level
description of our derandomization method.
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3.3 Derandomization Plan

To derandomize the construction we use a “naive” idea of replacing a random
construction by a pseudo-random one. This idea was originally presented in [4]
and [6]. The essence of the idea is to replace a brute-force search among all
possible objects by a brute-force search in the output of the Nisan-Wigderson
pseudo-random generator. Since the length of the seed is polylogarithmic in the
size of the output the range of the search decreases crucially. To make the things
work we should, firstly, prove that the necessary object exists among the output
of the NW-generator and, secondly, prove that a good seed for the generator may
be found efficiently. To prove the first thing we employ the basic principle [l that
involves a constant-depth circuit to test the balancing property. The original
balancing properties seem to be too hard to be tested by such circuits, so we
weaken them. Specifically, for ordinary balanced tables we limit the balancing
condition only to those rectangles and palettes being actually used in the proof.
For rainbow balanced tables we go even further and directly specify the property
used in the proof. Details follow in the next several subsections. In Sect. 3.4l we
specify the weakening of the balancing property. In Sect. we prove that
a modified balanced table exists in the output of the NW-generator. Next, in
Sect. we show how to find a good seed in limited space. Finally, in Sect. B
we put all things together and finish the proof. We do all steps simultaneously
for balanced tables (leading to Kolmogorov extractors) and rainbow balanced
tables (leading to strong Kolmogorov extractors).

3.4 The Weakening of Balancing Conditions

Recall that a table is a function T': {0,1}" x {0,1}™ — {0,1}™. We refer to the
first argument as to ‘column’, to the second one as to ‘row’ and to the value as to
‘colour’. Let b be a positive number and k < n and ¢ < m be some integers. Let
there be a system S of pairs (5,1) where S is a subset of {0,1}" and [ € [k, n]
such that for any pair the set S contains less than 2¢ elements and the whole
system contains 2P°Y(") pairs. Let there also be a system Q of subsets of {0, 1}™
(i.e., palettes) such that any @ € Q contains less than 27 elements and the whole
system contains 2P°¥ (") sets. Later we refer to sets in such systems as to relevant
ones. Say that a table T is (b, Q, §)-balanced if for any (S1,{1) and (S2,l2) € S
and for any @ € Q the number of cells in S; x Sy coloured in a colour from @
is less than 2irFl2ta—m+b Tf the sizes of S; and S are maximal, @ is the set
of 29 most popular colours and b = 1 then the bound matches the original one,
i.e. the fraction of the popular colours is at most 2 x 22—q The new parameter b
is introduced due to technical reasons and will be used in the next subsection.
Take in mind that b ~ 1.

The definition of rainbow balanced tables is modified in a more complicated
way: we again fix a number b and a system S. Instead of a system Q of palettes
we fix a system R of tuples of palettes. Here each palette contains less than
29 elements, each tuple has length 2! for some [ € [k,n] and the whole system
contains 2P°Y(") tuples. Take arbitrary sets S; and Sy € S with corresponding
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l; and I and a tuple Q = (Q1,...,Q,) € R. Then for each i € [1,|S2|] mark
those cells in i-th row of S; x S5 coloured in a colour from @;. Say that a row is
saturated if it contains more than 23+9=™+% marked cells. We say that a table
T is (b, R, S)-row rainbow balanced if for any S7, Sz and Q the total number
of marked cells in saturated rows is less than 2l1+4=m+k+b (In particular, there
are less than 2* saturated rows). We define a (b, R, S)-column rainbow balanced
table similarly and say that a table is (b, R, S)-rainbow balanced if it is both
(b, R, 8)-row and (b, R, S)-column rainbow balanced.

One may easily see that for b > 1 our modifications actually do strictly weaken
both balancing properties, so a random table satisfies a modified property with
even greater probability than the original one.

3.5 Existence of Balanced Tables in the Output of the
NW-generator

To prove that a modified (rainbow) balanced table exists in the output of the
NW-generator we employ the basic principle [l We present a constant-depth
exponential circuit that tests the modified balancing property. By the basic
principle, since the generator fools such circuits and a random table satisfies
the modified balancing property with positive probability, the same holds for a
pseudo-random one. A construction of such a circuit follows.

The modified balancing properties are tested rather straightforwardly. Since
we do not need to build a uniform circuit we just hardwire the lists of rele-
vant sets into the circuit. That is, we construct a circuit for a particular tuple
(S1,82,11,12,Q) (or (S1,S2,11,12,Q)), make 2P°Y (™) copies of this circuit for dif-
ferent tuples and take a conjunction. The construction of such a circuit follows.

It is rather easy to check whether a particular cell in S x S5 is marked. Indeed,
we should check whether its colour coincides with one of those belonging to @
(or @;) and take the disjunction of all results. The difficult point is to count
the number of marked cells and to compare this number to 2i1Fl2+a=m+b  (For
rainbow balance we need to count marked cells in saturated rows and columns).
This task cannot be solved exactly by constant-depth circuits but may be solved
approximately. Fortunately, approximate solution is enough for our goal.

We employ a circuit existing by theorem Bl Specifically, for ordinary bal-
anced tables this curcuit has |Si| - |S2| inputs, outputs 1 if there are less
than 2bi+lta=—m+1 gnes among the inputs, outputs 0 if there are more than
2hiFl2Hg=m+1.01 gnes among the inputs and outputs any value otherwise. For
rainbow balanced tables we use two such circuits sequentially. Firstly, we apply to
every row a circuit with |S;| inputs that outputs 1 if there are less than 2l +4—m+1
ones among its inputs, outputs zero if there are more than 21+9—m+1.01 gpeg
and outputs any value otherwise. Secondly, we count the number of ones in rows
that produce one on the previous stage. To this end, we take conjunctions of the
output of the previous circuit with the inpits and apply a circuit with |Sy| - |S2|
inputs that returns 1 if it receives less than 201+9=m+k+1 gnes returns 0 if it
receives more than 201 T3~ +++1.01 gpes and returns any value otherwise. This
construction is repeated for columns and a conjunction of two values is taken.
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The last subcircuit completes the description. Let us sketch the structure of
the whole circuit once more. The input specifies colours of all 22" cells of the
table. We also add constants for all possible colours from {0, 1}". The full circuit
consists of 2P°Y(") identical blocks. Each block has two groups of inputs. The
left group specifies colours of all cells in a particular rectangle S; x So. The
right group specifies a palette @ (or a set of palettes Q). Different blocks are
hardwired to different inputs and constants. For ordinary balanced tables each
block consists of two levels. On the first level a simple equivalence circuit is
applied to every pair of a colour from the left and a colour from the right. On
the second level an approximate counting circuit is applied to the outputs of the
first level. For rainbow balanced tables each block consists of five levels. The first
level is the same. On the second level an approximate counting circuit is applied
to the outputs of the first level separately for each row and for each column. On
the third a conjunction of the outputs of the first two levels is taken separately
for each row and for each column. On the fourth level another approximate
counting circuit is applied to the outputs of the third level, separately for rows
and columns. On the fifth level a conjunction of two results of the fourth level
is taken. Finally, a conjunction is applied to outputs of all blocks.

Clearly, these circuits have exponential size and constant depth. It is also clear
that these circuits return one on (rainbow) balanced tables. Hence, they return
one with positive probability on a random table. Hence, they return one with
positive probability on a pseudo-random table produced by the NW-generator.
If the first (resp., second) circuit returns one then the table is balanced (resp.,
rainbow balanced) for parameter b = 1.01. In the next two subsections we specify
the systems S, Q and R, show how to find a good seed for the generator and how
to use a 1.01-balanced and 1.01-rainbow balanced tables to obtain the result.

3.6 Searching for a Good Seed

Until this point the construction was valid for any choice of the systems S, Q
and R. The searching for a good seed cannot be performed for arbitrary systems,
so now we specify them.

We take S to be the system of all pairs ({z | C*(z) < I},1) for s = s(n)
and [ € [k,n]. We take Q to be the system of all sets {z | C°(2) < ¢} for
s = s(n) and ¢ € [1,m]. Finally, we take R to be the system of all tuples
{z] C*(z|v1) < g}, ..., {z | C°(z|vyt) < ¢}) where ({v1,...,vn},1) € S. Clearly,
the sizes of all sets, tuples and systems satisfy the requirements. Since s(n) is
space-constructible, the systems S and Q are enumerable in space O(s). It means
that there exists an O(s)-space algorithm that gets two numbers i and j and
returns the i-th element of the j-th set in S (or Q). If one of the numbers is out
of range the algorithm returns an error message. A similar statement holds for
R, here the enumerating algorithm gets three numbers: the number of the tuple,
the number of the set in the tuple and the number of the element in the set.

Since we care only about space, the problem of searching a good seed is equiv-
alent to the problem of checking whether a seed is good. The crucial property of
NW-generator that makes such a check possible in small space is that any bit of
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the output may be computed in polynomial space independently from all other
bits. That is, one need not store the whole exponential output to check some
local property. A detailed description of such a check follows.

After this point the constructions for ordinary and rainbow balanced tables are
rather different. We start with the construction for ordinary tables. Firstly, let us
notice that a seed is good if and only if it is good for any tuple (S1, 52,11, 12, Q).
So, it is sufficient to sequentially check that a seed is good for any such tuple.
A tuple is determined by the ordinal numbers of (S1,l;) and (S2,l2) in the
enumeration of § and that of @) in the enumeration of Q. Having these numbers
fixed, we sequentially generate colours of all cells in S; X So and compare them
to all colours in (). Count the number of successive comparisons. Say that the
tuple is good if this number is less than 21 +2+a=m+1.01 Gince we are no more
restricted to constant-depth circuits and may instead use any space-bounded
computations the counting is made precisely. Since § and Q are enumerable in
space O(s), the generator uses another O(s) portion of space, only space O(n) is
used for intermediate storage and s is at least polynomial in n, the total space
requirement sums up to O(s).

For rainbow balanced tables we sequentially check that a seed is good for any
tuple (S1,S2,11,12). The sets of palettes for row and column rainbow balanced
properties are generated from S; and Ss respectively: for each S1 = {x1,...,21}
and S2 = {y1,...,ym} we take Q1 = ({z | C°(z|ly1) < ¢},.... {2 | C°(zlym) <
q}) and Q2 = ({z | C°(z]z1) < q},...,{# | C°(2|zL) < ¢}). The subsequent
check is performed by direct counting, as in the previous algorithm. The differ-
ence is that the counting proceeds in two stages: for any row (or column) the
number of marked cells is counted, then it is determined whether the row (col-
umn) is saturated and the numbers for saturated rows (columns) are summed
up. The used space is again O(s).

3.7 Completion of the Proof

In this section we prove that the tables generated from seeds found by two algo-
rithms in the previous subsection are indeed Kolmogorov and strong Kolmogorov
extractors respectively.

Firstly we check the Kolmogorov extractor property. Fix the extractor pa-
rameters k = k(n), § = d(n) and s = s(n). Let d = § + clogn where ¢ is a
constant to be determined later and let ¢ = m — d. Let p be the seed found for
parameters k and ¢ in Sect. We want to prove that KExt, = NW (p) is a (k,
d)-Kolmogorov extractor for space bound s. Firstly, note that it is computable in
space O(s): this space is enough both for finding p and computing KExt,(z,y).
Secondly, let us prove the Kolmogorov extractor property. Take two strings x
and y such that C*(z) > k, C*(y) > k and C**(x,y) > C*(x)+ C*(y) — 0 where u
does not depend on z or y and will be determined later. To obtain a contradiction
assume that C*(KExt,(x,y)) < m — d. Denote {; = C*(z) and I, = C*(y) and
consider the sets S1 = {z | C°(2) <1} and S2 = {z | C*(z) < l2}. Each of them
is relevant by construction. Denote Q@ = {z | C*(z) < ¢}. This set is also rele-
vant. By the choice of p the rectangle S; x Sy contains less than 2/ +lz+a—m+1.01
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cells coloured in one of colours from @Q. By the assumption and the definition
of S1 and Sy, the pair (z,y) belongs to these cells. In this case (x,y) may be
described by n, l1, l2, ¢ and the ordinal number of (x,y) among these cells. In-
deed, having n known we may find a good seed p; having [y, lo and ¢ known we
may search through cells S7 x Ss and check whether the current one has a colour
from @. The ordinal number specifies the needed cell. The total required space
is O(s). The total number of used bits is I; + Il — d + O(logn). So, we obtain
COO) (x,y) < C*(2)+C*(y) —d+O0(logn) = C*(z)+C*(y) — 6 —clog n+O(log n)
that contradicts the condition C** > C*(x) 4+ C*(y) — d for p and ¢ taken large
enough.

Next, we check the strong Kolmogorov extractor property. We again fix the
extractor parameters k, 6 and s. As before, let d = §+clogn and ¢ = m —d. Let
p be again the seed found for parameters k and ¢ (and the rainbow balancing
property) in Sect. We want to prove that KExt, = NW(p) is a strong (k,
4)-Kolmogorov extractor for space bound s. The computability in space O(s) is
again easily obtained. Prove the strong Kolmogorov extractor property. Take two
strings « and y such that C*(z) =11 > k, C*(y) = l2 > k and C**(x,y) > 1 +
lo — 9 where p does not depend on z or y and will be determined later. To obtain
a contradiction assume that C°(KExt,(z,y)|y) < m — d. Thus, the cell (z,y) is
marked. Consider two cases: there are more than 2/t ~4+1-01 strings z € S; such
that C*(KExt,(z,y)ly) < m — d and there are not more than 211 ~4+101 such
strings. In the first case the row y contains more than 2/*+4=m+1.01 marked cells
and thus is saturated. By the 1.01-rainbow balancing property the total number
of marked cells in saturated rows is less than 2i1+a—m+k+1.01 o gli+lz—d—clogn
Then (z,y) may be described in space O(s) by its ordinal number among marked
cells in saturated rows and numbers n, [y, l2, g. Thus for large enough p and ¢
the complexity of (x,y) is less than I3 + 2 — § that contradicts the assumption.
In the second case the pair (z,y) may be described by a description of y (I2
bits), the ordinal number of (z,y) among marked cells (I; — d + 1.01 bits) and
numbers n, Iy, l2, ¢ (O(logn) bits), totaling to I3 + ls —d + O(logn) bits. The
required space is O(s), so we obtain a similar contadiction to the assumption
that C**(z,y) > 1 + 1y — § for large enough p and c. This contradiction finishes
the proof.
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Abstract. The problems studied in this paper originate from GRAPH
MoTIF, a problem introduced in 2006 in the context of biological net-
works. Informally speaking, it consists in deciding if a multiset of colors
occurs in a connected subgraph of a vertex-colored graph. Due to the
high rate of noise in the biological data, more flexible definitions of the
problem have been outlined. We present in this paper two inapproxima-
bility results for two different optimization variants of GRAPH MOTIF. We
also study another definition of the problem, when the connectivity con-
straint is replaced by modularity. While the problem stays NP-complete,
it allows algorithms in FPT for biologically relevant parameterizations.

1 Introduction

A recent field in bioinformatics focuses in biological networks, which repre-
sent interactions between different elements (e.g. between amino acids, between
molecules or between organisms) [I]. Such a network can be modeled by a vertex-
colored graph, where nodes represent elements, edges represent interactions be-
tween them and colors give functional informations on the graph nodes. Using
biological networks allows a better characterization of species, by determining
small recurring subnetworks, often called motifs. Such motifs can correspond
to a set of nodes realizing a same function, which may have been evolutionary
preserved [22]. It is thus crucial to determine these motifs to identify common
elements between species and transfer the biological knowledge.

Historically, motifs were defined by a set of nodes labels with a given topol-
ogy (e.g. a path, a tree, a graph). The algorithmic problem was thus to find
an occurrence of the motif in the network which respect both the label set and
the given topology. This leads to problems roughly equivalent to subgraph iso-
morphism, a computationally difficult problem. However, in metabolic networks,
similar topology can represent very different functions [I7]. Moreover, in protein-
protein interactions (PPI) networks, informations about the topology of motifs
is often missing [5]. There is also a high rate of false positive and false nega-
tive in such networks [10]. Therefore, in some situations, topology is irrelevant,
which leads to search for functional motifs instead of topological ones. In this
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setting, we still ask for the conservation of the node labels, but we replace topol-
ogy conservation by the weaker requirement that the subnetwork should form a
connected subgraph of the target graph. This approach was proposed by Lacroix
et al., defining ExacT GRAPH MOTIF [I7].

e Input: A graph G = (V, E), a set of colors C, a function col : V — C, a
multiset M over C, an integer k.

e Output: A subset V' C V such that (i) |V'| =k, (ii) G[V’] is connected,
and (iii) col(V') = M.

In the following, the motif is said colorful if M is a set (it is a multiset
otherwise). Note that this problem also has application in the context of mass
spectrometry [4], and may be used in social or technical networks [323].

Not surprisingly, the problem remains NP-complete, even under strong restric-
tions (when G is a bipartite graph with maximum degree 4 and M is built over
two colors only [I1], or when M is colorful and G is a rooted tree of depth 2 [2] or
a tree of maximum degree 3 [11]). However, for general trees and multiset motifs,
the problem can be solved in O(n?*2) time, where ¢ is the number of distinct
colors in M, while being W([1]-hard for the parameter ¢ [I1]. We also point out
that the problem can be solved in polynomial time if the number of colors in M
is bounded and if G is of bounded treewidth [II]. It is also polynomial if G is a
caterpillar [2], or if the motif is colorful and G is a tree where the colors appears
at most two times. This last result is mentioned in [9] and can be retrieved by
an easy transformation to a 2-SAT instance (chapter 4 of [23]).

The difficulty of this problem is counterbalanced by its fixed-parameter
tractability when the parameter is k, the size of the solution [T7/ITI3I5ITZIT3]
(for information about parameterized complexity, one can for example see [18]).
The currently fastest algorithms in FPT for EXACT GRAPH MOTIF run in O* (2F)
time for the colorful case, O*(4*) time for the multiset case, and in both cases
use polynomial space [I3] (the O* notation suppresses polynomial factors). A
recent paper shows that the problem is unlikely to admit polynomial kernels,
even on restricted classes of trees [2].

To deal with the high rate of noise in biological data, different variants of
ExAcT GRAPH MOTIF have been introduced. The approach of Dondi et al.
requires a solution with a minimum number of connected components [8], while
the one of Betzler et al. asks for a 2-connected solution [3]. As for traditional
bioinformatics problems, some colors can be inserted in a solution, or conversely,
some colors of the motif can be deleted in a solution [BISIT3]. Recently, Dondi et
al. introduced a variant when the number of substitutions between colors of the
motif and colors in the solution must be minimum [9].

Following this direction, we consider in Section[2]an approximation issue when
one wants to maximize the size of the solution. In Section [3] we propose an in-
approximability result when one wants to minimize the number of substitutions.
Finally, we present in Section [ a new requirement concerning the connectedness
of the solution with one hardness result and two fixed-parameter tractable (FPT)
algorithms. Due to space constraints, most proofs are in missing.
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2 Maximizing the Solution Size

To deal with the high rate of noise in the biological data, one approach allows
some colors of the motif to be deleted from the solution, leading to MAX GRAPH
MoTIF, a problem introduced by Dondi et al. [§].

e Input: A graph G = (V, E), a set of colors C, a function col : V — C, a
multiset M over C.

e Output: A subset V' C V such that (i) G[V'] is connected, and (ii)
col(V') C M.

e Measure: The size of V',

In a natural decision form, we are also given an integer k in the input and
one looks for a solution of size k (the number of deletions is thus equal to
|M|— k). The problem is known to be in the FPT class for parameter & [S5/T13].
Concerning its approximation, MAX GRAPH MOTIF is APX-hard, even when G
is a tree of maximum degree 3, the motif is colorful and each color appears at
most two times in G (in the same conditions, recall that the EXACT GRAPH
MoTIF is polynomial [9]). Moreover, there is no constant approximation ratio
unless P = NP, even when G is a tree and M is colorful [§].

In the following, we answer an open question of Dondi et al. [8] concerning
the approximation issue of the problem when G is a tree where each color occurs
at most twice. To do so, we use a reduction from MAX INDEPENDENT SET,
a problem stated as follows: Given a graph G; = (V7, Ep), find the maximum
subset V; C Vi where there is no two nodes u,v € VJ such that {u,v} € E;. Our
proof proceeds in four steps. We first describe the construction of the instance
7' = (G, C,col) for MAX GRAPH MOTIF from the instance Z = (Gy) of MAX
INDEPENDENT SET (we consider the motif as M = C). We next prove that we
can construct in polynomial time a solution for Z’' from a solution for Z and,
conversely, that we can construct in polynomial time a solution for Z from a
solution for Z’. Finally, we show that if there is an approximation algorithm
with ratio r» for MAX GRAPH MOTIF, then there is an approximation algorithm
with ratio r for MAX INDEPENDENT SET.

Before stating the reduction, consider a total order over the edges of G. We
then define a function adj : V; — 287, giving for a node v € V7, the ordered list
of edges where v is involved (thus of size d(v), the degree of v). With this order,
consider that adj(v)[i] give the i-th edge where v is involved. From the graph
Gr = (V1, Er), we build the graph G = (V, E) as follows (see also Figure [I):

- V={rtU{vf:1<i<|Vi|,e€adj(v;)} U

{v] s1<i<[Vil,1 <5 <[Vif},
~E={{r0My 1< < vy U
{v?dj(vi)[j]’,U?dj(vi)[jJrl]} 1<i<|Vi,1<j<d(v)} U
{ep e ot} i1 < i < Vil 0
ol ™1 <i < Vi1 <5 < |[VrP)

1) 71
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Gr=(Vi,Er) e.a

Fig. 1. Construction of G from an instance Gy of MAX INDEPENDENT SET. For ease,
only the color of the nodes of G (not the label) are given. From a solution in Gy in
bold, the solution for MAX GRAPH MOTIF is given in bold in G.

Informally speaking, r is the root of G. There are |V;| paths connected to r.
Each path represents a node of Gy and is of length d(v;) + |V;|?. Observe that
|V| =1+2|E;|+|Vi|.|Vi|? (there are two nodes involved in each edge, therefore
> vev, A(v) = 2|Erl). Let us now describe the set C' of colors and the coloration
function col : V' — C. The set of colors is C = {¢,} U{c. : e € Er} U {c{ 1<
i < |Vi],1 < j < |Vi|*}. Considering M = C, the motif is colorful. Coloration
of the nodes of G is done as follows: col(r) = ¢,, Ve = {v;,v;} € Ef, col(v§) =
col(vj) =c,V1<i<|Vi[,1<j< |V1\2,col(vf) = cf In other words, for each
edge e = {v;,v;}, a copy of the node v; and a copy of the node v; have the same
color ¢, the one of the edge. Moreover, r and the nodes vf all have different
colors. In fact, nodes {vf :1 <4 < |Vi|,1 <4 < |Vi]?} can be considered as
“black boxes”, which are given for free. We clearly observe that by construction,
G is a tree where each color appears at most two times. Let us show how to
build a solution for Z’ from a solution for Z, and vice-versa.

Lemma 1. If there is a solution V] C Vi for I, then there is a solution V' CV
for I' such that |V'| > |V/|.|V|?.

Proof (Sketch). We build V' as follows: V! = {r} U {v¢,v! : v € V],e €
adj(vi),1 < j < |V7|?}. In other words, we add in V' the root r of the tree
and all the paths corresponding to the nodes of V/ (see also Figure[I]). |

Lemma 2. If there is a solution V' CV for I', then there is a solution V] C Vi

for T such that V]| > [%—‘

Proof (Sketch). For each 1 < ¢ < |V;|, we add v; in V] iff all the nodes vf, 1<
J < |Vi|? and v¢, e € adj(v;) are in V'. In other words, we add v; in V/ if the
whole path corresponding to this node is in V. a

These two lemmas lead to the main result of this section.
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Proposition 1. Unless P = NP, there is no approximation ratio lower than
1 . .

|[V|37¢ for MAX GRAPH MOTIF, for any € > 0, even when the motif is colorful

and G is a tree where each color of C appears at most two times.

Proof. Suppose there is such a ratio r for MAX GRAPH MOTIF. Then, there is

an approximate solution V} p which, compared to the optimal solution Vpr,

is of size |Vipx| > ‘VopTl
With Lemma [T} \VOPT| > Vi oo LIV

We supposed |V)py| > ﬂ:LT'

\%4 \k
Therefore, |Vipx| > Vigpy V1]
With Lemma2 [V], | > [M—‘

. \% Vi r)—2|Er|—1
Which leads to, |V}, | > F( iopr!| ‘I\lﬂ)z/ Uil w )

OPT

2 ’
. 2|Er|+1 / VigppVIP)/r 1 WVigpel
Since i <LV, > ’7—|VI|2 1=—feer ]

Thereby, if there is an approximation algorithm with ratio r for MAX GRAPH
MOTIF, there is an approximation algorithm with ratio r for MAX INDEPENDENT
SET. We conclude the proof by observing that [V| = O(|V;|?) and that unless
P = NP, there is no ratio lower than |V;|'~¢ for MAX INDEPENDENT SET,
Ve > 0 [24]. O

3 Minimizing the Number of Substitutions

In this section, we focus on MIN SUBSTITUTE GRAPH MOTIF, a problem recently
introduced by Dondi et al. [9]. In this variant, some colors of the motif can be
deleted, but the size of the solution must be equal to |M|. Therefore, the deleted
colors must be substituted by the same number of colors.

e Input: A graph G = (V, E), a set of colors C, a function col : V — C, a
multiset M over C.

e Output: A subset V' C V such that (i) |[V'| = |M| and (ii)) G|V] is
connected.

e Measure: The number of substitutions to get M from col(V").

Dondi et al. [9] prove that MIN SUBSTITUTE GRAPH MOTIF is NP-hard, even
when G is a tree of maximum degree 4 where each color occurs at most twice
and the motif is colorful. On the positive side, they prove that the problem is in
the FPT class when the parameter is the size of the solution.

Unfortunately, even in restrictive conditions (when G is a tree of depth 2
and the motif is colorful), we prove that there is no approximation ratio within
clog|V|, for a constant c. To prove such inapproximability result, we do an
L-reduction from MIN SET COVER [20], a problem stated as follows: Given a
set X = {x1,2,...,2x|} and a collection S = {51, 5,...,5s/} of subsets of
X, find the minimum subset &’ C S such that every element of X belongs to at
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Fig. 2. Illustration of the construction of an instance of MIN SUBSTITUTE GRAPH
MOTIF from an instance of MIN SET COVER such that X = {zi,z2,23} and S =
{{z1, 22}, {z2, 23}, {x2}}. For ease, only the color of each node of the graph (and not
the label) is given. The associated motif is M = {¢, }U{cp,; : 1 <k <3,1 <t <4} A
possible solution (with two substitutions) is given in bold.

least one member of §’. We denote by e(i, j) the index I such that z; correspond
to the j-th element of S;. We first describe the polynomial construction of Z/ =
(G, C,col, M), instance of MIN SUBSTITUTE GRAPH MOTIF, from Z = (X, S),
any instance of MIN SET COVER. From an instance Z, let build G = (V| E) as
follows (see also Figure 2):

- V={r}U{v,:1<i<|S|} U

{’U@j,tilgif \S|,1§j§|5i|,1§t§\8|+1},
-FE={{rv}:1<i<|S]} U

Hvisvije} : 1< < ST <5 <81 <t <[S|+ 1}

Informally speaking, r is the root of a tree with |S| children, correspond-
ing to each subset of S. Each child v;,1 < i < |S], got (|S]| + 1)|S;| chil-
dren, corresponding to |S| 4+ 1 copies of each element of S;. The set of colors
isC={c,}U{c;i:1<i<|S|}U{ek::1<k<I|X|,1<t<|S+1}. The
coloring function is such that the root has a unique color, i.e. col(r) = c,.
Each node wv; is colored with the unique color corresponding to the sub-
set of S, col(v;) = ¢;,V1l < i < |S|. Each node v;;; get the color of the
copy of the represented element, i.e. col(vj¢) = Ce(ij),¢- Finally, the motif is
M= {c,}U{cks : 1 <k <|X|,1 <t < |S]+ 1}. Observe that the colors
{¢; 1 1 <4 < |S]} are not in the motif (which is colorful by construction). Let
now show how to build a solution for Z’ from a solution for Z, and wice-versa.

Lemma 3. If there is a solution S’ for an instance T of MIN SET COVER, there
is a solution for the instance ' of MIN SUBSTITUTE GRAPH MOTIF with |S’|
substitutions.
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Lemma 4. From a solution for the instance T' for MIN SUBSTITUTE GRAPH
MOTIF with at most s substitutions, there is a solution for the instance T for
MiIN SET COVER of size at most s.

Proof. Let V! C V be a solution for Z’ such that we can obtain M from col(V”)
with at most s substitutions. We can suppose that s < |S|+ 1, otherwise, &’ =S
is a solution of correct size. Solution for 7 is built as follows: S’ = {S; : v; € V'}.
If for some 1 < k < |X]| there is no color of the set {cx::1 <t < |S|+ 1} in the
solution, it means that these |S| + 1 colors have all been substituted, which is a
contradiction with the supposed maximum number of s substitutions. Therefore,
foreach 1 < k < |X/, there is at least one color from the set {cx+ : 1 <t < |S|+1}
in the solution. Thus, since the solution is connected, all elements of X are
covered by &’. Finally, the size of &’ is bounded by s. Indeed, since their colors
are not in the motif, there are at most s nodes v; in V. a

We can now state the main result of this section.

Proposition 2. Unless P = NP, there is mo polynomial approximation algo-
rithm for MIN SUBSTITUTE GRAPH MOTIF with a ratio lower than clog|V]|,
where ¢ is a constant, even when the motif is colorful and G is a tree of depth 2.

As a corollary of Proposition Bl we remark that the reduction is also an param-
eterized reduction. Since MIN SET COVER is W[2]-hard if parameterized by the
number of subsets in the solution [I§], MIN SUBSTITUTE GRAPH MOTIF is also
W[2]-hard if parameterized by the number of substitutions.

Corollary 1. MIN SUBSTITUTE GRAPH MOTIF is W|[2]-hard when parameter-
ized by the number of substitutions.

4 Using Modularity

In this section, we introduce a variant of EXacT GRAPH MOTIF, where the
connectivity constraint is replaced by modularity. After a quick recall on the
modules properties, we justify this new variant. The problem stays NP-hard,
however, the tools offered by the modularity allow efficient algorithms.

4.1 Definitions and Properties

In an undirected graph G = (V, E), a node x separates two nodes u and v iff
{z,u} € F and {z,v} ¢ E. A module M of a graph G is a set of nodes not
separated by any node of V' \ M. In other words, a module M is such that
Ve ¢ M,Yu,v € M,{z,u} € E & {x,v} € E [0]. The whole set of nodes V
and any singleton set {u}, where u € V, are the trivial modules. Before stating
the definition of specific modules, let say that two modules A and B overlap
if (i) ANB # 0, (ii)) A\ B # 0, and (iii) B\ A # 0. According to [6], if two
modules A and B overlap, then AN B, AU B and (AU B) \ (AN B) are also
modules. This allows the definition of strong modules. A module is strong if no
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other module overlaps it, otherwise it is weak. Therefore, two strong modules are
either included into the other, either of empty intersection. A module M C S is
said mazximal for a given set of nodes S (by default the set of nodes V) if there
is no module M’ s.t. M Cc M’ C S. In other words, the only module which
contains the maximal module M is S.

There are three types of modules : (i) parallel, when the subgraph induced
by the nodes of the module is not connected (it is a parallel composition of
its connected components), (ii) series, when the complement of the subgraph
induced by the nodes of the module is not connected (it is a series composition
of the connected components of its complement), or (iii) prime, when both the
subgraph induced by the nodes of the module and its complement are connected.

The inclusion order of the maximal strong modules defines the modular tree
decomposition T (G) of G, which is enough to store the whole set of strong mod-
ules. The tree T (G) can be recursively built by a top-down approach, where the
algorithm recurs on the graph induced by the considered strong module. The
root of this tree is the set of all nodes V' while the leaves are the singleton sets
{u}, Yu € V. Each node of T(G) got a label representing the type of the strong
module, parallel, series or prime. Children of an internal node M are the maxi-
mal submodules of M (i.e. they are disjoints). The modular tree decomposition
can be obtained with a linear time algorithm, (e.g. the one described in [I5]).
We can now introduce an essential property of T (G):

Theorem 1. ([6]) A module of G is either a node of T(G), either a union of
children (of depth 1) of a series or parallel node in T (G).

One can see strong modules as generators of the modules of G: the set of all
modules of G can be obtained from the tree 7 (G). A crucial point to note is that
there is potentially an exponential number of modules in a graph (e.g., the clique
K, has 2™ modules), but the size of T(G) is O(n) (more precisely, T(G) has
less than 2n nodes since there are n leaves and no node with exactly one child).
Therefore, the exponential-sized family of modules of G can be represented by
the linear sized tree T (G).

4.2 When Modules Join Graph Motif

In the following, we investigate the algorithmic issues of other topology-free
definition, when replacing the connectedness demand by modularity. Following
definition of EXACT GRAPH MOTIF, we introduce MODULE GRAPH MOTIF.

e Input: A graph G = (V, E), a set of colors C, a function col : V — C, a
multiset M on C of size k.

e Output: A subset V' C V such that (i) V' is a module of G and (ii)
col(V') = M.

This definition links the modularity demand with the motif research. The
module definition implies that all the nodes in this module have a uniform rela-
tion with the set of all the other nodes outside of the module. The module nodes
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are indistinguishable from the outside, they are acting similarly with the other
nodes of the graph.

Authors of [I] define a biological module as a set of elements having a separable
function from the rest of the graph. Similarly, authors of [I9] describe a biological
module as a set of some elements with an identifiable task, separable from the
functions of the other biological modules. Moreover, it is shown in [7] that genes
with a similar neighborhood have chances to be in a same biological process. It is
thus possible that set of nodes in an algorithmic module of a graph representing
a biological network have a common biological function. Also note that authors
of [21I] describe modules in gene regulatory networks as groups of genes which
obey to the same regulations, and consequently, as groups which members cannot
be distinguished from the rest of the network.

Moreover, apart of using modules in a slightly different goal (in order to
predict more cleverly results of PPI), Gagneur et al. [I2] note that modules
of a graph can join biological modules, and consider modular decomposition
as a general tool for biological network analysis under different representations
(oriented graphs, hyper-graphs...).

However, there is no clear definition of what is (or should be) a biological
module in a network [I]. We thus claim that the approach using modular de-
composition is complementary to the previous definitions of biological modules
(e.g. connected occurrences or compact occurrences).

4.3 Difficulty of the Problem

Unfortunately, MODULE GRAPH MOTIF is NP-hard, even under strong restric-
tions, i.e. when G is a collection of paths of size three, and when the motif
is colorful. Observe that under the same conditions, EXACT GRAPH MOTIF is
trivially polynomial-time solvable.

Proposition 3. MODULE GRAPH MOTIF is NP-Complete even if G is a col-
lection of paths of size 8 and M is colorful.

Proof (Sketch). To prove the hardness of MODULE GRAPH MOTIF, we pro-
pose a reduction from the NP-complete problem ExAcT COVER BY 3-SETS
(X3C) stated as follows: Given a set X = {z1,...,x3,} and a collection
S = {S1,...,85|s)} of 3-elements subsets of X, does S contains a subcollection
S’ C S such that each element of X occurs in exactly one element of S’?

Let us now describe the construction of an instance Z' = (G, C, col) of MoD-
ULE GRAPH MOTIF from an arbitrary instance Z = (X,S) of X3C. The
graph G = (V,E) is built as follows: V = {v] : 1 < i < [S|,z; € S;},
E = {{v},v2} U {v2,0?} : 1 < i < |S|}. Informally speaking, G is a collec-
tion of |S| paths with three nodes (recall that for each 1 < ¢ < |S],|S;| = 3).
The set of colors is C' = {¢; : 1 < i < |X|[}. The coloration of G is such that
col(v]) = ¢;. In other words, each node get the color of the represented element
of X. We also consider the colorful motif as M = C. O
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4.4 Algorithms for the Decision Problem

Even if the problem is hard under strong restrictions, the modular decomposition
tree is a useful structure to design efficient algorithms. More precisely, we show in
the sequel that MODULE GRAPH MOTIF is in the FPT class when the parameter
is the size of the solution, with a better complexity than for EXAcT GRAPH
MoTiF when the motif is a multiset. As a corollary, we show that the problem
can be solved in polynomial time if the number of colors is bounded. Moreover,
MoDULE GRAPH MOTIF is still in the FPT class if a set of colors is associated
to each node of the graph.

Let us first observe that asking for a strong module instead of any module in
the definition of MODULE GRAPH MOTIF leads to a linear algorithm. Indeed,
one can just browse T (G) and test if the set of colors for each strong module is
equal to the motif.

Let us now show an algorithm with a time complexity of O*(2*), where k
is the size of the solution, for MODULE GRAPH MOTIF, even if the motif is a
multiset. To the best of our knowledge, we do not know an algorithm with a
time complexity lower than O*(4%) for ExaAct GRAPH MOTIF when the motif
is a multiset.

Proposition 4. There is an algorithm for MODULE GRAPH MOTIF with a time
complezity of O(2%|V|2) and a space complexity of O(2F|V|), where k is the size
of the motif and of the solution.

Proof (Sketch). Since |M| = k, observe that there are at most 2* different mul-
tisets M’ such that M’ C M. We first build in polynomial time the modular tree
decomposition T(G) from G. We repeat the following algorithm for each node
M of T(G).

We start by testing if the set of the colors of M is exactly equal to the motif
M. If it is the case, the algorithm terminates. Otherwise, if M is a series or
parallel node, a module can be a union of its children. Given an arbitrary order
on its ¢ children, denote by Child(M)[i] the i-th child of M. We then delete all
children M’ of M such that col(M’) ¢ M, where col(M’) is the set of colors of
the nodes of M’. Indeed, such a child cannot be in a solution considering M. We
note that the set of colors for each child correspond to a multiset M’ C M. Since
any union of children of M is a module of G, it is thus a potential solution. We
propose to test by dynamic programming if such union corresponds to a solution
for M. We build a table D(i, M), for 0 < i <t and M’ C M. Therefore, D has
t + 1 lines and 2* columns. We fill this table as follows:

D(0,M") = True it M' ={0,...,0}, False otherwise,
D(i,M'Y=D(@ —1,M")V D@i — 1, M\ col(Child(M)[i])) if i < ¢, M’ C M.
The algorithm returns True iff D(t, M) = True. Informally speaking, the first

part of the computation of D(i, M’) ignores the i-th child of M while the second
part add this child into the potential solution. a

Corollary 2. MODULE GRAPH MOTIF is in FPT when parameterized by
(k,[C1).
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Proof. Note that, by definition of the motif M, for each color ¢ € C, ocepr(c) < k.
Thus, the number of multisets M’ such that M’ C M is less than k/€l. The time
complexity of the algorithm in Proposition @ is bounded by O(k!€!|V|?).

This corollary is quite surprising and shows a fundamental difference with EXAcT
GRAPH MOTIF. Indeed, recall that this problem is NP-complete, even when the
motif is built over two different colors [I1].

Let us now show that even when a set of colors is associated to each node
of the graph, the problem is still in the FPT class. It is indeed biologically
relevant to consider many functions for a same reaction in a metabolic network
or to consider more than one homology for a protein in a PPI network [I73].
A version of EXACT GRAPH MOTIF with a set of colors for each graph node as
been defined, and thus, we can introduce the analogous problem LiST-COLORED
MODULE GRAPH MOTIF.

e Input: A graph G = (V, E), an integer k, a set of colors C, a multiset M
over C, a function col : V — 2¢ giving a set of colors for each node of V.
e Output: A subset V/ C V such that (i) |V’| =k, (ii) V' is a module of G
and (iii) there is a bijection f : V' — M such that Yo € V', f(v) € col(v).

Proposition 5. LisST-COLORED MODULE GRAPH MOTIF is in the FPT class.

4.5 Open Problems

Clearly, the noise in the biological data implies that searching exact occurrences
of modules is too restrictive to consider a practical evaluation. Indeed, only one
false positive or one false negative can suppress a potential solution. Adding
flexibility as in variants for EXACT GRAPH MOTIF seems essential. Deletions
can be easily handled, but what about the insertions of colors or of nodes not
in a module? It would also be interesting to know if MODULE GRAPH MOTIF
is W[1]-hard if the parameter is the number of colors in the motif as for EXACT
GRAPH MOTIF, or if using modularity change the complexity class.

The complexity of the algorithm of Proposition[lis not satisfying for practical
issues. We believe that this complexity can be improved by the use of multilinear
monomials detection [16].
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Abstract. In this article, we discuss the family of cellular automata
generated by so-called idempotent cellular automata (CA G such that
G? = @) on the full shift. We prove a characterization of products of
idempotent CA, and show examples of CA which are not easy to directly
decompose into a product of idempotents, but which are trivially seen
to satisfy the conditions of the characterization. Our proof uses ideas
similar to those used in the well-known Embedding Theorem and Lower
Entropy Factor Theorem in symbolic dynamics. We also consider some
natural decidability questions for the class of products of idempotent
CA.

1 Introduction

Two famous theorems in symbolic dynamics, namely the Embedding Theorem
and the Lower Entropy Factor Theorem [7], have a similar flavor. In both, we
have two subshifts of finite type X and Y, such that h(Y) > h(X). We then
use the greater entropy of Y to encode every block of X in a suitable size range
into a unique block of Y of the same length, such that the corresponding block
of Y is always marked by a unique occurrence of an unbordered word w. The
fact that we find sufficiently many such blocks in Y is a simple consequence of
entropy.

The main problem then becomes handling the periodic parts of a point, since
in a long subword of period p, the words w would need to be at most p apart.
This means that the possibility of encoding does not follow from a simple entropy
argument. In fact, in both theorems, the necessary and sufficient conditions
include an obvious requirement for periodic points, which doesn’t automatically
follow.

In this article, we solve a third problem using similar argumentation. Unlike
the Embedding Theorem and the Lower Entropy Factor Theorem, which are
inherently about subshifts, this is a problem for cellular automata: the problem
of characterizing the cellular automata F that arise as products of idempotent
cellular automata (CA G such that G2 = G). We only consider the case of the
full shift in this paper; the case of a mixing SF'T would only add some notational
overhead, and we will consider this, and further extensions, in a separate paper.
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It is easy to see that, apart from the trivial case of the identity CA, such a
cellular automaton cannot be surjective. The higher entropy of the domain, and
an obvious requirement on how F acts on periodic points, are then used to
construct F' as a product of idempotent CA.

The problem of characterizing the products of idempotent CA arose from
its superficial similarity to the well-known open problem of characterizing the
products of involutions (CA G such that G? = 1) [3]. Both problems are about
the submonoid of all CA (with respect to composition) generated by a family of
CA that, on their own, have very simple dynamics. In fact, just like involutions
are the simplest possible type of reversible CA in the sense of generating the
smallest possible nontrivial submonoids, idempotents give the simplest possible
nontrivial non-surjective dynamics in the same sense. As we shall see, idempo-
tent CA are much easier to handle than involutions, and the obvious necessary
condition turns out to be sufficient.

In the process of proving the characterization, we also construct two CA which
may be of interest on their own: In Lemma [6] given a non-surjective CA F, we
construct a non-surjective idempotent CA E’ such that F(E'(z)) = F(z). This
can be considered a ‘CA realization’ of the Garden of Eden Theorem. Also, from
the Marker Theorem, we directly extract a cellular automaton M marking a ‘not
too dense’ subset of the coordinates which is ‘not too sparse’ outside periodic
parts of the given point. This way we see that the Marker Lemma in its full
generality essentially follows from proving it for the full shift, so a uniform set of
markers can be effectively constructed which works for even highly uncomputable
subshifts. Lemma [l may also be of independent interest.

We will show examples of (types of) cellular automata which are not easily
decomposable into a product of idempotents, but which are trivially seen to
satisfy the conditions of the characterization. Finally, we discuss decidability
questions, showing that it is decidable whether a cellular automaton can be
decomposed into a product of idempotents, and that many natural questions that
are undecidable for one-dimensional CA stay undecidable restricted to products
of idempotent CA.

2 Definitions and Useful Lemmas

For points € S%, we use the term subword for all contents of finite, one-way
infinite and bi-infinite continuous segments that occur in z. A subword v is p-
periodic if u; = u;4p, whenever both ¢ and i + p are indices of u, and periodic if
it is p-periodic for some p > 0.

Definition 1. A subset X C S” is called a subshift if it is topologically closed
in the product topology of S and invariant under the left shift. This amounts to
taking exactly the points x € S* not containing an occurrence of a subword from
a possibly infinite set of forbidden patterms. If this set of forbidden patterns can
be taken to be finite, X is said to be of finite type (an SFT).

In this paper, a cellular automaton (or CA) is defined as a continuous function
between two subshifts X and Y which commutes with the left shifts of X and
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Y. Such functions f are defined by local maps F : S="") — § by f(z); =
F(2i—y,i4r)). The radius of a CA is any r that can be used in the local map, and
the neighborhood of a CA on the full shift is the (unique, relative to ) set of cells
on which its image at ¢ actually depends. We say F is a cellular automaton on
the subshift Z if X =Y = Z. Note that our definition of a cellular automaton
does not require the domain and codomain to be equal, in order to keep our
terminology consistent. The term sliding block code is also used in symbolic
dynamics [7]. We denote the identity CA defined by G(z) = « by id. If X is the
image of an SFT under a cellular automaton, X is said to be sofic.

Definition 2. The composition, or product, of two CA F and G is denoted in
the usual way when the range of G coincides with the domain of F: (FoG)(x) =
F(G(x)). Note that (F o G) is a cellular automaton.

Definition 3. By @Q,, we denote the set of points of S with least period n.

Definition 4. By TDEMP(X), we denote the set of idempotent CA on X,
that is, CA G : X — X such that G> = G. When the alphabet S is obvious from
context, we will also write TDEMP = IDEMP(ST). Given a subshift X and
a class CLS of cellular automata F : X — X, we write CLS™ for the class of
cellular automata F : X — X that appear as products of CA in CLS.

Definition 5. For u € S" (x € S%), we write L(u) (L(z)) for the subwords of
u (finite subwords of z). For a subshift X C S%, we write L(X) =, x L(x).

Definition 6. A set of words V. = {v1,...,v,} is said to be mutually unbor-
dered (or vy, ..., v, are mutually unbordered) if for all v;,v; € V

Tley,er+lvi|—1] = Vi Tleg,cotlvg|—1] = Vj; C1 < €2 ==
Co — C1 Z ‘Ui| \/(Cl 202/\111 :Uj)
A word v is said to be unbordered if the set {v} is mutually unbordered.

Definition 7. We say that a cellular automaton F is preinjective, if for all
z,y € S such that x # y, and x; = y; for all |j| > N for some N, we have

F(x) # F(y).

Definition 8. We say that the subshift X C S% is mizing if for all u,v € L(X),
and for all sufficiently large n, there exists w with |w| = n such that vwv € L(X).
It is easy to see that for a mixing SFT X, there is a uniform mixing distance
m such that for any two words u,v € L(X), and for all n > m, vwv € L(X) for
some w with |w| = n.

Definition 9. The kth SFT approzimation of a subshift X is the SFT obtained
by allowing exactly the subwords of length k that occur in X.

We will need three classical results from the literature. First, we state the follow-
ing version of the Garden of Eden theorem. This is a straightforward combination
of Theorem 8.1.16 and Corollary 4.4.9 of [7].
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Lemma 1 (Garden of Eden Theorem). Let X be a mizing SFT. A cellular
automaton F : X — X is preinjective if and only it is surjective.

For the full shift, the two directions were first proved in [9] and [10]. We will
need both directions of the Garden of Eden Theorem in the proof of Lemma

The following is a version of Lemma 10.1.8 from [7] where instead of giving a
set of cylinders F', we give a cellular automaton that, on x € X, mark the cells
i such that o%(z) € |J F with a 1, outputting 0 on all other cells.

Lemma 2 (Marker Lemma). [7] Let X be a shift space and let N > 1. Then
there exists a cellular automaton M : X — {0,1}% such that

— the distance between any two 1’s in M (z) is at least N, and
— if M(2)—N,itN) = 02N=1 then T[i—N,i+N] 18 p-periodic for some p < N.

Our version of the Marker Lemma is clearly equivalent to that of [7], but makes
it clearer that the marker CA for SZ directly works for all subshifts of S, since
we avoid the explicit use of cylinders, which by definition depend on the subshift
X . Note that this in particular implies that a uniform set of words defining the
cylinders used as markers works for every subshift X C S% whether or not X
itself is in a any way accessible, and additional complexity in X may not increase
the length of these words.
We need the following subset of a lemma from [2] (see also [g]).

Lemma 3 (Extension Lemma 2.4). [2] Let T, T' and U be subshifts satis-
fying the following conditions:

— U is a mizing SFT.

— T’ is a subshift of T.

there exists a CA F : T' — U.

the period of any periodic point of T is divisible by the period of some periodic
point of U.

Then F can be extended to a CA G : T — U so that G|p» = F.

By an application of the Extension Lemma to an extension of our own, we obtain
a very useful lemma for idempotent CA, which simplifies our construction in
Section [l

Lemma 4. Let the CA F : X — Y be surjective and idempotent for a subshift
X C S% and a mizing subshift Y C X containing a unary point (a point ©a> for
a € S). Then there exists an idempotent CA G : S* — S% such that G|x = F|x.

Proof. 1t is easy to see that for any k the kth SFT approximation of a mixing
subshift is mixing. Since F is idempotent, we have F|Y = id|Y. Let r be the
radius of F' and let U be the (2r+1)th (mixing) SFT approximation of Y, which
contains the unary point of Y. Note that the direct extension F’ of F to X UU
is also idempotent, since points in X map to Y, and F’ is the identity map on
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the whole subshift U (since r is the radius of F'). By the same argument, we may
take F’ to be a cellular automaton from X UU to U.

We apply the Extension Lemma to T' = S%, T = X U U, U, and the CA
F': X UU — U. This gives us a CA G : S — U such that G|xuy = F'. Since
G(x) € U for all x € S%, and F' is the identity map on U, it follows that G is
idempotent as a cellular automaton on SZ. On the other hand, G|X = F'|X =
F|X, which concludes the proof.

Of course, we could prove a version of Lemma [ for extensions to subshifts
other than the full shift, as long as the periodic point condition of the Extension
Lemma is satisfied.

3 Cellular Automata Generated by Idempotents on the
Full Shift

We will prove the following theorem in this article.
Theorem 1. G € IDEMP™ if and only if

Vo (G(Qn) =Qn = G o) N (G(SH) =8 — G=id). (1)

Q. = id
It is easy to see that ‘only if” holds.

Lemma 5. Let X C S% be a subshift and let G = G, o --- o Gy for some
G; € IDEMP(X). Then G satisfies [Il) where we have Q), = Qn N X in place
of Qn-

Proof. Let G(Q),) = @), Then for all G;, also G;(Q),) = Q), since @}, is finite
and points can only map from @, to Q) with j < n. But G; € IZDEMP(X) so
G, acts as identity on its image, in particular on @/, and thus also G acts as
identity on @,.

Even more obviously, if G(S%) = S% then G acts as identity everywhere.

It is not hard to show that binary xor-with-right-neighbor on the full shift satis-
fies the leftmost implication of (), since no @, is mapped onto itself. However,
it does not satisfy the rightmost implication, so the lhs does not imply the rhs.
It is also easy to find a nonsurjective CA the does not satisfy the lhs.

Since we will prove the converse to Lemma [] in the rest of this section in
the case X = S%, assume G satisfies (). It is clear that the identity map is
generated by idempotents, so we may assume G is not surjective. By Lemma [,
it is enough to show that the cellular automata F' we construct are defined, and
idempotent, on Y U F(Y') where Y the image of the chain of CA constructed
sofar.

We will construct G = F o Po Ao E as the product of the 4 CA

— E, the Garden of Eden CA;
— A, the Aperiodic Encoder CA;
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— P, the Period Rewriter CA;
— F, the Finalizer CA.

The CA P will be a product of idempotent cellular automata, while the rest are
idempotent themselves.

We will dedicate a short subsection to each of these cellular automata, and
the crucial idea behind each CA is extracted into a lemma, except for the highly
problem-specific F. In the case of Section [3.2] this is just the Marker Lemma.

3.1 Forbidding a Word from the Input: E

Let us start by rewriting the point so that some subword never appears, without
changing the image of G.

Lemma 6. Let G’ : S” — S” not be surjective. Then there exists an idempotent
non-surjective cellular automaton E' such that G'(E'(z)) = G'(x) .

Proof. Let Z C S” be the image of G’. The Garden of Eden theorem says there
is a positive length word u that we can always rewrite to a different word v’ with
|u| = |u| without changing the image of G’. Clearly we may assume |u| > 1. We
take one such u and take the automaton E’ that rewrites an occurrence of u at
x[i,i+\u|—1] to u' if

— u occurs exactly once in T[;_ojyu|4+1,i+3Ju|—2]
— rewriting u to u’ does not introduce a new u overlapping the original occur-
rence.

Assume on the contrary that E’2 # E’ and let E'(2){5,i4uj—1) = u for x € SZ
such that E’ rewrites this u to u’. The first condition makes sure that at most one
rewriting could have happened such that the new u introduced overlaps [i,7 +
|u| — 1]. But this means that the second condition could not have been satisfied.
Therefore, none of the cells have been rewritten, and necessarily z[; i1 |u—1] = u-

It is impossible for the cells at most |u| — 1 away from the occurrence of u
to have changed, so the first condition was the reason u was not rewritten in
the first place, and there is a nearby occurrence of u at j in x preventing this.
But then, the two occurrences of w in ¢ and j prevent each other from being
rewritten in the whole orbit of the point x. This is a contradiction, since we
assumed the occurrence at ¢ is rewritten on the second step. This means E’
must be idempotent.

Since E'(*aub™) = E'(*au’'b>) for a # uy, b # uy,, £’ is not preinjective,
and the other direction of the Garden of Eden theorem says that its image is
not the full shift.

We take E = E’, as given by Lemma [0] for G’ = G, as our first idempotent CA.
Let v ¢ L(E(S%)) U L(G(S%)) and let Y = {z | v ¢ L(x)}. We choose three
mutually unbordered words w, wg, w1 all containing a single copy of v such that
v can only overlap w, wy or wy at its unique occurrence within it. Further, we
may assume Y’ = {x € S | w ¢ L(x)} is mixing.
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3.2 Encoding Aperiodic Parts and Memorizing Periodic Parts: A

Next, we construct the CA A that, when started from a point not containing the
word v, marks the borders of long enough periodic subwords (with small enough
period) memorizing the repeated pattern, and encodes the aperiodic parts by
occurrences of v. For this, we need a suitable definition for ‘long enough periodic
subword’ and ‘small enough period’.

Let m be large enough that

[{wuw [ ue S"2IN LY} > [{u € LY) | ul = n}] (2)

for all n > m. This is possible by a standard entropy argument since Y’ is a
mixing SFT and Y C Y’. Note that since w is unbordered, w occurs only twice
in wuw on the LHS. Let & be such that in a word of length &, no two distinct
periods p;, p; < m can occur.

Let y =€ S%, and let M be given by the Marker Lemma for the full shift and
N = m + 1 having radius r. For now, let ' > 0 be arbitrary (to be specified
later). We construct a shift-commuting function A as follows, applying the rules
top-down:

— If v occurs in yj;_s i1, the cell i is not rewritten.

= If M(y)ji—1,i+2(jwo|+m+|w: ) +k—1] € 107, the word ¥ it-o(jwo|+m+|w:|)+k—1]
has a unique period p < m by the Marker Lemma and the choice of k, and
A sandwiches t = y[; j1,—1] between wo and wy rewriting Yj; i jwo|+p+|w: |—1]
by wotw1

— If M(y )[z 2(Jwo|+m+lwi ) —k+1,i+1] € 071, the word Y _o(jwe|+m+|w:|)—k+1,]
has a unique period p < m by the Marker Lemma and the choice of k, and
A sandwiches t = y[;_,41,4 between w1 and wo TeWriting Yp;— jw, |—p—|wo|+1,i]
by wytwg.

— If M(y)[i,igns1) = 1071 for n < 2(|wo| +m + [wi|) +k — 2, A injects y; itn
into a word wuw where u does not contain w.

The last property is possible by the fact two 1’s are at least m + 1 apart by the
Marker Lemma.

We define the aperiodic subwords, the AS, of a point A(E(z)) as the maximal
subwords of the form wujwwusw - - - wu,w (an AS is, formally, a pair containing
a word and the index at which it occurs in A(E(x))). We define the period
bordering subwords, the PBS, as the subwords w;tw;_; (again, also remembering
the location). A PBS of the form wotw; is called a left border, and a PBS of the
form witwy is called a right border. Finally, we define the long periodic subwords,
the LPS, as the rest of the maximal subwords not intersecting AS or PBS.

For a sufficiently large choice of ', the restriction A : E(S%) U A(E(S%)) —
A(E(S7%)) is an idempotent CA: Consider a rewriting that happens on the second
step at 7. This ¢ must be in an LPS if 7’ is chosen large enough. Also, clearly for
cells ¢ deep enough (at least  + m) inside a p-periodic subword with p < m, M
marks no cells with a 1. It then clear that a large enough choice of ’ implies the
idempotency of A.
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Note that, since the length of a minimal wuw-pattern is bounded, a CA can
determine which type of subword i belongs to, that is, there exists a cellular
automaton T : SZ — {(AS), (PBS), (LPS)}# such that T(A(E(x))); = T if and
only if ¢ is in a subword of type T.

We illustrate the structure of a point (4 o E)(z) in Fig. 0

Left border LPS Right border
; ! ! _ ; — ! ! ;
Wo t w1 t t t t t t w1 t  Wo
Right border AS Left border
; ! ! _ ; S ! ! ;
w1 t wo wuULw wu2wW wusw WU4W Wo t w1

General form of (Ao E)(x)
> AS <& LIPS > AS < LPS > AS <

Fig.1. An LPS, an AS, and the general structure of a point, respectively, after Ao E
has been applied. Note that in reality the bordermost copies of ¢ in an LPS are usually
cut off (unlike in the figure), and the two t sandwitched between w; are usually not
the same, but rotated versions (conjugates) of each other.

3.3 Periodic Subwords of Small Enough Period: P

Now that LPS subwords can be detected by a CA in (A o E)(z), we can deal
with LPS separately from the rest of the point. So, let us construct a CA P’ €
IDEMP* which behaves like G on all points with period less than or equal to m.
We will then modify P’ to obtain the desired CA P such that P o A o E writes
the LPS exactly the same way as G would have rewritten the corresponding
periodic point (while leaving the original periodic pattern ¢ in the period borders
wjtwl_j).

We start with the following lemma, which contains all the essential ideas
needed in the construction of P’.

Lemma 7. Let X be a finite set and let f : X — X not be surjective. Then
there exist idempotent functions f; such that f = fp,o0---0 f1.

Proof. First, choose a preimage g(a) € f~!(a) for all a € f(X). Then, construct
a sequence of idempotent functions g; that each move a single element a € X
to g(f(a)), and leave everything else fixed. Next, move g(f(X)) onto f(X) with
another product of functions h;. Finally, decompose the permutation of f(X)
moving every element a € X to its final position f(a), into 2-cycles. Each 2-
cycle can be implemented using two idempotent functions k; and an element
be X — f(X). Letting f =[], ki o [ [, hi o[ [, 9s completes the construction.
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Lemma 8. Let m' be arbitrary, and let Y’ be a subshift such that G|y satisfies
(). Then there exists
P € IDEMP(Y')*

such that P’ acts as G on all points with period less than or equal to m/’.

Proof. There exists k' such that by looking k' cells in each direction, we can
uniquely identify the period of the point. We build P’ as the product P/ ,0---oP]
where each P/ takes care of points with period . If G(Q;NY”) = Q;NY” then P/
is just the identity. All points that map to a point of smaller period simply map
directly to that point. This is safe because of the order in which we handle the
different periods, since the period of a point cannot be increased by a cellular
automaton.

We deal with other points similarly to Lemmalfl simply shuffling everything in
place with a product of idempotents. For this, note that Q; "Y' are partitioned
into equivalence classes of size ¢ by the shift, and that an equivalence class
either maps to a set of points with smaller period or onto some equivalence
class, possibly shifted. This means that the construction in Lemma [0 can be
used on equivalence classes: In the terminology of Lemma [[ the functions g;
are composed with a suitable power of the shift, and finally, additional cellular
automata [; are used to shift the images of all points to their final image (again
using a point outside of f(X)).

Let the CA P/ = P, o---0 P; be given by LemmaR for m' =m and Y’ = {z €
SZ | w ¢ L(z)}, where each P; is idempotent. For this, note that if G satisfies
(@) on the full shift, the equation is also satisfied on Y’ (since v does not occur
in the image of G and v is unbordered and contained in w).

To extend P’ to P, we must make each P; identify whether the cell being
rewritten is part of an LPS. This is complicated by the fact that the intermedi-
ate CA P; may have v in their image. However, since w does not occur in the
images of the P;, AS subwords, and thus all types of subwords, are still easy to
locate, and the CA T can be extended for this case. If i is not in an LPS, the cell
is not rewritten. Otherwise, the cell is rewritten as P’ would have, if the periodic
pattern were repeated infinitely in both directions. That is, the bordermost wy,
if seen, is thought of as a repeater, repeating whichever periodic pattern occurs
inside the LPS, see Fig.[2l This is possible, since at least k cells are left between
the period borders w;tw;_;, and the repeated pattern can be uniquely deter-
mined. This concludes the construction of P. Note that, as mentioned above,
it is enough that the intermediate CA are idempotent on the image Z of the
previous chain of CA and their own image from Z by Lemma [

The only difference in form between (Po Ao E)(z) and (Ao E)(z) is that the
repeating subword of an LPS may have changed, see Fig. Bl

3.4 The Final Touch: F

Let [ be such that if z(;_; ;4 does not contain v for z € S%, then (PoAoE)(x); =
G(z),. For instance, | = max(Jwo| + |wi|) + = has this property where r is the
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Left border LPS Right border
e —" ' ey
Wo t t t t t t t t wo
t t
t t

Fig.2. An LPS as seen by P’ in (Ao E)(x)

Left border LPS Right border
_ ; —
wo t w1 t t ' ' ' t w1 t wo

Fig. 3. An LPS after applying P to (Ao E)(z)

radius of P. All we need to do is rewrite the rest of z as G would have, with a
CA F. We ensure that F' is idempotent by only rewriting ¢ such that [ — 1,7 4]
contains v, since G(z) cannot contain a copy of v. But it is easy to deduce the
original contents of any cell j that G might use when rewriting such a cell i:

— in an AS, between two w, the original contents are given by simply decoding
wuw.

— shallow enough inside an LPS, or in a PBS, the ¢ in w;tw;_; gives the original
periodic pattern repeated in x.

Now,
G=FoPoAoF

concludes the proof of Theorem [l

4 Examples and Decidability Questions

4.1 Examples

It is now easy to see that while idempotent CA are in some sense trivial, their
products can have complicated behavior.

We say that a CA is nilpotent if Ig,n : Vo € SZ : G"(z) = ©¢>, and we
say the CA F has a spreading state q if q spreads to i whenever F' sees ¢ in the
neighborhood of i.

Proposition 1. If the CA F has a spreading state, has neighborhood and al-
phabet size at least 2, and satisfies [A) on Q1, then F € TDEMP™.

Proof. Such a CA cannot be preinjective, and thus not surjective either, so the
rightmost condition of Theorem [ is satisfied. Also, no @, where n > 1 maps to
itself.
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Proposition 2. If a non-surjective CA F has a single spatially and temporally
periodic point, then F € TDEMP*.

By considering north-west deterministic tilings, we find a non-nilpotent cellu-
lar automaton on the full shift having a spreading state such that all periodic
configurations eventually evolve into the all zero configuration [6]. Such CA are
rather nontrivial to construct, implying that ZDEMP* is quite a large class.

Note that an idempotent CA is simply an eventually periodic automaton with
period 1 and threshold 1. We say that a CA G is eventually idempotent if the
period is 1, but the threshold need not be, that is, G"*' = G™ for some n. Let
us show that such CA are products of idempotent CA.

Proposition 3. If G"t! = G, then G € IDEMP*

Proof. The proof of Lemmal[f] can easily be modified for such CA: If G(Q,) = Qn
and G is composed of eventually idempotent CA G;, each G; must also map
Gi(Qn) = Qn, and thus G} (Q,) = Q. From this, it follows that for all z € Q,,
we have G;(z) = G;(G?(y)) = G?(y) = x for some y € Q. The right hand side
of () follows similarly.

Corollary 1. If G is a product of eventually periodic CA, then G € TDEMP*.
Corollary 2. Any nilpotent CA F is in TDEMP*.

This means that we have exactly characterized the products of eventually pe-
riodic CA with period 1 and an arbitrary threshold. As we mentioned in the
Introduction, the case of period 2 and threshold 0 is still open.

4.2 Decidability Questions

Although we have complicated examples of CA in ZDEMP™, the problem of
whether a CA is in this class is simple to solve using our characterization.

Theorem 2. [t is decidable whether the CA F is in TDEMP*.

Proof. Obviously, F being in ZDEMP™ is semi-decidable. On the other hand, if
F is not in ZDEMP*, it does not satisfy the characterization of Theorem[Il If F'
does not satisfy the condition F(S%) = SZ = F = id, the cellular automaton
is surjective but not equal to the identity, and since surjectivity and not being
equivalent to the identity CA are both semidecidable [I] [6], a semialgorithm
can detect this. If the condition Vn : (F(Q,) = Q. = Flg, = id|g,) is
not satisfied, there exists n such that F(Q.) = Qn, but F|g, # id|g, , which is
easily found by enumerating the sets Q.

However, once restricted to CA in ZDEMP*, we find many undecidable prob-
lems, of which we list a few. In [0], it is shown that nilpotency of cellular automata
with a spreading state is undecidable. From this and Proposition [[I we obtain
the following.
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Theorem 3. It is undecidable whether F € TDEMP* is nilpotent.

By attaching a full shift (with shift dynamics) to the state set so that the spread-
ing state also zeroes cells of the full shift, we obtain that computation of entropy
up to error € > 0 is uncomputable even for CA with a spreading state [4]. In
particular, we obtain that this is also undecidable for CA in ZDEMP*.

Theorem 4. Approrimating the entropy of F € ITDEMP™ up to error € is
uncomputable for all € > 0.

Acknowledgements. 1 would like to thank Ilkka Tormé for his idea of also
discussing eventually idempotent cellular automata, and for his useful comments
on an early version of this article. I would also like to thank Jarkko Kari for
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Abstract. We show how to check in linear time if a function f : Z; —
Zy, where k = p™, p is a prime number, and m > 2, specified by its
values, can be represented by a polinomial in the ring Zg[z1,...,zy]. If
S0, our algorithm also constructs (in linear time) its canonical polynomial
representation. We also show how to extend our techniques (with linear
time) to the cases of an arbitrary composite number k.

More precisely, we prove that the circuit-size complexity of solving the
problem, if a given function f : Z; — Zg, where k is a fixed composite
number, specified by its values, is represented by a polynomial in the
ring Zg[z1,...,%n] and, if so, finding its polynomial, is linear.

1 Introduction

Polynomial is one of the most suitable forms to represent finite-valued functions
since it admits the application of a wide range of algebraic techniques for sym-
bolic manipulations with functions. It is known that each function over the ring
of residues modulo k& can be represented by a polynomial over this ring iff this
ring is a field, i.e. iff k is a prime number.

When function f : Z}} — Zj, where k is a prime number, is specified by the
vector of its N = k™ values, then its polynomial can be constructed in time
O(NlogN).

In this paper we study the problem of checking the existence of polynomial
representation and, if so, finding it (for short, PRP, polynomial representation
problem) for functions over a ring of residues modulo k in the case when k is a
composite integer. Some criterium for the existence of polynomial representation
for functions over residue rings modulo a composite number k was obtained
in [2/4J6I7)8]. In [8] D.G. Meshchanov considered the case of k = p™, where p is
a prime number, and m > 2, and proposed an algorithm which solves PRP in
time O(N log™ N) for functions f : Z} — Z, specified by the vector of their
N = k" values.

The main contribution of this paper is a new, more efficient solution to PRP.
We introduce a new concept of canonical form for polynomial representations
of functions over the ring Zj [9]. We propose an algorithm that checks in time
O(N) if a function f : Z} — Zy, where k = p™, p is a prime number, m > 2,
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specified by the vector of its N = k™ values, can be represented by a polynomial
in the ring Zg[z1,...,zy,]. If so, this algorithm also conctructs the canonical
polynomial that represents f. It is just a matter of a simple algebraic technique
to extend our algorithm in such a way that it solves in linear time the same
problem for an arbitrary composite number k. We use circuits in some basis of
gates as a model of computation.

The paper is organized as follows. In Section 2 we introduce the notation and
the basic concepts of finite-valued functions and polinomials. In Section 3 we
define a characteristics of monomials and study its properties. In Section 4 we
describe a new canonical form of polinomial functions over the ring Z; where
k = p™, p is a prime number, and m > 2. In Section 5 we prove a criterium
of polynomiality for the function over the ring Z; where k = p™, p is a prime
number, and m > 2. Based on this criterium we construct a checking algorithm.
In the end we adduce examples.

2 Concepts

In the beginning we arrange notations and agreements. We think, it is possible
to use some notations from [5].

We use capital letters F, G, H, etc. to design elements of Z[x1,...,z,], the
polynomial ring in z1,...,x, over Z, the ring on integers. An equality F = G
or Flzy,...,2y]) = G[z1,...,x,] means that F' and G are equal as elements of
Z[z1,...,xy)], i.e. their corresponding coefficients are equal.

Any polynomial in Z[z1,...,x,] gives rise to a polynomial in Zg[z1,...,zy],
where k € Z, and we use the same letter for this. Then the congruence F' =
G(mod k) or Flz1,...,x,] = Glz1,...,2,](mod k) means that F' and G are
equal as elements of Zy[z1,...,x,] ,i.e. their corresponding coefficients are con-
gruent (mod k).

We use small letters f,g,h, ets. to design functions from Z} to Z. Each
such function gives rise to a function from Z} to Zj, which we designate by
the same letter. An equality f(z1,...,2,) = g(z1,...,2,) denotes equality

between the integers f(z1,...,2z,) and g(z1,...,2,), while f(z1,...,2,) =
g(x1,...,2n)(mod k) denotes congruence between them. Then f = g(mod k)
means that f and g are equal as functions from Z} to Zg, ie. f(a1,...,an) =
glai,...,an)(mod k) for all (ai,...,a,) € Z}. The set of functions from Z} to
Zy, is denoted by P, and P, = |J PJ.
n=0

Given a polynomial F(z1,...,2,) in Z[x1,...,T,] or in Zg[zy,. .., 2,], we can
define a function f : Z} — Zj by setting f(a1,...,an) = F(a1,...,a,)(mod k)
for all (a1, ...,a,) € Z}. Such function is called a polynomial function (mod k),

and we say that f is determined by, or corresponds to, F' and that F' represents
f. Henceforth, we shall always use corresponding large and small letters in this
way. Clearly FF = G(mod k) implies f = g(mod k), but not conversely. The
set of polynomial functions (mod k) in n variables is denoted by Pol}, and
Polj, = |J Pol}.

n=0
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A lengthlen(F) of a polynomial F in Zg[z1,...,zy] is the number of non-zero
(mod k) summands in it. The polynomial without non-zero summands we call
the empty polynomial and denote by 0. It represents the zero function which we
also designate by 0. A degree deg(F') of a polynomial F' in Zg[z1,...,z,] is the
maximum of the degrees of its non-zero (mod k) summands. Assume that the
degree of 0 is zero.

Let Z4 be the set of non-negative integers. The partial order < on the set
7%, n > 1, is defined as follows.

Let 0 = (s1,...,8,) € Z"} and 7 = (t1,...,t,) € Z'. Then

O'ST, ifSl §t1,...,sn Stn
We introduce the corresponding partial order on the set of monomialsin x1,. .., z,.
n
For o = (s1,...,sn) € Z% we denote by X, the monomial J] x;'. Given a

=1
pair of monomials X; and X5 we assume

X1 SXQ, lel :)((77 XQZXT,aIldO'ST.

3 On Some Characteristics of Monomials

Now we introduce a concept.

Definition 1. Let p be a prime number.

A composite characteristics (relative to p) cd(X) of monomial X = x° is the
integer number M, M > 0, such that

1) there exists such polynomial G(x) = 2° + as_12°7' + ... + a1x € Z[x] that
g(x) = 0(mod p);

2) for each polynomial G(x) = bsx® + bs_12°~ L + ... + bix € Z[x] if g(x)
0(mod pM*1) then the coefficient by is divided by p.

O

We must say that this concept is suitable for our purposes. But it reinterprets
the results of I. Niven & L.J. Warren [I] and D. Singmaster [5]. According to
these results the value of cd(2*®) is M where p™ is the highest power of p that
divides s!, i.e.

pM st pM s
From this it is easy to extract the next Lemma [l

Lemma 1. Letp be a prime number. If cd(z®) < m (relative to p), where m > 1,
then s < mp.

From the results of I. Niven & L.J. Warren [I] it follows that if
Gs(x)=z(z—1)(xz—2)...(x —s+1)

then g,(z) = 0(mod p°¥*")). Note that deg(G) = s. We can conclude from the
above-mentioned that if cd(z®) < m (relative to p) then len(Gs) < mp.

Now we extend the concept of a composite characteristics to multivariable
monomials.
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Definition 2. Let p be a prime number.

A composite characteristics (relative to p) ¢d(X) of monomial X = zi* -
n

xir, where si,...,8, >0, is the integer number cd(X) = > cd(z"). O
i=1

Definition 3. Let 0 = (s1,...,s,) € Z1}, X5 = [] ;.
i=1
We introduce the polynomial G, (x1,...,2n) as Go(x1,...,25) = [[ Gs, (xs),

i=1
where

G, (z;) = xi(x; — ) (z;—2) ... (x; —s+1), gs = 0(mod pCd(I:i)), if ed(z5?) > 1;

(3

G, () = 3, gs = 0(mod p)), if ed(x3*) = 0.

Note that
9o (21, .., Tn) = 0(mod pCd(X")),

and for each number m, m > cd(X,),
pm*c‘i(x”)gg(:ﬂl, ooy @p) = 0(mod p™).

Note also that all summands in the polynomial G, are less than or equal to X,
in the partial order of monomials.

Lemma 2. Let p be a prime number, m > 1, 0 = (s1,...,8,) € Z7, and
cd(X,) < m. Then the lenght of the polynomial Gy (x1,...,2,) is less than
(mp)™.

—

Proof. Consider the polynomial Gy (x1,...,2,) = [[ Gs,(x;), where g, (x;) =

i=1

0(mod ped(=i")),

Let cd(z]') =m; > 0,i=1,...,n.

If m; = 0 then g, (2;) = z;’, and the length of the polynomial Gy, is 1.

If m; > 1 then, since the degree of the polynomial g, is s;, the length of the
polynomial Gy, is less than or equal to s; (gs,(0) = 0). By Lemma[ll s; < mp.

n

By conditions > m; < m. Hence, the number of non-zero m; is less than m.
i=1

Thus, the length of the polynomial G, is less than (mp)™.

4 Canonical form of Polynomials

Now we formulate the Lemmas and Theorems which are used later.
The results of the next Lemma [3 and Theorem [[] can be found in [TI35]. We
formulate them in our terms.
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Lemma 3. [1I85] Let p be a prime number, m > 1, and
G($) =as2° + as,1x5*1 +...ta1x € Z[x]

If g(z) = 0( mod p™), and ¢ = m—cd(z®) > 0, then all the coefficients as, . .., a1
are divided by p?.

Theorem 1. [3I5] Let k = p™, where p is a prime number, m > 1.
Each function f(x) € Poly, is uniquely represented by a polynomial of the form

F(z) =asx® +as12°" " + ...+ a12 + ag € Z[z],
where cd(z®) <m and 0 < a; < pm—ed@) i =0,1,...,s.

The generalizations of these results on multivariable case (the next Lemma [
and Theorem [2)) are obtained and proved by the author in [9].

Lemma 4. [9] Let p be a prime number, m > 1, and
G(z1,...,2n) € Z]x1, ..., Tp].

If g(z1,...,2,) = O(mod p™), X is a mazximal monomial of non-zero sum-
mands in the polynomial G, and ¢ = m — c¢d(X) > 0, then the coefficient a of
the monomial X is divided by p?.

Theorem 2. [9] Let k = p™, where p is a prime number, m > 1.
Each function f(zx1,...,x,) € Poly is uniquely represented by a polynomial
of the form
l
F(.’L‘l,...,xn) = Zai - X, € Z[l‘l,...,l‘n],
i=1

where cd(X;) <m and 0 < a; < p™ X j =1, 1.

A polynomial F' in the form of Therem [ is called the canonical polynomial
of a polynomial function f € Poly.

Let k = p™, where p is a prime number, m > 1. We must say that from the
results in [1I59] it is known how for each m > 1 we can find all monomials X
such as cd(X) < m (relative to p). But in our case for the simplicity we only
approximate the set of such monomials.

For r € Z, we assume that Zg,,) denotes the set of integers from 0 to r. Then,
acording to Theorem [2, there exist such coefficients c¢(o) € Zy, 0 € L,y for
some r € Z,, that the polynomial

F(zy,....xn) = Y cp(0)Xy € Zifzr, ... xn]

oL

is canonical to a polynomial function f € Polg. By Lemma [l r < mp, and by
the fact mp < p™ at p > 2 we obtain r < k.

For the simplicity, without the loss of rigour, we sometimes write X, where
o= (s1,...,5n) € Z}, for amonomial X,, 0’ = (s,...,s),) € Zip,jo—1)> meaning

that s1 = si(mod k),...,s, = s/, (mod k). Note that for every o’ € L go—1)
there exists a unique such o € Z.



Polynomials for Functions over Residue Rings Modulo 307

5 Checking Algorithm of Polynomiality for Functions

Let k& = p™, where p is a prime number, m > 1, and 1 < ¢ < m. Functions
fi(x), f2(x) € Py are called p?-equivalent iff fi(z) — f2(z) = 0(mod p?).

The following Theorem [3] is a basis for the construction of our recognition
algorithm.

Theorem 3. Let £k = p™, where p is a prime number, m > 1. Let
fly,xz1,...,20) € Pi, f(J,z1,...,2,) € Poly for each j € Zy. Let X be
a mazximal monomial of non-zero summands in the canonical polynomials of
all functions f(j,x1,...,2,), it occurs with the coefficient a’ in the canoni-
cal polynomial of the function f(j,x1,...,2,), and h(y) is such function that
h(j) = a’(mod k), j € Z.

Then the function f(y,z1,...,x,) € Poly iff

1) for the function h(y) there exists p™~°*X)_equivalent for the function
t(y) € Poly;

2) fly,x1,...,xn) — X - t(y) € Poly.

Proof. 1. The necessity. Let f(y,z1,...,2,) € Pol. Consider its canonical poly-
nomial (by Theorem[) F(y,z1,...,x,) and group summands in it so as to obtain
an expression in the form

Fly,z1,...,20) = ZTi(y) - Xi,

where T1(y),...,Tn(y) € Zily], and X;,...,X; are monomials in variables
r1,...,Tn. Let X; be a maximal monomial among Xi,...,X; in this expres-
sion, and X; = X, for a certain o € Z}.

For each j € Zj, the canonical polynomial of the function f(j,z1,...,z,) can
be obtained from the polynomial

F( a1, mp) = ZTZ-(J') »'¢

by operations described in the proof of Theorem 2] [9]. Namely, for the summand
X, from its coefficient p™~¢4(X1) i subtracted as long as its coefficient becomes
less than p™—cd(X1),

Now we prove that the monomial X; has at least one non-zero (mod k) coef-
ficient in the canonical polynomials of the functions f(j, z1,...,2), j € Zx, i.e.
we must show that ¢;(j) # 0(mod p™ X)) for some j € Z.

Consider the polynomial T;(y) = bsy® + ... + b1y + by € Zgly], where
bs,...,b1,by € Zy, are coefficients, by Z 0( mod k), s > 0. Since the polynomial F'
of the function f is canonical, we conclude b; < p™ 4" X1) for all = s, ..., 1,0.
So, by virtue of the fact that cd(y’X;) > cd(y"), we obtain b; < p™—c¥"),
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Therefore, the polynomial 7;(y) is canonical. Consequently, it defines the func-
tion that is not the zero (mod k).

In addition, if we suppose that ¢ (y) = 0(mod p , we obtain #;(y) -
9go(21,...,2n) = 0(mod p™). The monomial y° - X; is a maximal monomial of
non-zero summands in the polynomial T;(y) - Gy(z1,...,2,) and occurs in it
with the coefficient that is less than p™ ¢4 X1) This contradicts to Lemma [l

Hence, t;(y) # 0(mod p™~¢4(X1) q.e.d.

From which the monomial X; is a maximal monomial among non-zero sum-
mands in the canonical polynomials of the functions f(j,21,...,2n), j € Zg.
Therefore, without the loss of generality, X = X.

Thus, t(y) = t:(y) is required so ¢;(y) € Polj, and

m—cd(Xl))

ti(y) — h(y) = 0(mod p™—cdXV)).

Then
fly,z1,...,m,) — X - ti(y) € Poly,

as the difference of two polynomial functions.

2. The sufficiency. Suppose there exists a function ¢(y) € Pol, such as t(y) —
h(y) = 0(mod pm—cd(X1)),

Then

f(yal'la"'ax’n) = (f(ya‘xl,"',l"n) -X t(y)) +X t(y) S POlk
as the sum of two polynomial functions.

Remark 1. Theorem Bl suggests the idea of our algorithm.
Let k = p™, where p is a prime number, m > 1. Let f(y,z1,...,z,) € Py

L
and f(j,z1,...,2,) € Poly for each j € Zy. Let Fj(z1,...,2) = Y a] X; be the
i=1

canonical polynomial for the function f(j,z1,...,zn), j € Zk.

Then let X; be a maximal monomial among X1,...,X;, and X; = X, for a
certain o € Z'} .

Assume that h;(y), i = 1,...,1, are such functions that h,;(j) = a (mod k),
J € Zy. Note that the functions h;(y) are not necessarily polynomial.

From which
l

i=1

Assume h; = h.

Let us consider the sufficiency in Theorem [8l We have t(y) — h(y) = 0(mod

m—cd(Xy)

p )-

Consider the polynomial Gy(x1,...,2,) = X; + Gi(z1,...,2,) €
Zilz1, ..., xy], where all summands in polynomial G; are less than X; in the
partial order of monomials in x1, ..., Z,.

Then g(y,z1,...,2zn) = (t(y) — h(y)) - go (21, ..., 2n) = 0(mod p™).
Hence, for the function f(y,z1,...,z,) — t(y) - Xi we can observe
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f(y,ﬂh, . ‘7xn)_t(y)'Xl = (f(yvxlv v ,In)—t(y)'Xl)+(t(y)—h(y))'gg-(itl, s 73:”) =

l
= Zhi(y) X —t(y) - Xi+ (t(y) — h(y) - (X4 g1 (z1,..., x0))

-1
=S hiy) - Xi + (ty) = h(®)) - 91 (21, .., 20) (mod k). (1)

i=1

It follows that the canonical polynomials of the functions f(j,x1,...,2n) —
t(4) - X1, j € Zi, have no the monomial X; or monomials which are greater
than X;. So, we can recursively apply to f(y,z1,...,z,) — t(y) - X; the same
Theorem [3l O

Now we study circuit complexity of solving PRP, i.e. we consider circuits with
gates in some basis of Py as a model of computation. A complezity T(S) of a
circuit S is a number of gates in it.

Theorem 4. Let k be fixed, and k = p™, where p is a prime number, m > 2.

For a fized basis of Py for every natural number n it can construct a circuit
Sy, with k™ inputs u(o), o € Z}, and k™ + 1 outputs v(0), o € Z}, and z, such
that if values f(o) of an arbitrary function f € P’ appear on inputs u(o) then z
gives 1 in the case f € Poly and z gives 0 otherwise, and, furthermore, if z =1
then outputs v(o) give coefficients of monomials X, in the canonical polynomial
of a function f, and the family of circuits S1,S2,...,Sn,... has the complexity
T(Sn) = O(k™).

Proof. We describe an algorithm by which it can construct such circuit S,,.

In the description of the sign ”*:=”’ means ”‘assignment”’, i.e. in the variable
to the left of the sign the expression value to the right of the sign is written.

In addition, we apply the following operations: min(z,y) is finding the min-
imum of the two elements in Zy; mod(x,y) is taking the remainder of the left
operand modulo its right operand (operands is in Zj ). Note that these operations
can be computed in some circuits with constant complexity.

For j € Zi, 0 = (s1,...,8,) € Z} we assume (§,0) = (4, 81,...,80) € Z} .

For f(y,x1,...,2n) € P,?H we denote a function f(j,z1,...,zn), j € Zy, as
f; and call it a subfunction of a function f.

In the description of the algorithm we assume that if f ¢ Poly, then the values
of outputs v(o) are arbitrary.

We describe the algorithm by induction on n. Note that a circuit S; can be
constructed with constant complexity.

Denote by SPE(q), 1 < g < m, a circuit with k inputs u(j), j € Zi, and k+1
outputs v(j), j € Zi, and z, such that if values h(j) of an arbitrary function
h € P} appear on inputs u(j) then z gives 1 if there exists the p?-equivalent to
h a function ¢ € Polj and z gives 0 otherwise, and, furthermore, if z = 1 then
outputs v(j) give coefficients of monomials X ;) in the canonical polynomial of
such function ¢. Note that for every ¢ = 1,...,m — 1, a circuit SPE(q) can be
constructed with constant complexity.
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We describe the inductive remove from n to n+1 step by step. Let u(7), v(7),
z, where 7 € ZZH, be inputs and outputs of a circuit S, 1 respectively. Below
we show by operator ”“:="’ how values of outputs v(7) and z are changed to get
their result values.

Step 1. Checking the existence of polynomial representations for subfunctions.
Take k circuits S,, by inductive hypothesis and denote them S7, j € Zy. Then
let u/(0), v/(0), 27 be their inputs and outputs respectively, j € Zy.
Assume that u(j,0) = u’(0). Then z := jr_reliZn 2J and v(j,0) := vI (o) for all
k

J €Ly, 0=_51,...,5,) € L}.

Step 2. Construction polynomials for functions in one variable (by Theorem [3]
and Remark [T]).

For all 0 = (s1,...,8,) € Z%p for all monomials X, in descending in some
linear order of monomials containing their partial order, from the largest one to
the smallest one, repeat the following operations.

Let X, be a considered monomial.

Let h(y) be such function that h(j) = v(j,0)(mod k), j € Zj. Bring on
inputs of a circuit SPE(m — cd(X,)) values of the function h, and let w(j),
J € Zg, z, be its outputs.

Then z := min(z, z,) and v(j,0) = w(j).

l
Let Gy(z1,...,2n) = X5 + > b; X,,, where 0; < 0. Recall that g, = 0(mod
i=1
p@Xe)) and by Lemma Bllen(G,) < (mp)™.

Then v(j,0;) := v(j,0:) + (t(j) — h(j)) - by where j € Zy, i = 1,...,1 (see

Remark [T, the equation (1)).

Step 3. Reduction of a polynomial to the canonical form (by Theorem []).

For all j € Zj, for all 0 = (s1,...,8,) € Ly, for all monomials X, where
T = (j,0) € Zy, X Zy,,,, descending in some linear order of monomials containing

their partial order, from the largest one to the smallest one, repeat the following
operations.

Let X, be a considered monomial, and G,(y,x1,...,2,) = X; + > d; X,

where 7; < 7.

1) If cd(X;) > m, and cd(X,) < m, then g, = 0(mod p™). By Lemma
len(G-) < p™(mp)™.

Then v(7;) :=v(r;) —v(r) - d; for i =1,...,1, and after that v(7) :=0

2) If ¢d(X;) < m, then by Lemma 2 len(G,) < (mp)™.

Then v(7;) := v(1;) — (v(7) — (v(7) mod p™—¢4X))) . d;, for i = 1,...,1, and
after that v(7) := v(7) mod p™m—cHXr),

The description of the algorithm is finished. Now z = 1 if f € Poly, and z =0
otherwise. Furthermore, if z = 1 then outputs v(7) give coefficients of monomials
X,, T €ZYT

The correctness of this algorithm follows from Theorem [3] and Remark [l

Now we evaluate the complexity of the circuit Sy41.
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Let S}, 52, S2 be the circuits, respectively implementing steps 1, 2 and 3 of
the algorithm. Then for their complexities T'(S%), i = 1,2,3, we obtain:

T(Sy) < kT(Sn) + Ch,

where Cj is a constant (as S} consists of k circuits S,, and computes the value
of variable z),

T(SrZL) < C’g(mp)",
where Cy is a constant (as S2 takes no more than (mp)” monomials X, to
perform a constant number of operations with every monomial)

T(S3) < C3k(mp)™,

where C3 is a constant (as S2 takes no more than k(mp)® monomials X, to
perform a constant number of operations with every monomial).
Then

T(Sn+1) < T(Sy) +T(S7) +T(Sy) < KT(Sy) + Ca(mp)™ <

< k(KT(Sp_1) + Ca(mp)" 1) + Ca(mp)" < ... <
< ET(S)) + Cy (k" H(mp) + ... + (mp)"™) <

n %
mp
< Ck" (E (—) ) ;
i1 \P
where Cy, C are constants.

Then, if & > 4, then mp < p™. Hence we can limit the expression in the
large brackets by the sum of the corresponding infinite decreasing geometric
progression.

Therefore, T'(S,) = O(k™) with k > 4.

In the case where mp = p™, that is when k& = 4, we carry out further investi-
gation. Note that

(2% + 2)(y* +y) = 0(mod 2?).

Therefore, if a monomial X consists of at least two variables in powers greater
than unity, then ed(X) > 2 (with respect to p = 2). Therefore, in steps 2 and
3 we can consider exclusively such ¢ = (s1,...,8,) € Z}, in which no more
than one coordinate is more than 1. There exists 2" + 4n2”~! < Csn2", such
monomials, where C5 is a constant.

Then

T(Spi1) <T(SE) +T(S?) 4+ T(S2) <4T(S,) + Cen2"™ <

< 4(4T(Sp_1) + Ce(n — 1)2" ) + Cen2" < ... <
<A™MT(S1) + Co(4" 7124+ 4+ n2™) <

< oun (z (;)Z‘) |
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where Cg, C' are constants.

We can limit the expression in the large brackets by the sum of the corre-
sponding infinite convergent series.

Therefore, T'(S,) = O(k™) with k = 4.

Hence, T'(S,,) = O(k™), if k = p™, where p is a prime number, m > 2.

Remark 2. Let k = p"* -...-pg'?, where p; are different prime numbers, m; > 1,
1=1,...,q9,q> 2.

Then, since the ring Zj is the direct sum of ideals which is isomorphic to
the rings Z,m;, applying the algorithm of Theorem M we can construct a similar
algorithm with linear complexity (i.e. the family of circuits S,, with complexity
T(Sn) = O(k™)) to check the existence of polynomial representation for functions
in Py, and, if so, to find their canonical polynomials modulo k. O

Our algorithm is especially elegant if & = 4, since, in this case, in Theo-
rem [3] the condition of the existence a function ¢(y) € Poly, which is p™—°¢(X).
equvivalent to a function h(y), is replaced on the condition h(y) € Poly
by the fact 2x;(y) € Poly for every i € Z4, where x;(i) = 1(mod 4) and
Xi(z) = 0(mod 4) for x # i(mod 4).

Ezample 1. Consider the function f(x,y) € Py and apply the algorithm of The-
orem [ to it.

For the convenience we draw the Table in which the column ”‘xy”’ keeps
values on o € Z3, the column ”*f”” keeps values f(c), the column ”‘v1”’ contains
coefficients of the canonical polynomials f(j,y), j € Z4, of monomials X ; ., and,
finally, the column ”‘v2”’ gives coefficients of the canonical polynomial f(z,y)
of monomials X, ..

The inductive behavior of the algorithm is described below the Table.

¢

xy|flvl|v2 xy|flvl|v2
00131313 20(3|13 10
01131010 2113|011
02|13/010 2213|1010
03131010 2313|1010
10/0/ 0|0 3012121
11(3| 32 31|1|1310
12{2|0]0 32|01010
13/110|0 33|13/01(0

Then F(3,y) =3y +2, F(2,y) =0, F(1,y) = 3y, F(0,y) = 3.

And V1(z,3) = V1(z,2) =0, V1(x,1) = 22 + 22, V1(z,0) = 23 + 3.
We get the polynomial F(z,y) = 3 + 22y + 2%y + 3.

It was already written in the canonical form.

Ezample 2. Consider another function g(x,y) € P, and apply the algorithm of
Theorem [ to it.
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zy|g|vl|v2 zy|glvl|v2
00|2| 2 20(0(0
01)0| 1 21/0(0
02/0(0 2210/ 0
03|01 23/0(0
10]0] 0 30(0(0
11(0(0 31/0(0
1210(0 3210(0
13|0{0 3310/ 0

Then G(3,y) = G(2,y) = G(1,y) =0, G(0,y) = y° +y + 2.
But v1(z,3) ¢ Poly (in the Table the function v1(z,3) is indicated in bold.)
Hence g(z,y) ¢ Poly.
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Abstract. In this paper, we analyze the disjunction and the conjunc-
tion of two access structures for visual secret sharing schemes. The latter
operation, when applied to k-out-of-n schemes, leads to schemes with
multiple thresholds. We precisely determine the maximum relative con-
trast for schemes of this type. As in the case of classical schemes with
a single threshold, the analysis proceeds by revealing a central relation
between the relative contrast in a visual secret sharing scheme and the
error-term in a related problem of approximation-theoretic flavor.

1 Introduction

Visual Cryptography and k-out-of-n secret sharing schemes (so-called threshold
schemes) are notions introduced by Naor and Shamir [5]. A sender wishing to
transmit a secret message distributes n transparencies among n participants of
the scheme, where the single transparencies contain seemingly random pictures.
A k-out-of-n scheme achieves the following situation. If any k participants stack
their transparencies together, then a secret message is revealed visually. On the
other hand, if only k£ — 1 participants stack their transparencies, or analyze them
by any other means, they are not able to obtain any information about the secret
message.

The basic model by Naor and Shamir has been extended and generalized in
several directions. For example, the concept of “general access structures” [I]
allows for a flexible specification of the sets of participants who are qualified
for the visual disclosure of the secret. Another variation are the schemes with
“perfect reconstruction of black pixels”. They are motivated by studies on visual
perception and were suggested first in [2].

The main results in this paper are as follows:

1. We consider the conjunction (resp. disjunction) I' of two given access struc-
tures I and I'” and show that the corresponding best possible relative
contrast values satisfy the relation o > 1a’a” (resp. & > min{c/, a"'}).

2. We show that these relations hold with equality for every disjunction of two
arbitrary schemes and every conjunction of two threshold schemes.

3. We extend these results to the Boolean composition of more than two access

structures.
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In order to show the main result about conjunction of two threshold schemes,
we apply the same key techniques that had been used for the determination of
the maximum relative contrast, say a(k,n), achievable in a k-out-of-n scheme:
By means of symmetrization, it was shown in [3] that «a(k,n) can be cast as the
maximum gain in a (cleverly designed) linear program. By means of dualization,
it was shown in [4] that «(k, n) can be cast as the minimum error in a well-known
approximation-theoretic problem.

We show that these techniques, when properly used, lead to a tight analysis for
threshold schemes with multiple thresholds. The connections to approximation
theory that are uncovered on the way may find some interest in their own right.

The intimate relations between visual cryptography and approximation theory
provide us with versatile and powerful instruments for the analysis of visual
secret sharing schemes. In particular, upper bounds on the maximum relative
contrast are found simply by providing feasible solutions for the corresponding
(dual) approximation-theoretic problems. A meta-goal in this paper is to bundle
the known key techniques and to demonstrate their amazing power.

2 Definitions, Notations and Facts

Let us first fix some general notation. For positive integers n and ny < no,
[n] denotes the set {1,...,n} and, more generally, [n1 : mns] denotes the set
{n1,m1 + 1,...,n2}. The least common multiple of two positive integers a,b
is denoted lem(a,b). The powerset of a set S is denoted 2°. We say a set T
is mazimal in a collection K C 2° of subsets of S, if T belongs to K but no
proper superset of T' does. § denotes the Kronecker symbol, i.e., é(a,b) = 1 if
a = b, and 6(a,b) = 0 otherwise. For a matrix A with k rows, AT denotes its
transpose, A[i] denotes its i-th row, and, for every I C [k], A[I] denotes the
submatrix formed by the rows A[i] such that ¢ € I. The entry of A located in
the 4-th row and the j-th column is denoted A[i, j]. For vectors u,v € R™, (u,v)
denotes their scalar product, i.e., (u,v) = > /" u;v;. For a given decomposition

k = k1 + ko of the number k of rows, a block-decomposition A = jl] implicitly
means that A; consists of the first k1 rows of A, and A, consists of the last ko
rows of A. The analogous convention holds for vectors. For Boolean vectors
v,w € {0,1}™, H(w) = Y_* | w; denotes the Hamming-weight of w and vV w =
(vi V w;)ig[m) denotes the entry-wise Boolean disjunction of v and w. A vector
with non-negative real coeflicients that sum-up to 1 is called a probability vector.

Pr. denotes the set of univariate polynomials of degree at most k over the reals.

2.1 Visual Secret Sharing Schemes

In this subsection, we recall the definition of general access structures and visual
secret sharing schemes from [IJ.

A general access structure for a set [n] of participants is pair I' = (Q, F) such
that @, F C 20l and QN F = 0. Q contains the so-called qualified sets, and F
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contains the so-called forbidden sets. F is monotonically decreasing (i.e., every
subset of a forbidden set is forbidden too). Fy denotes the maximal forbidden
sets. We consider two examples that will play a major role in this paper:

Ezample 1. For Q = {X C [n]: |X| = k}, a set is qualified iff it consists of k
participants. Clearly, 7o = {X C [n]: |X|=Fk —1}.

Ezample 2. Let n=n1+nzand Q={X C[n]: | XN[n]| =k, XN[n1+1:
no]| = ka}. Here a set is qualified if it contains k; participants from the “first
group” (with numbers between 1 and nq) and ko participants from the second
(with numbers between n; + 1 and ny). Note that Fy consists of all sets with
either ky — 1 participants from the first group and all participants from the
second, or with ko — 1 participants from the second group and all participants
from the first.

Let I' = (Q, F) be an access structure for n participants. A (I',m)-scheme is
given by two multisets of (n x m)-matrices, Cy,Cy, a function ¢ : @ — [m], and
a parameter 0 < a < 1 such that the following holds:

1. For every X € Q and all A € Cy, B € C1, H(ViexAli]) < t(X) — am and
H(Viex Bli]) > t(X).

2. For every X € F, the multisets Co[X] = {A[X]: A € Co} and C1[X] =
{B[X]: B € C1} contain the same matrices with the same frequencies.

We refer to the first (resp. second) condition as the “visibility condition”
(resp. “security condition”). Note that it suffices to check the security condition
for all X € Fy. The parameter m is called the pizel expansion of the scheme; a is
called the relative contrast. If there exist matrices Go, G € {0,1}™*™ such that,
for b = 0,1, Cp consists of the m! matrices obtained from G} by a permutation
of the columns, we say that the scheme has generator matrices Gy, G1. If the
function t : Q@ — [m] assigns value m to every set X € Q, we say the scheme
perfectly reconstructs black pizels. A scheme for the access structure from Exam-
ple[lis simply called k-out-of-n or (k,n)-scheme in this paper. A scheme for the
access structure from Example 2lis called (k1,n1; k2, n2)-scheme. The maximum
relative contrast achievable in a (k,n)-scheme (resp. (k1,n1; ke, n2)-scheme) is
denoted a(k,n) (resp. a(ki,ni;ka,no)).

A (I'ym)-scheme is used as follows to achieve the situation described in the
introduction. A (black or white) pixel of a secret image is decomposed into
m subpixels which are arranged in a fixed pattern (e.g., a rectangle). If the
sender wishes to transmit a white pixel, she randomly chooses a matrix A €
Co and transmits A[i] to the i-th participant. The handling of black pixels is
analogous: the i-th participant obtains the row B[] of a matrix B randomly
chosen from C;. The security condition makes sure that, for forbidden sets of
participants, the transmission of a white pixel is statistically indistinguishable
from the transmission of a black pixel. The visibility condition makes sure that
participants of a qualified set may stack their transparencies together so that
a black pixel has a fraction of black sub-pixels (actually fraction 1 in case of
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perfect reconstruction) that exceeds the fraction of black sub-pixels of a white
pixel by at least «. It is obviously desirable to maximize the relative contrast[]

2.2 Contrast as Objective Function in a Linear Program

The following result casts the problem of maximizing the relative contrast as an
instance of Linear Programming;:

Theorem 1 ([3]). a(k,n) equals the maximal value of

a:nifc (n_k) (71.)_1(96]‘ - Yj) (1)

=\ i)\
subject to the following constraints:

(1-LP1) z and y are pmbability vectors.

(1-LP2) Foralll=0,....k—1, Y12+ (";E#)(g)*l(xj —y;) =0.

The essential features of the linear program from Theorem [I] are nicely captured
by the following definition of a linear program LP. 4(k,n):

Maximize (c,z —y) = c] (x] Yj)
subject to (1-LP1) and A] =0

Here, ¢, x,y are vectors with components c¢;, x;, y;, respectively, and with j rang-
ing from 0 to n. A is an arbitrary real-valued matrix with & rows and 1 + n
columns. We say LP. a(k,n) is of type 1-BAP (with polynomials P € Py and
Qo,- -, Qr—1 € Pr—1 as “witnesses”) if the following conditions are satisfied:
(1-BAP1) For all j =0,...,n, ¢; = P(j).
(1-BAP2) Foralll=0,...,k—1landall j =0,...,n, A[l,j] = Q1(5).
(1-BAP3) Every polynomial of degree at most k — 1 is a linear combination of
the polynomials Qq, ..., Qx—1-

We denote the value of an optimal solution for LP. 4(k,n) by a. a(k,n) in what
follows.

Theorem 2 ([4]). Mazximizing the value of a in () subject to the constraints
(1-LP1), (1-LP2) is of type 1-BAP.

Note that a. a(k,n) collapses to a(k,n) — the maximum relative contrast
achievable by a (k,n)-scheme — when ¢ and A are chosen so as to obtain the
linear program from Theorem [

For every P € Py, we define the following function in k, n:

Bp(k,n) = Qg,igﬂj:rgf}fn |P(j) —Q3) (2)

A polynomial in Pg_; that minimizes the right hand-side of () is called a best
approximating polynomial in Px_1 for P € Pi. The following result links to-
gether visual cryptography and approximation theory:

! In this paper, we sweep the conflicting goal of minimizing the pixel expansion under
the carpet.



318 H.U. Simon

Theorem 3 ([4]). If LP. a(k,n) is of type 1-BAP and P is the polynomial
which witnesses (1-BAP1), then ae a(k,n) =2- Bp(k,n).

3 The Composition of Two Access Structures

Let I and I'” be two access structures with disjoint sets of participants. The
access structure I"AI'" = (Q, F), called the (Boolean) conjunction of I and I'",
isgivenby Q = {XUY : X € QANY € Q"}and F = {XUY : X € F'VY € F'}.
The (Boolean) disjunction (already discussed in [I]) is defined analogously by
setting @ = {XUY : X € Q'vY € Q"}and F={XUY: X e FFAY € F"}.
Note that the access structure for a (ki,n1; ks, n2)-scheme is the conjunction of
the access structure for a (k1,n1)-scheme and the access structure for a (ka, na)-
scheme. The r-fold replication of a multiset C of matrices is the multiset C(r) =
{[C1]---]Cy] : C4,...,C, € C} where the multiplicity of the composed matrix is
the product of the multiplicities of the » building blocks. The r-fold replication
of a (I'ym)-scheme given by Co,C; is the (I',rm)-scheme given by Co(r),C1(r).
r-fold replication increases the pixel expansion by factor r but leaves the relative
contrast unchanged. The first main result in this paper is as follows:

Theorem 4. A (I'',m’)-scheme achieving relative contrast o' and a (I'",m")-
scheme achieving relative contrast o' can be transformed into a (I" NT",2 -
lem(m/, m")?})-scheme (called the conjunction of the two given schemes) achiev-
ing relative contrast %o/a” . Moreover this transformation preserves perfect re-
construction of black pizels, i.e., if the given two schemes perfectly reconstruct
black pizels then the composed scheme does this too.

Proof. Let m = lem(m’,m). Thanks to the replication trick, we easily get a
(I'",m)- and a (I, m)-scheme, say the former is given by Cg,C; and the latter
by C{,Ci. (Recall that replication leaves the relative contrast unchanged.) For
a matrix M with m columns, Ry(M),..., Rym—1(M) denote the m matrices ob-
tained from M by cyclic rotations of the columns. We now define the multisets
of matrices, Cy and Cy, that represent the desired (I A I'",2m?})-scheme. Let
A’ (resp. B', A", B") range over all matrices in C{, (resp. C{,C{,C{). Then, by
definition, Cy contains all matrices of the form

A ’ A

B’
A= { I I P

RoB")|”

|rlm] @

and all matrices that are mirror-images of ([3) in the sense that the final m blocks
in @) come first and the first m blocks in ([B]) come last. Similarly, C; contains
all matrices of the form

A/

B:[RO(B”) B

Rm71(BH) RO(A//) o

.

' ’ Rm?;A”J )

together with the corresponding mirror images. In both multisets, the multiplic-
ity of the composed matrix is, by definition, the product of the multiplicities of
A',B', A", B", respectively. The theorem is now obtained from the following
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Claim 1: Cy,C; satisfy the security condition and achieve relative contrast
%0/ o'. Moreover, if C}, C{ and C{j, C} perfectly reconstruct black pixels, then
Cp, Cy does this too.

The proof of the claim is found in Section [A] of the appendix. O

The transformation in Theorem Ml creates very large multisets Cy,C;. Fortu-
nately, these multisets can often be stored succinctly by means of an implicit
representation. An example illustrating implicit representations and, of course,
the transformation itself is found in Section B of [6].

As proved in Section C of [6], a result analogous to Theorem @ holds for the
disjunction of two access structures. Here, the relative contrast achieved by the
composed scheme is min{a/, o’ }.

The following result is an immediate consequence of Theorem [4

Corollary 1. Let IV (resp. I'") be an access structure with mazimum relative

/ 1 N ;
contrast o, ... (resp. ol ..). Then, the mazimum relative contrast Qumes of a
"

scheme for I'" N T satisfies mar > %a’ o This relation holds corre-

maxr--max*

spondingly for schemes that perfectly reconstruct black pizels.

4 Conjunction of Two Threshold-Schemes

The main result in this section, Theorem [f implies that the transformation
from Theorem Ml is “contrast-optimal” (i.e., transforms two schemes achieving
the maximum relative contrast, respectively, into a composed scheme which does
this too) whenever it is applied to threshold schemes. The following result is the
counterpart to Theorem [}

Theorem 5. a(ki,n1;ka,n2) equals the mazimal value of
bl B\ e — ke (1 T e T
1— K1 2 — K2 1 2
a= Z Z < ; >< ; >< ) ( ) (xj17j2_yj17j2) (5)
— — J1 J2 J1 J2
J1=0 j2=0
subject to the following constraints:

(2-LP1) z and y are (doubly indexed) probability vectors.
(2-LP2) Forallly =0,...,ky —1 and allly =0,...,n2,

n1—ki1+l1+1 ny—ky +1 ny —1
Z (xj17l2 - yﬁ,lz) =0.

i Ji—1h n

Forallly =0,...,n1 and alllo =0,... ks — 1,

na—ka+l2+1 Ny — ko + 1 ng -1
Z . . (xl17j2 - yll7j2) =0.

jo=lz J2 =l J2
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The proof of this theorem is similar to the proof Theorem [ It is found in
Section D of [6].

The essential features of the linear program from Theorem [0 are nicely cap-
tured by the following definition of a linear program LP. 4(ki,n1; k2, n2):

Maximize (c,z —y) =

2=0 Cj1,52 (le’jz ~Yn ,j2)
subject to (2-LP1) and A7 5

Here ¢, z,y are vectors (viewed as one-dimensional) with components c¢;, j,,
Tj1 jar Yjr,jo» TeSpectively, and with j, ranging from 0 to np for b = 1,2. A is
an arbitrary real-valued matrix with (1 4+ n1)(1 + n2) columns. The columns of
A are addressed by the double indices ji,jo so that the format of the rows of
A fits with the format of x and y. We say LP. a(k1, n1; k2, n2) is of type 2-BAP
if there exist vectors ¢! € Rt ¢(2) € R™"™ and matrices Al € Rbvxm,
Al € RF2%72 guch that following holds:

1. LP.oy ar (k1,n1) is of type 1-BAP, say with witnesses P; € Py, and Qy, ...,
Qky—1 € Pry—1-

2. LPc(z)’Alz(k?Q, ng) is of type 1-BAP, say with witnesses P> € Py, and Ry, ...,
Rk271 S 'P}Qfl.

3. For all j; =0,...,n7 and all jo =0,...,n9,

e =2 = Pi(t) - Palo) - (6)

4. A can be written in the form A = jl} such that the following holds:
2

(a) The rows of A; are addressed (l1,l2) with /; ranging from 0 to k1 — 1
and [y ranging from 0 to ng. For every row (l1,13) of Ay,

Ax[(l1,12), (J1, 42)] = Ally, g1] - 6(l2, j2) = Qu, (J1) - 0(l2,52) - (7)

(b) The rows of As are addressed (1, l2) with /; ranging from 0 to n; and Iy
ranging from 0 to ko — 1. For every row (l1,12) of Ao,

Aa[(l1,12), (J1, J2)] = Ablla, jo] - 6(11, J1) = Ri,(j2) - 6(l1, J1) - (8)

We denote the value of an optimal solution for LP. 4(k1, n1; k2, n2) by

ae A(k1,n1; k2,n2) in what follows. We briefly note that the second equalities
in @), (@), @), respectively, are redundant as they are implied by the first two
conditions. We included them explicitly for ease of later reference.

Lemma 1.

1
e, a(k1,m1;ka,ma) > 3 ooy ar (k1,m) - e gy (ks n2) 9)

Proof. For b = 1,2, let 2, y® be an optimal solution for the linear program
LP ) a; (Kb, m3). Thus, 2® and y(® are probability vectors and A} (z(*) —y(®)) =
0. For j1 =0,...,n1 and j, =0,...,n9, let

Lo w.@ . m @ L W@, 0.2
Ljr,ja = 9 (z Ty Ty, Yy yjz) and yj, j, = 9 (1']1 Y5, T Y5 ]z) .
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Note that 1
1 1 2 2
Ljr,g2 = Yjr,ge = 2 ’ ($§1) o y.;l)) ’ (.%‘;2) o y](z)) : (10)
The theorem is now obtained from the following

Claim 2: z,y is a feasible solution for the linear program LP. 4(k1, n1; ke, n2),
and the target function « evaluated at x,y yields the right hand-side of ().

The proof of Claim 2 is found in Section [Bl of the appendix. O

Theorem 6. Mazimizing the value of o in (&) subject to the constraints (2-
LP1), (2-LP2) is of type 2-BAP.

Proof. The problem is obviously of the form LP. 4(k1,n1; k2, n2). In particular
(compare with (H)),

—1 —1
ny — k1 n1 ng — kZ) (n2>
R — . . 11
32 ( it ) (j1> ( J2 J2 (1)

—_..(D _..2
= =Gy

Moreover (compare with (2-LP2)), A can be written in the form A = [Al]

Ay
where
o k1 -t .
A1, 1), (s )] = (” : )(“) S(lasja) (12)
—h g
=AY [l 1]
L no — ko + 1\ (n2) .
Aol 12), Gt o)) —( 2= ks )(2) Sl ) - (13)
J2 — 12 J2
=:A45(l2,52]

According to Theorem 2] the linear programs LP ) Ay (kp,np) are of type 1-BAP
for b = 1,2. Our discussion shows that the problem we started with is of type
2-BAP. 0

An inspection of the proof of Theorem [l shows that o a(k1,n1; k2, n2) collapses

to a(k1,n1; ka,ng) when ¢ is chosen according to (IIl) and A = {ﬁl} is chosen
2

according to (I2), (I3)).

The next step is dualization. To this end, we consider again an arbitrary
linear program of type 2-BAP (witnessed by polynomials P, Ps, Qo, - - ., Qk, —1,
Ry, ..., Ri,—1). The two equality constraints in (2-LP1) lead to the dual variables
t; and to, respectively. As for the equality constraints A(xz — y) = 0, we create
the dual variable ug, ;, for every row (l1,l2) € [0 : k; — 1] x [0 : ng] of A; and
a dual variable vy, ;, for every row (I1,l2) € [0 : n1] x [0 : k2 — 1] of Ay. Now
dualization leads to the following problem:
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Minimize t; + o
subject to Aju+ Agv+ (t1,...,t1)" >cand AJu+ AJv— (ta,...,t2) " <ec.

We refer to A u+ AJ v+ (t1,...,t1) " > c (resp. Aju+AJv—(ta,...,ta)" <ec)
as the “z-constraints” (resp. “y-constraints”) because they correspond to the
primal variables x;, j, (resp. yj, j,)-

The vector A] u + AJ v has an approximation-theoretic interpretation which
becomes evident from the following calculation for an arbitrary but fixed index

pair (jlvjz):

na k}lfl

(Al w5 = D > Al ), (1, 2)]

12=01,=0

(M) ny ki1—1

= Z Z ulhlell(jl)(s(lQ’jQ)
12=01,=0
ki1—1

= Z w5, Qi (1) = QU (j1)

11=0

Since u is a vector of unconstrained variables and Qo, ..., @k, —1 span the space
of all polynomials of degree at most k1 — 1, the outcome of our calculation,
QU2)(41), is an arbitrary polynomial of degree at most ky — 1 in variable j;. It is
important to note that there are ny+ 1 such polynomials at our disposal: one for
each value of j2. A similar calculation shows that, for every fixed ji1, (4] v)j, j,
can be viewed as an arbitrary polynomial, say R(jl)( Jjo2), of degree at most ko — 1
in variable j,. It follows from this discussion and from ¢;, j, = P1(j1)P2(j2) that

the xj, ;,-constraint (with j, = 0,...,n for b =1,2) can be rewritten as
Pu(j1)Pa(j2) = QW) (jr) + RV (52)) <t (14)
and, similarly, the y;, ;,-constraint can be rewritten as
(QU2) (j1) + R (j2)) — Pr(j1)Pa(j2) <t - (15)

Consider the following approximation problem for given polynomials P, € Py,
and Py € Py,: find polynomials Q... Q") € P, _1 and RO, ... R(™) ¢
Pr,—1 which minimize

o, max PG Pa(d2) — (QU2(jr) + RYV(j2))| - (16)

The smallest possible value of (I6) is denoted Sp, p,(k1,n1; ke, n2). With this
notation, the following holds:

Lemma 2. Consider a linear program LP. a(ki,n1; k2, n2) of type 2-BAP. Let
Py, € Py, and Py € Py, be the polynomials satisfying (@). Then the following
holds:

ac,a(k1,n1;ka,n2) = 2 - Bp py(k1,m15 k2, n2) (17)
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Proof. By duality, the optimal value of the primal, ae a(k1,n1; k2, n2), equals
the optimal value of the dual. It is evident from (I4) and (&) that the cost
function in the dual, ¢t; 4 ¢2, measures the worst approximation error occurring
on pairs (j1,72) € [0: n1] X [0 : ng] when we try to approximate P (j1)P2(j2) by
a polynomial of the form QU2)(j;) + RUY) (jy): t; (resp. t2) accounts for errors
where the approximation underestimates (resp. overestimates) the true value.
The lemma now follows by observing that the constant terms in the polynomials
QU2), RUY) can be chosen so as to bring the two error terms, ¢; and t,, into
balance. O

Lemma 3. For all polynomials P, € Py,, P> € Py,, the following holds:

Bpy,p, (k1,m15 k2, n2) < Bp, (k1,n1) - Bp, (k2,n2)

Proof. For b = 1,2, let P € Py,_1 denote the best approximating polynomial
for P,. For

QU2 (j1) = P2(j2) P (1) and RUY(jo) = P3(j2)(Pr (1) = Pr(j1)) ,  (18)
we get
Pi(j1)P2(j2) — (@Y%) (1) + RV (j)) = (P1(j1) — Pr(j1)) - (P2(j2) — P5(j2)) -
Since the absolute value of the latter expression is bounded by Bp, (ki,m1) -
Bp, (ka,m2) for all j; =0,...,n2 and all jo =0,...,ng, the lemma follows. O
We are ready now for the main result in this section:

Theorem 7. The following equalities are valid:
Bpy,p (k1,13 k2, n2) = Bp, (k1,n1) - Bp, (k2,n2) (19)

1
ac,a(kr,niska, n2) = 5 - o 4 (k1,m1) - aeey ay (ks n2) (20)

2
1
2

Oé(/fl,ﬂq;]fz,’n,g) = 'Oé(]{il,ﬂq) 'Oz(kig,’n,g) (21)

Proof. According to Lemma 3, 8p, p,(k1,n1;k2,n2) < Bp, (k1,n1) - Bp, (k2,12).
The converse direction is obtained as follows:

1
Bp, Py (k1,m1;5 k2, n2) @ 3 o, Ak, 05 k2, n0) >

1

1 WA (kg T @242 (kg my @ Bp, (k1,n1) - Bp, (k2,n2)
Equation (20) follows directly from (I9]) and (7). According to Theorem[@ (21])
is a special case of ([20). O

An extension of our results to the Boolean composition of more than two access
structures is found in Section F of [0].

We conjecture that the equalities in Theorem [ hold correspondingly for
schemes with perfect reconstruction of black pixels. But, although it easy to ad-
just the linear program accordingly, the resulting approximation-theoretic prob-
lem is surprisingly hard to analyze.
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A  Proof of Claim 1

As for the security condition, let us consider a forbidden set X UY such that
X e FlorY € F'. Let us assume that X € 7' and Y € Q”. (The other cases
are similar.) Fix a matrix A € Cp of the form (@). Then, A[X UY] equals

[ I B . W B
Ro(AM)YT| | Rina (A")[Y]| Ro(B")[Y]| | Rpn—1(B")[Y]

(The case of the mirror image is similar.) If A’[X] occurs m{, times in Cj[X],
B'[X] occurs m times in Cj[X], A”[Y] occurs m{ times C{[Y], and B”[Y] occurs
mY times in C{[Y], then, since X € F’, A’[X] occurs my, times in C{[X] and B'[X]
occurs m} times in C{[X]. Notice that A”[Y] # B”[Y] because Y € Q". It follows
that A[X UY] occurs mymimgm/ times in Co[X UY]. Note that, since A'[X]
occurs my, times in C1[X], we may alternatively think of A’[X] as a sub-matrix of
the form B’[X] where B’ € C}. Similarly, we may think of B'[X] as a submatrix
of the form A’[X] where A’ € C}). Performing these substitutions in ([22), we
arrive at a sub-matrix that is a mirror image of (@) (with A’ in the role of A’
and B’ in the role of B). The punchline of this discussion is that (22) occurs
mymimgmY times in C;[X UY] (the same frequency that we had analyzed for
Co[X UYT]). Thus, the security condition is satisfied.

We move on to the visibility condition. Let us assume that X € Q" and Y € Q".
It suffices to show that, for all matrices A, B of the form (B]) resp. (@), the number
of zero-columns in A[XUY] exceeds the number of zero-columns in B[XUY'] by at
least o/a’m? (which leads to the desired relative contrast $a/a’”). According to
our assumptions, B’'[X] has at least ¢'(X) nonzero-columns whereas the number
of nonzero-columns in A’[X] is at most ¢/(X) — a'm. Let s’ = m — ¢/(X) and
s = m —t"(Y). With this notation, A’'[X] has at least s’ + a’m zero-columns
whereas the number of zero-columns in B[X] is at most s’. The analogous remark
applies to A”[Y] and B”[Y]. Note that the rotations in (3]) make sure that every
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zero-column in A’[X] (resp. B'[X]) is aligned with every zero-column in A”[Y]
(resp. B"[Y]) exactly once. Similarly, the rotations in () make sure that every
zero-column in A’'[X] (resp. B’[X]) is aligned with every zero-column in B”[Y]
(resp. A”[Y]) exactly once. It follows that A[X UY] has at least (s'+a'm)- (s +
a/'m) + s's" zero-columns whereas the number of zero-columns in B[X UY] is
at most (s'+a’'m)-s"” + (s” +a”’m)-s’. The difference between these values is at
least o’a”’m?, as desired. As for the preservation of perfectly reconstructing black
pixels, we briefly observe that a scheme perfectly reconstructs black pixels iff,
for every qualified set X and every B € Cy, the submatrix B[X] does not contain
any zero-column. Next, we observe that replication and rotation (of columns)
preserve the matrix-property of not having any zero-column. We finally observe
that the matrices from Cy, like (@) or the corresponding mirror-image, have a
(possibly rotated) matrix from either C{ or C{ in each of the 2m blocks. Thus
these matrices do not contain any zero-column provided that none of the matrices
from C; or Cf does this.

B Proof of Claim 2

Obviously, z, y satisfy condition (2-LP1). The following calculation, focusing on
a fixed row (Iy,l2) of Ay, verifies the condition A;(x —y) = 0:

(A —y)ne = >, Al le), (G52l (@5, o — Ui ga)

j2=071=0
@.am 1 2 2 1 1
B 12 )30 Qul- @~ o)
j1=0
(143_AP2)1

(@ —y ) (A (2D -y D)), =0

2

Condition As(x—y) = 0 can be verified analogously. The proof is now completed
by the following calculation:

ni na

2. <Ca T — y> = 2. Z Z Cj1,52 (le,j2 - yjlst)
j1=072=0
@, T S ‘ b b
=0T (22 A - @) = o)
b=1,2 \ jp=0

(1-BAP1) <C(1)’ 2 _ y<1>> : <C(2>, 2@ _ y(2>>

Since z(®), y(®) was chosen as an optimal solution for LPc(b)’AIb (kp,mp), the latter
expression coincides with ey ar (k1,n1) - @@ 4y (K2, n2).
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